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Preface

Climate change and its environmental, economic, and social consequences
are widely recognized as the major set of interconnected problems facing
human societies. Its impacts and costs will be large, serious, and unevenly
spread globally for decades. Various big data, arising from climate change
and related fields, provide a huge amount of complex interconnected infor-
mation, but it is difficult to be analyzed deeply by using methods of classic
data analysis due to the size, variety, and dynamic nature of big data. A re-
cently emerging integrated and interdisciplinary big data mining approach
is widely suggested for climate change research.

This book offers a comprehensive range of big data theory, models, and
algorithms for climate change mechanisms and mitigation/adaption strate-
gies. Chapter 1 introduces big climate data sources, storage, distribution
platforms as well as key techniques to produce optimal big climate data.
Chapters 2 and 3 discuss deep learning and feature extraction, which does
not only facilitate the discovery of evolving patterns of climate change,
but also predict climate change impacts. Its main advantage over traditional
methods is its making full use of unknown internal mechanisms hidden
in big climate data. Chapters 4 to 6 focus on climate networks and their
spectra, which provide a cost-effective approach to analyze structural and
dynamic evolution of large-scale climate system over a wide range of spa-
tial/temporal scales, quantify the strength and range of teleconnections, and
make known the structural sensitivity and feedback mechanisms of climate
system. Any change in climate system over time can be easily/quickly de-
tected by various network measurements. Chapter 7 discusses Monte Carlo
simulation, which can be used in measuring uncertainty in climate change
predictions and examining the relative contributions of climate parame-
ters. Chapter 8 provides novel compression/storage/distribution algorithms
of climate modeling big data and remote-sensing big data. Chapters 9
and 10 focus on big-data-driven economic, technological, and manage-
ment approaches to combat climate change. The long-term mechanisms
and complexities of climate change have deep impacts on social-economic-
ecological-political-ethical systems. The combined mining of big climate
data and big economic data will help governmental, corporate, and aca-
demic leaders to identify ways to more effectively recognize the connec-
tions and trends between climate factors and socioeconomic systems, and

Xi



xii  Preface

to simulate and evaluate costs and benefits of carbon emission reductions
at different scales. Chapter 11 deals with big-data-driven exploitation of
trans-Arctic maritime transportation. Due to drastically reduced Arctic sea-
ice extent, navigating the Arctic is becoming increasingly commercially
feasible, especially during summer seasons. Based on the mining of big data
from Arctic sea-ice observation system and high-resolution Arctic mod-
eling, the authors designed a near real-time dynamic optimal trans-Arctic
route system to guarantee safe, secure, and efficient trans-Arctic naviga-
tion. Such dynamic routes will not only help vessel navigators to keep safe
distances from icebergs and large-size ice floes, avoid vessel accidents and
achieve the objective of safe navigation, but also help to determine the op-
timal navigation route that can save much fuel, reduce operating costs, and
reduce transportation time.

Climate change research is facing the challenge of big data. Rapid ad-
vances in big data mining are reaching into all aspects of climate change.
This book presents brandnew big data mining solutions to combat, re-
duce, and prevent climate change and its impacts, with special focuses on
deep learning, climate networks, and sparse representations. This book
also includes some aspects of big-data-driven low-carbon economy and
management, for example, trans-Arctic maritime transportation, precise
agriculture, resource allocation, smart energy, and smart cities. Many big
data algorithms and methods in this book are first introduced into the re-
search of climate change. Some unpublished/published researches of the
authors are also included.

Zhihua Zhang
Jianping Li



CHAPTER 1

Big climate data

Big climate data are being gathered mainly from remote sensing observa-
tions, in situ observations, and climate model simulations. State-of-the-art
remote sensing techniques are the most efficient and accurate approaches
for monitoring large-scale variability of global climate and environmental
changes. A comprehensive integrated observation system is being devel-
oped to incorporate various multiple active and passive microwave, visible,
and infrared satellite remote sensing data sources and in situ observation
sources. The size of various observation datasets is increasing sharply to the
terabyte, petabyte, and even exabyte scales. Past and current climatic and
environmental changes are being studied in new and dynamic ways from
such remote sensing and in situ big data. At the same time, big data from
climate model simulations is used to predict future climate change trends
and to assess related impacts. The resolution of climate models is increasing
from about 2.8 degree (latitude or longitude) to 0.1-0.5 degree. Since more
complex physical, chemical, and biological processes need to be included
in higher-resolution climate models, increasing the resolution of climate
models by a factor of two means about ten times as much computing power
will be needed. The size of output data from climate simulations is also in-
creasing sharply. Climate change predictions must be built upon these big
climate simulation datasets using evolving interdisciplinary big data mining
technologies.

1.1 Big data sources

Big data includes, but are not limited to, large-scale datasets, massive datasets
from multiple sources, real-time datasets, and cloud computing datasets.
Global warming research will be increasingly based upon usage of insights
obtained from datasets at terabyte, petabyte, and even exabyte scales from
diverse sources.

1.1.1 Earth observation big data

With the rapid development of Earth observation systems, more and more
satellites will be launched for various Earth observation missions. Petabytes

Big Data Mining for Climate Change Copyright © 2020 Elsevier Inc.
https://doi.org/10.1016/B978-0-12-818703-6.00006-4 All rights reserved.
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of Earth observation data have been collected and accumulated on a global
scale at an unprecedented rate, thus emerging the Earth observation big data
provides new opportunities for humans to better understand the climate
systems.

The explosively growing Earth observation big data is highly multi-
dimensional, multisource, and exists in a variety of spatial, temporal, and
spectral resolutions. Various observation conditions (for example, weather)
often result in different uncertainty ranges. Most importantly, the trans-
formation of Earth observation big data into Earth observation big value
(or the date-value transformation) needs quick support, where the fast data
access using a well-organized Earth observation data index is a key.

It is necessary to collect, access, and analyze Earth observation big
data from various Earth observation systems, such as atmosphere, hydro-
sphere, biosphere, and lithosphere to construct historical/current climate
conditions and predict future climate changes. Meanwhile, the volume,
variety, veracity, velocity, and value features of big data also pose chal-
lenges for the management, access, and analysis of Earth observation data.
In response to the Earth observation big data challenges, the intergovern-
mental group on Earth observation (GEO) proposed a 10-year plan, that
is, global Earth observation system of systems (GEOSS) for coordinating
globally distributed Earth observation systems. The GEOSS infrastruc-
ture mainly consists of Earth observation systems, Earth observation data
providers, GEOSS common infrastructure (GCI), and Earth observation
societal benefit areas. The Earth observation systems include satellite, air-
borne, and ground-based remote sensing systems. The Earth observation
data providers are NASA, NORR, USGS, SeaDataNet, et cetera. The GCI
includes the GEO portal, the GEOSS component and service registry, the
GEOSS clearinghouse, and the discovery and access broker. Earth obser-
vation benefits societal fields involving agriculture, energy, health, water,
climate, ecosystems, weather, and biodiversity.

With the increase of the data structure dimension from spatial to spa-
tiotemporal, various access requirements, including spatial, temporal, and
spatiotemporal, need to be supported. Large-scale climate and environ-
mental studies require intensive data access supported by Earth observation
data infrastructure. To access the right data, scientists need to pose data re-
trieval request with three fundamental requirements, including data topic,
data area, and time range. A mechanism to support fast data access is ur-
gently needed.
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The indexing framework for Earth observation big data is an auxiliary
data structure that constitutes logical organization of these big data and
information [44]. An Earth observation data index manages the textual,
spatial, and temporal relationship among Earth observation big data. Based
on different optimization objectives, many indexing mechanisms, includ-
ing binary index, raster index, spatial index, and spatiotemporal index, have
been proposed. The popular indexing framework consists of Earth obser-
vation data, Earth observation index, and Earth observation information
retrieval. The Earth observation data includes imagery data, vector data,
statistical data, and metadata. The Earth observation index consists of the
textual index and spatiotemporal index. It is the main component in an
indexing framework. The Earth observation information retrieval involves
data topics, data areas, and time ranges.

Earth observation data contains important textual information, such as
title, keywords, and format. The textual index extracts the textual informa-
tion from the raw data head file or directly imports from corresponding
metadata documents, such as Dublin Core, FGDC, and CSDGM, and
Lucene engine is used to split the standardized textual information. The
spatial and temporal elements are essential characteristics of the Earth ob-
servation big data. Earth observation data are collected in different regions
and time windows with various coverage and spatiotemporal resolutions, so
the spatiotemporal index can extract the spatial information and temporal
information. It is built to support Earth observation information retrieval
with spatiotemporal criteria, such as “enclose”, “intersect”, “trajectory”,
and “range”. The spatiotemporal index is a height-balanced tree structure
that contains a number of leaf nodes and non-leaf nodes. The leaf node
stores actual Earth observation information with data identifier and data
spatiotemporal coverage. The non-leaf node reorganizes the Earth obser-
vation data into a hierarchical tree structure based on their spatiotemporal
relationships. Tracing along this height-balanced tree structure, Earth ob-
servation information can be fast retrieved.

1.1.2 Climate simulation big data

With respect to climate simulations, the coupled model intercomparison
project (CMIP) has become one of the foundational elements of climate
science at present. The objective of CMIP is to better understand past,
present, and future climate change arising from natural, unforced vari-
ability, or in response to changes in radiative forcings in a multimodel
context. Its importance and scope are increasing tremendously. CMIP falls
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under the direction of the working group on coupled modeling, an activ-
ity of the world climate research program. CMIP has coordinated six past
large model intercomparison projects. Analysis of big simulation data from
various CMIP experiments have been extensively used in the various in-
tergovernmental panel on climate change (IPCC) assessment reports of the
United States since 1990.

The latest CMIP phase 6 has a new and more federated structure and
consists of three major elements. The first element is a handful of com-
mon experiments, the DECK (diagnostic, evaluation, and characterization
of klima) experiments (klima is Greek for “climate”), and CMIP historical
simulations that will help document basic characteristics of models. The
second element is the common standards, coordination, infrastructure, and
documentation, which will facilitate the distribution of model outputs and
the characterization of the model ensemble. The third element is an en-
semble of CMIP-endorsed MIPs (model intercomparison projects), which
will build on the DECK and CMIP historical simulations to address a large
range of specific questions.

The DECK and CMIP historical simulations are necessary for all models
participating in CMIP. The DECK baseline experiments include a histori-
cal atmospheric model intercomparison project simulation (AMIP); a pre-
industrial control simulation (piControl or esm-piControl); a simulation
forced by an abrupt quadrupling of CO; (abrupt-4 x CO3), and a simu-
lation forced by a 1% yr—'CO, increase (1pctCO,). The first two DECK
control simulations, AMIP and preindustrial, can evaluate the atmospheric
model and the coupled system. The last two DECK climate change ex-
periments, abrupt-4 x CO; and 1pctCO», can reveal fundamental forcing
and feedback response characteristics of models. The CMIP historical sim-
ulation (historical or esm-hist) spans the period of extensive instrumental
temperature measurements from 1850 to the near present.

The scientific backdrop for CMIP6 is the seven world climate research
programme (WCRP) grand science challenges as follows:

e advancing understanding of the role of clouds in the general atmo-
spheric circulation and climate sensitivity;

e assessing the response of the cryosphere to a warming climate and its
global consequences;

e assessing climate extremes, what controls them, how they have
changed in the past and how they might change in the future;

e understanding the factors that control water availability over land,;
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e understanding and predicting regional sea level change and its coastal
impacts;

e improving near-term climate prediction, and

e determining how biogeochemical cycles and feedback control green-
house gas concentrations and climate change.

Based on this scientific background, CMIP6 addressed three science
questions that are at the center of CMIP6:

(a) How does the Earth system respond to forcing?

(b) What are the origins and consequences of systematic model biases?

(c) How to assess future climate changes given internal climate variabil-
ity, predictability, and uncertainties in scenarios?

The CMIP6 provided also a number of additional experiments. The
CMIP6-endorsed MIPs show broad coverage and distribution across the
three CMIP6 science questions, and all are linked to the WCRP GCs. Of
the 21 CMIP6-endorsed MIPs, 4 are diagnostic in nature, which define
and analyze additional output, but do not require additional experiments.
In the remaining 17 MIPs, a total of around 190 experiments have been
proposed resulting in 40,000 model simulation years. The following are the
names of the 21 CMIP6-endorsed MIPs:

e Aecrosols and chemistry model intercomparison project (AerChem-
MIP)

e Coupled climate carbon cycle model intercomparison project
(C*MIP)

e Cloud feedback model intercomparison project (CEMIP)

e Detection and attribution model intercomparison project (DAMIP)

e Decadal climate prediction project (DCPP)

e Flux-anomaly forced model intercomparison project (FAFMIP)

e Geoengineering model intercomparison project (GeoMIP)

e High-resolution model intercomparison project (HighR esMIP)

e Ice sheet model intercomparison project for CMIP6 (ISMIP6)

e Land surface snow and soil moisture (LS3MIP)

e Land-use model intercomparison project (LUMIP)

e Ocean model intercomparison project (OMIP)

e Paleoclimate modeling intercomparison project (PMIP)

e Radiative forcing model intercomparison project (RFMIP)

e Scenario model intercomparison project (ScenarioMIP)
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e Volcanic forcings model intercomparison project (VolMIP)

e Coordinated regional climate downscaling experiment (CORDEX)

e Dynamics and variability model intercomparison project (Dyn-
VarMIP)

e Sea ice model intercomparison project (SIMIP)

e Vulnerability, impacts, adaptation and climate services advisory board
(VIACS AB)
The science topics addressed by these CMIP6-endorsed MIPs include
mainly chemistry/aerosols, carbon cycle, clouds/circulation, characteriz-
ing forcings, decadal prediction, ocean/land/ice, geoengineering, regional
phenomena, land use, paleo, scenarios, and impacts.

1.2 Statistical and dynamical downscaling

Global climate models (GCMs) can simulate the Earth’s climate via physical
equations governing atmospheric, oceanic, and biotic processes, interac-
tions, and feedbacks. They are the primary tools that provide reasonably
accurate global-, hemispheric-, and continental-scale climate information
and are used to understand past, present, and future climate change under
increased greenhouse gas concentration scenarios. A GCM is composed of
many grid cells that represent horizontal and vertical areas on the Earth’s
surface, and each modeled grid cell is homogeneous. In each of the cells,
GCMs computes water vapor and cloud atmospheric interactions, direct
and indirect effects of aerosols on radiation and precipitation, changes in
snow cover and sea ice, the storage of heat in soils and oceans, surfaces
fluxes of heat and moisture, large-scale transport of heat and water by the
atmosphere and oceans, and so on [42]. The resolution of GCMs is gener-
ally quite coarse, so GCMs cannot account for fine-scale heterogeneity of
climate variability and change. Fine-scale heterogeneities are important for
decision-makers, who require information at fine scales. Fine-scale climate
information can be derived based on the assumption that the local climate is
conditioned by interactions between large-scale atmospheric characteristics
and local features [26].

The downscaling process of the coarse GCM output can provide more
realistic information at finer scale, capturing subgrid scale contrasts and
inhomogeneities. Downscaling can be performed on both spatial and tem-
poral dimensions of climate projections. Spatial downscaling refers to the
methods used to derive finer-resolution of spatial climate information from
the coarser-resolution GCM output. Temporal downscaling refers to the
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methods used to derive fine-scale temporal climate information from the
GCM output.

To derive climate projections at scales that decision makers desire, two
principal approaches to combine the information on local conditions with
large-scale climate projections are dynamical downscaling and statistical
downscaling [27,28].

(1) Dynamical downscaling approach

Dynamical downscaling refers to the use of a regional climate model
(RCM) with high resolution and additional regional information driven by
GCM outputs to simulate regional climate. An RCM is similar to a GCM
in its principles and takes the large-scale atmospheric information supplied
by GCM outputs and incorporates many complex processes, such as topog-
raphy and surface heterogeneities, to generate realistic climate information
at a finer spatial resolution. Since the RCM is nested in a GCM, the over-
all quality of dynamically downscaled RCM output is tied to the accuracy
of the large-scale forcing of the GCM and its biases [35]. In the down-
scaling process, the most commonly used RCM:s include the US regional
climate model version 3 (RegCM3), the Canadian regional climate model
(CRCM), the UK met office, the Hadley center’s regional climate model
version 3 (HadRM 3), the German regional climate model (REMO), The
Dutch regional atmospheric climate model (RACMO), and the German
HIRHAM, which combines the dynamics of the high resolution limited
area model and the European center—Hamburg model (HIRHAM).

Various regional climate change assessment projects provide high-
resolution climate change scenarios for specific regions. These projects
provide an important source of regional projections and additional infor-
mation about RCMs and methods. The main projects include prediction of
regional scenarios and uncertainties for defining European climate change
risks and eftects (PRUDENCE), ENSEMBLE-based predictions of cli-
mate change and their impacts (ENSEMBLES), Climate change assessment
and impact studies (CLARIS), North American regional climate change
assessment program (NARCCAP), Coordinated regional climate down-
scaling experiment (CORDEX), African monsoon multidisplinary analyses
(AMMA), and statistical and regional dynamical downscaling of extremes
for European regions (STARDEX).

(i1) Statistical downscaling approach

Statistical downscaling involves the establishment of empirical relation-
ships between historical large-scale atmospheric and local climate charac-
teristics. Once a relationship has been determined and validated, future
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large-scale atmospheric conditions projected by GCMs are used to predict
future local climate characteristics.

Statistical downscaling consists of a heterogeneous group of methods.
Methods are mainly classified into linear methods, weather classifications,
and weather generators.

Linear methods establish linear relationships between predictor and pre-
dictand, and are primarily used for spatial downscaling. Delta method and
linear regression method are the widely-used linear methods. In the Delta
method, the predictor—predictand pair is the same type of variable (for
example, both monthly temperature, both monthly precipitation). In the
simple and multiple linear regression method, the predictor—predictand pair
may be the same type of variable or different (for example, both monthly
temperature or one monthly wind and the other monthly precipitation).
Linear methods can be applied to a single predictor—predictand pair or spa-
tial fields of predictors—predictands.

Weather classifications methods include the analog, cluster analysis, neu-
ral network, and self-organizing map, and so on. The predictor—predictand
pair of these methods may be the same type of variable or different (for ex-
ample, both monthly temperature or one large-scale atmospheric pressure
field and the other daily precipitation). Weather classifications are partic-
ularly well suited for downscaling nonnormal distributions, such as daily
precipitation.

Weather generators methods include the long ashton research station
weather generator (LARS-WG), nonhomogeneous hidden Markov model
(NHMM), et cetera. In the LARS-WG, the predictor—predictand pair is
the same type of variable and different temporal scales (for example, the
predictor is monthly precipitation and the predictand is daily precipitation).
In the NHMM, the predictor—predictand pair may be the same type of
variable or different (for example, both monthly temperature or one large-
scale atmospheric pressure and the other daily rainfall). Weather generators
methods are typically used in temporal downscaling.

(111) Comparison

Dynamical downscaling has numerous advantages. However, it is com-
putationally intensive and requires processing large volumes of data and a
high level of expertise to implement and interpret results. Statistical down-
scaling is not computationally inexpensive in comparison to RCMs that
involve complex modeling of physical processes. Thus statistical downscal-
ing is a viable and sometimes advantageous alternative for institutions that
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do not have the computational capacity and technical expertise required for
dynamical downscaling.

1.3 Data assimilation

Data assimilation is a powerful technique, which has been widely applied in
various aspects of big climate data. Data assimilation combines with Earth
observation big data and climate modeling big data to produce an optimal
estimate of state variables of the climate system, which is better than that
estimate obtained using just Earth observation big data or climate modeling
big data alone.

For a real climate state vector x® = (x\", ..., x")7, let the observa-
tion vector be y = (y1,...,y,)T, and the background state vector from
climate modeling be x¥ = (x(lb), - xﬁf’))T. Data assimilation combines with
y and x® to provide an optimal estimate of the reality state vector x.
This estimate is called an analysis vector, denoted by x©@ = (x\”, ..., x@). In
this section, we introduce four data assimilation techniques, including the
Cressman analysis, the optimal interpolation, the three-dimensional varia-
tional analysis, and the four-dimensional variational analysis.

1.3.1 Cressman analysis

An optimal estimate is given by

n
(b
> oy — ")
@ _ (b =1
x, =x, +———,

n
> Pk
j=1

,27(’-7/&,)2
> 2 +("_k,)2
first technique in data assimilation. However, it is impossible to give a high-

where pj, = max HO }, and r is a constant. Cressman analysis is the

quality estimate.

1.3.2 Optimal interpolation analysis

Observed climate state variables are different from output climate state vari-
ables from climate models. Therefore to build the relation between the
background state vector x0 = (x%b), e xf,lb))”‘ and the observation vector
y= (1, yp) ", one introduces a p x n matrix M, which corresponds to a
linear operator h such that h(x®) = Mx®. Denote by B the n x n covari-
ance matrix of the background error x¥ — x, and denote by S the p x p



10  Big Data Mining for Climate Change

covariance matrix of the observation error y — h(x®) as follows:

.....

B=Cov(x"? —x, x —x) = (Cov(x{"” = xf", & = x{"))j k=t....m»

where h(x®) = (hy, ..., hp)T.
In optimal interpolation analysis, the n-dimensional analysis vector x?
is constructed as

x@ =xO 4+ K(y — h(x®)),

where K is an n x p weight matrix:
(a) x9 is such that Var(x® — x®) attains the minimal value if and only
if
K=K*:= BMT(MBM" + S)~".

(b) The analysis error is
N
e =Var(x —x) = "Var(x” — x") = tr((1 - K*M)B),
k=1

where tr((1 — K*M)B) is the sum of diagonal elements of the matrix
(I - K*M)B.

1.3.3 Three-dimensional variational analysis

The three-dimensional variational analysis is based on the cost function
C(x) of the analysis:

Cx) =x—x""B 1 x—x®) +(y — hx))"S ! (y — h(x))
= C"x) + C (),

where C? (x) is the background cost and C”(x) is the observation cost,
and

CPx)=x-x")TB(x—x"),
CYx) = (y — h(x))" S (y — h(x)).
Let
x@ =x® 4 K*(y — h(x®)), (1.3.1)

where K* is stated as in Subsection 1.3.2.
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To show that the cost function C(x) attains the minimal value if and
only if x =x@, we only need to verify that VC(x®) = 0 and V2C(x?) is
positive definite.

Let f(u) =(y —w) TS~ (y —u). Then C(x) =f(h(x)) and VC© (x) =
MTVf(ua). Since h(x) = Mx,

hi = Myyx + Mioxo + -+ - + Mix,,
ho = Moy x1 + Mooxz + - - - + Ma,x,,
h,= Mplxl + Mp2x2 + -+ Mpnxn;
its Jacobi matrix is (%)pxn = (Mjj)pxn =M. So VCO(x) = —2M" S (y —
” i
h(x)).
Similarly, VC® (x) = 2B~ (x — x").
Therefore

VC(x) =VCP(x) +VCY(x) =2B7 (x —x) —2M TS (y — h(x)).
(1.3.2)

This implies that VC(x) = 0 if and only if B~' (x —x®) = MTS™ ! (y — h(x)),
which is equivalent to

x=x" + BMT(MBM" + 8)~"(y — h(x")).
However, by (1.3.1):
x® + BM"(MBM" + 8)~'(y — h(x")) =x + K*(y — h(x")) =x,

where K* is stated as above. Hence VC(x®@) = 0.
By (1.3.2) and h(x) = Mx, we have

VCx) =2B~'+ MTS 'Myx — 2B 'x® —2M TSy,
V2C(x) =2V((B™' + MTS'M)x) =2V(Wx) =2V,

where W =B""'+ MTS™'M is an n x n matrix, and x is an n-dimensional
vector. Covariance matrices B and S are always positive definite, so VZC(x)
is positive definite.
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The analysis vector x is viewed as the maximal likelihood estimator
of x. Assume that the probability density functions p,(x) and po(x) of the
background error and the observation error y — x are Gaussian, that is,

px) = 2m) " (detB) 2 expl—i (x — x) "B (x —x)},

po(x) = (2) 4 (detS) P expl—L(y — h(x)) TS~ (y — h(x))}.

Then the joint probability density function is
1
Pa(X) = po(X)pp(X) = (2n)—"<dethetS>—%exp{—EC(x»,

where C(x) is the cost function. When x = x@, C(x) attains the minimal

value. So x is maximal likelihood estimator of x®.

1.3.4 Four-dimensional variational analysis

This is a generalization of the three-dimensional variational analysis. The
N + 1 observation vectors yg, y1, ..., yn are distributed among N + 1 times
to, 1, ..., IN—1, I, Where fo =0, 5 = T. The cost function is defined as

N

Jex) = (x—x) "B~ (x = xp) + ) _ (v — Hex) "R, (yr — Hie(x1)),
k=0
(1.3.3)

where Ry, is the covariance matrix of y, — Hp(Xg).

One wants to look for the analysis vector x, such that J.(x) attains the
minimum value at X = Xx,,.

In (1.3.3), X, = mp(x), where my, is a predefined model forecast operator
at time k. Its first-order Taylor expansion is

X = Mp(X) = Xpp + Mip(x3) (X — %) + Op([Ix — % [|%),

where My (x,) is the Jacobian matrix of operator my, at X, and xp, = mp(x;).
From this, it follows that

Hi(x¢) = Hp(Xpp) + HMp(xp) (x —x3) + 1 (.= O([x — x1)[|?).
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The cost function J,(x) can be approximated as

J®@~x—x)" B (x —x))
N
+ ) (HMi(xp) (x — x3) — di) R, (HMip(xp) (x — x3) — di),
k=0

where d, =y, — Hi(X)-

Let G = HMp(xp). Since R; i1s a symmetric matrix, S =
ZkI\:O GkTR,:le is a symmetric matrix. Then, there exist an orthogonal
matrix H, and a diagonal matrix R, such that H, SH[T = R;l. Let

K.=BH'(H,BHT 4+ R,),

and take d such that
N N
> RI'Gld=HR'd.
k=0

Similar to the three-dimensional variational analysis, it can be checked that
when x =X, = x;, + K.d, the cost function J,(x) attains the minimum value.

1.4 Cloud platforms

As a main big data analytics platform, clouds can be classified in three cat-
egories: private cloud, public cloud, and hybrid cloud. Private cloud is
deployed on a private network and managed by the organization itself or
a third party. This type of cloud infrastructure is used to share the services
and data more efficiently across the different departments of an organiza-
tion. Public cloud is deployed off-site over the internet and is available to
the general public. This type of cloud infrastructure offers high efficiency
and shares resources with low cost. Hybrid cloud combines both clouds,
where additional resources from a public cloud can be provided as needed
to a private cloud. Cloud analytics concerns big data management, inte-
gration, and processing through multiple Cloud deployment models. Cloud
deployments have generally four scenarios, including data and models, which
are both private. Data and models are both public; data is public and models
are private, and data is private and models are public.

Big data analytics on clouds are classified in three categories: descriptive,
predictive, and prescriptive. Descriptive analytics uses historical data to iden-
tify patterns and create management reports; it is concerned with modeling
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past behavior. Predictive analytics attempts to predict the future by analyzing
current and historical data. Prescriptive solutions assist analysts in decisions
by determining actions and assessing their impact regarding objectives, re-
quirements, and constraints. The analytics workflow is composed of the
following several phases: The analytics workflow receives data from vari-
ous sources, including databases, streams, marts, and data warehouses, then
preprocessing, filtering, aggregation, transformation, and other data-related
tasks are preformed. After that, the prepared data need to be estimated,
validated, and scored. Finally, the scoring is used to generate prediction,
prescription, and recommendations.

1.4.1 Cloud storage

Cloud storage are an important aspect for big data. Several known solutions
are Amazon simple storage service, Nirvanix cloud storage, OpenStack
swift, and Windows azure binary large object storage. The virtual cloud
storage system is classified into three categories: the distributed file system,
distributed relational database, and NoSQL/NewSQL storage system. The
distributed file system includes Hadoop, Ceph, IPFS, et cetera. Hadoop is
based on open source MapReduce and can process large amounts of data
on clusters of computers, also made available by several cloud providers.
Hadoop allows for the creation of clusters that use the Hadoop distributed
file system (HDES) to partition and replicate datasets to nodes, where
they are more likely to be consumed. Hadoop-GIS and SpatialHadoop are
popular Hadoop extensions. The distributed relational database is mainly
implemented by PostgreSQL cluster, MySQL cluster, and CrateDB based
on Docker container technology. The NoSQL/NewSQL storage system
has been widely used on many internet platforms, such as MongoDB,
HBase, Cassandra, and Redis. To have the ability to store GIS data in cloud
platforms, Wang et al. [40] proposed a virtual spatiotemporal integrated ser-
vice system (called DaaS) and implemented a unified REST service. This
system supports distributed, multilevel spatial database storage services and
can connect with Hadoop storage ecosystem, MongoDB storage system,
PostgreSQL cluster, MySQL cluster, and other existing databases by using
its unified data interface.

1.4.2 Cloud computing

Cloud computing provides a set of models and methods for sharing com-
puting resources, in which big data processing and analytics capabilities are
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deployed in data hubs to facilitate reuse across various datasets [5]. Known
cloud computing platforms include Amazon cloud, Google cloud, Micro-
soft cloud, Ali cloud, Baidu cloud, and Tencent cloud. All of these cloud
computing platforms allow users to optimally manage the computing re-
sources, lease computing resources based on demand and quickly establish
a large-scale cloud computing cluster. The distributed cloud computing
cluster based on Hadoop/Spark technology is the standard service of large
data centers. With the rapid advancement of recent technologies, cloud
computing service has been moving from the traditional server leasing ser-
vices based on the virtual machine to the distributed cluster services and
the micro services. Wang et al. [40] proposed a SuperMap GIS platform
based on the cloud-terminal integration technology. This platform con-
sists of the intensive GIS cloud platforms, the diversified GIS terminals,
and the integration of GIS cloud platforms and GIS terminals. The inten-
sive GIS cloud platforms make full use of cloud computing resources and
provide high available GIS services. The diversified GIS terminals integrate
technologies of desktop GIS, web GIS, and mobile GIS to support the con-
struction of GIS applications across multiterminal devices. Wang et al. [40]
have done extensive experiments for spatiotemporal big data and verified
that the SuperMap GIS spatiotemporal big data engine achieved excellent
performance.
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CHAPTER 2

Feature extraction of big climate
data

Variables related to climate change are divided into quantitative variables
and qualitative variables. Quantitative variables, such as temperature and
precipitation, take on numerical values, whereas qualitative variables, such
as land types, take on values in one of different categories or classes. Re-
gression is a process of predicting qualitative response, whereas clustering
or classification is a process of predicting qualitative responses. The most
widely used regression in the context of big data are Ridge and Lasso
regressions. Big climatic data environment can enhance the tendency of
classical linear regression model to overfit. Ridge and lasso regressions are
more suitable to handle big data environment than classical regression since
they can control the size of regression coefficients. The most widely-used
classifiers in the context of big data are linear discriminant analysis and
K-nearest neighbors. More state-of-the-art classifiers include decision trees,
random forests, support vector machines, and so on. These methods pro-
vide managing an efficient exploitation of big data from Earth observation
systems.

2.1 Clustering

The aim of clustering is to discover unknown subgroups or clusters in big
data. Clustering can partition any big dataset into distinct groups, so that
the elements within each group are quite similar to each other, whereas el-
ements of variance in the different groups are quite different. The K-means
clustering and hierarchical clustering algorithms are two popular clustering
algorithms.

2.1.1 K-means clustering

The K-means clustering approach is used to partition any big dataset into
K clusters, where K is a prespecified number. The K clusters, denoted
by Ci, ..., Ck, are distinct and nonoverlapping sets. In other words, each
element in big dataset belongs to at least one of the K clusters and no ele-
ment belongs to more than one cluster. The core problem in the K-means

Big Data Mining for Climate Change Copyright © 2020 Elsevier Inc. 19
https://doi.org/10.1016/B978-0-12-818703-6.00007-6 All rights reserved.


https://doi.org/10.1016/B978-0-12-818703-6.00007-6

20  Big Data Mining for Climate Change

clustering algorithm is
min Z ZC X;(xy xip)? = min ZW(Ck) . (2.1.1)
ii'e L J=

where |Cy| is the number of elements in the kth cluster, and the notation
i, i’ € Cp represents that both the ith element x; = (x;1, ..., x;,) and the /'th

element x; = (x4, ..., Xy,) are in the kth cluster, and
W(Ch) = — Z Z% xij),
i,ieCp j=1

called the within-cluster variation for the kth cluster Cj,.
We rewrite W/ (Cp) and the core problem (2.1.1). Let X; be the mean
for feature j in cluster Cp, that is,

1

&kﬁ'Zmley (J:l,,i’l)

ie C/\,

From Zieck 1 =|C,|, it follows that

PBEEDIE DIE A Ll DI | DAY B ID L

i,i'eCy, 'eCyp \i€eCy ieCy 'eCy, ieCy,

So

2 2 2
2= =Gl ),

I‘,f’EC}\, I‘,i’EC}\, fGCk

and then the within-cluster variation becomes

W€ =17, Z 2 g+ g = 2x00)

|C | j=1 i,’eC,
—222%— Z Z X (2.1.2)
Jj=1ieCy IIGCk

For the last term of (2.1.2), we compute the inner sum:

E XijXij.

IIEC;\
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It 1s clear that

Z XijXij | = Il +121

i,i'eCy,

1
I=|— Z XiXij = Z XiXij | 1Cul

Ck' i,i'eCy, tzEC k'

L = E Xiixij | s E XijXij

HEC;\ lIECk

By Xy = Igﬂ > icc, ¥ij» it follows that

L =2 —ZZx,,xl, _ZZx,, th, —2295:;9%

IGCL [ EC;\ lECL IEC;\

By X = Zie(}k x;j and Zie(}k 1 =|Cyl, it follows that

C |

b= |Ck|zzx” = |C|Z sz’f__ Zx’f

i€Cpi'eCy, i€Cy, i'eCy, 'eCy,

=2 Z% =%y

i€Cy, i'eCy, ieCy,

Hence

vax’f 2 iy = )Ty

[N GC;\ lEC}\ YECk

Combining this with (2.1.2), the within-cluster variation becomes

W(CL)—2ZZx”—ZZ 229@]9%] Zxkl

; 1 YGCk I€CL lECk
_ZE E x—2§ xuxkj-l—z xkj
= i€Cy, IEC;\ i€Cy,

=2y Z(xij — %)’

ieCp, j=1
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From this and (2.1.1), the core problem becomes

K n
min 12353 -5 ).
Cq Ck

""" k=1ieCy, j=1

where X = \C1T > icc, Xij (j=1, ..., n) is the mean for feature j in cluster Cj.
Inspired by this, to solve the K-means core problem, we apply the fol-
lowing algorithm:

Algorithm 2.1.1. (K-means clustering)

Step 1. The initial cluster assignments assign randomly a number, from
1 to K, to each of the observations.

Step 2. Compute the cluster centroid for each of the K clusters.

Step 3. Assign each element to the nearest centroid.

Step 4. Iterate Steps 2 and 3 until the cluster assignments stop changing.

In Algorithm 2.1.1, the cluster centroids are chosen as the mean of
elements assigned to each cluster, and the nearest centroid is determined by
using Euclidean distance.

2.1.2 Hierarchical clustering

The hierarchical clustering approach does not require prespecifying the num-
ber of clusters K as that in the K-means clustering. It can result in an
attractive tree-based representation of any big dataset, often called a dendro-
gram.

A dendrogram is a binary tree consisting of leaves and branches. Each
leaf of the dendrogram represents one element in a big dataset. When one
moves up the tree, some leaves begin to merge into branches. The elements
corresponding to these leaves are similar to each other. When one moves
higher up the tree, branches themselves merge either with leaves or other
branches. The earlier the mergings occur, the more similar the subgroups of
elements are to each other. It means that elements merging at the very bot-
tom of the tree are quite similar to each other, whereas elements merging
at the very top of the tree are quite different.

The hierarchical clustering dendrogram is constructed by the following
algorithm:

Algorithm 2.1.2. (Hierarchical clustering)

Step 1. Start from n elements. Take Euclidean distance as a dissimilarity
measure between each pair of elements. Treat each of n elements as its own
cluster.
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Step 2. Compute all pairwise intercluster dissimilarities among the n
clusters. Merge these two clusters that are most similar to each other. The
height in the dendrogram is indicated by the dissimilarity between these
two clusters.

Step 3. Compute the new pairwise intercluster dissimilarities among the
n — 1 remaining clusters.

Step 4. Return to Step 2 by replacing n by n — 1,n — 2, ..., 2. Iterate
Step 2 and Step 3 until all of elements belong to one single cluster. The
desired dendrogram is then obtained.

Euclidean distance is the most common dissimilarity measure. Another
dissimilarity measure is correlation-based distance. The difference between
these two dissimilarities distances is that Euclidean distance focuses on
magnitudes, whereas correlation-based distance focuses on shapes. The dis-
similarity is also measured by the combination of Euclidean distance and
some type of linkage, which determines the order in which internal nodes
of tree are created. The four most common types of linkage are complete,
average, single, and centroid. Complete linkage measures the maximal in-
tercluster dissimilarity, which is defined as the longest distance between
two elements in each cluster. Single linkage measures the minimal inter-
cluster dissimilarity, which is defined as the shortest distance between two
elements in each cluster. Average linkage measures the mean intercluster dis-
similarity, which is defined as the average distance between each element in
one cluster to every element in the other cluster. Centroid linkage measures
the dissimilarity between the centroids of the clusters.

2.2 Hidden Markov model

Hidden Markov models (HMMEs) are a kind of stochastic models. HMMs
are also referred to as Markov sources or probabilistic functions of Markov
chains. HMMs are very rich in structure and can work very well in practice
for several important applications in big data mining.

Start from the Markov chain. Let {X,},ez, be a discrete stochastic pro-
cess consisting of a family of random variables, and let x, be the sample of
the random variable X, at discrete time n. If the structure of the stochastic
process {X,},ez, is such that the dependence of X, i = x,41 on the en-
tire past is completely captured by the dependence on the last sample x,,
then the process is referred to as a Markov chain. This gives the follow-
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ing Markov property:
P(XrH-l = Xn+1 [ X=X, o0, Xy = x1) = P(Xn+1 = xn+1|Xn =x).

Therefore the Markov chain is viewed as a generative model consisting of a
number of states linked together by possible transitions. The transition from
one state to another state is probabilistic. Define the one-step transition
probability from state x; at time # to state x; at time n+ 1 by

Pijn = p(Xn+l = ~x]|Xn =x)).

If pjj, is independent of n, then the Markov chain is referred to as ho-
mogeneous in time and denote pj; := pjj,. It is clear that the one-step state
transition probability satisfies

pi=0 forallij, Y pyj=1 foralli. (2.2.1)
j

The definition of the one-step state transition probability can be general-
ized to the m-step transition probability. Define the m-step state transition
probability from state x; at time # to state x; at time n + m by

p,(‘jm) = P(Xyym = lexn = x;) (meZy).

Clearly, pf-jl) = pjj. These state transition probabilities have the following
recursive relation:

1
W =Yy ety
]’\’

More generally, the recursive relation is
(m+n) __ (m)  (n)
pi = Zpik Dy (m, n € Z).
k

This is just the famous Chapman—Kolmogorov equation of Markov chain.
In fact, for fixed s and x;, it follows that

P(Xs+m+n = Xj, Xs+m = x| Xs = x7)

= P( Xy = xp| Xy = ) P(Xspjgn = xj|X3+m = Xk, X = X;)
2.2.2)
= P(Xerm = xklxs = xi)P(Xs+111+r1 = xj|X3+m = xk)

_ (m)_(n)
=Pip Py -
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Note that the family {X;;,, = xi} constitutes a partition. Then

PBmH) = P(Xspim4n = xj'Xs =x;) = Z P(Xsmn = Xjs Kovm = x| Xy = x7).
k
(2.2.3)

The combination of (2.2.2) and (2.2.3) gives the Chapman—Kolmogorov
equation.

If each state of a homogeneous Markov chain at each instant of time
corresponds to an observable physical event, then this Markov chain is ref-
ereed to as an observable Markov model.

Example 2.2.1. Consider a simple observable 3-state Markov model of
the weather. Assume that on a day, the weather is observed as being one of
the following three states:

$1: sunny, s ¢ cloudy, s3: rain,

and the weather on the nth day is characterized by one of the above three
states, and that the matrix of state transition probabilities is

P11 p12 p13 02 04 04
A=| pa p2 ps |=]| 06 01 03 |,
P31 p3x2 P33 0.2 05 0.3

where p;j >0 (i,j=1,2,3)and Y0 pj=1(i=1,2,3).
Consider the case that the weather is in the rain state s3 on the first day
(n=1). If the weather for the next seven days will be

rain-sunny-cloudy-rain-rain-sunny-cloudy -- -,

then the probability of the observation sequence O = {s3,s3, s1, $2, 53,
$3, 81,5} corresponding to n = 1,2,...,8, given the 3-state observable
Markov model, is evaluated as
P(O|Model) = P(s3, s3, 51, $2, 53, $3, 51, s2|Model)
= P(s3) - P(s3ls3) - P(s11s3) - P(s2ls1) - P(s31s2) - P(s3]53)
- P(s1]s3) - P(s2s1)

=TT3 P33 P31 - P12 P23 - P33 p3tc P12

=1-(0.3)(0.2)(0.4)(0.3)(0.3)(0.2)(0.4)

=1.728 x 1074,

where 73 = P(s3) = 1 is the initial state probability.
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If the model is in a known state s; and it stays in that state s; for exactly
d days, the discrete probability density function of duration d in s; of the
observation sequence

OZ{Sl’Sf7 ...,Si’Sj#Si},
12..d d+1

given the model, is pff._] (1 = pi). Note that 0 < p; < 1. The expected num-
ber of observations in s; is computed as

(I
(1 _pii)z B 1 —Pii.

Do dpiT A= pi) == pi) 3 dpi = (1= pi)
d=1 d=1

From this, it follows that the expected number of consecutive days of rain
weather is computed as —L_~1.43; for sunny, it is —L_—1.25; for cloudy,

1 1-0.3 1-0.2
1t 18 =01 ~1.11.

In the observable Markov models, each state corresponds to an ob-
servable physical event. To avoid this restriction, the concept of observable
Markov models is extended to include the case, in which the observation is
a probabilistic function of the state in Markov models. That is, the resulting
model, called a hidden Markov model, is a doubly stochastic process with an
underlying Markov process that is not observable (that is, it is hidden), but
can only be observed through another stochastic process that produces the
sequence of observations. Analyses of HMMs are to seek to recover the se-
quence of states from the observed data. A well-known Jason Eisner’s “Ice
Cream Climatology” example on HMM is: “If you can’t find any records
of Baltimore weather last summer, but you do find how much ice cream
Jason Eisner ate each day in his diary, what can you figure out from this
about the weather last summer?” [6].

An HMM is characterized by the number of states in the model, the
number of distinct observation symbols per state, and the matrix of state
transition probabilities. Both probabilities of distinct observation symbols
per state and the state transition probabilities are called model parame-
ters. HMMs are widely used for downscaling daily rainfall occurrences
and amounts from climate simulations. The HMM fits a model to ob-
serve rainfall records by introducing a small number of discrete rainfall
states [7,22].
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2.3 Expectation maximization

When climate observations at some node are missing, these missing obser-
vations and the unseen state information can be jointly treated as missing
data. The expectation maximization (EM) algorithm is an eftective iterative
method to find maximum likelihood estimates of climate parameters in the
presence of missing or hidden data.

Let the complete data specification f (x|¢) be a regular exponential fam-
ily of sampling densities depending on parameter ¢ € Q, where ¢ is an
r-dimensional vector and  is an r-dimensional convex set, and have the
exponential family form

f(xI$) = b(x)exp(pt(x)T)/a(¢) (2.3.1)
for all ¢ € Q with

a(g) = / b(x) exp(pt(x) ") dx, (2.3.2)
x

where X is the sample space and t(x) is an r-dimensional vector of complete
data-sufficient statistics, and the superscript T denotes transpose. Also let
the incomplete data specification g(y|@) be the corresponding family of
sampling densities. They have the following relation:

Lylo) = /f(XIqS)dx,

X(y)

where y is the observed data and X(y) is a subset of the sample space X
determined by the equation y = y(x). The EM algorithm [4] is to estimate
¢ from incomplete observation data y.

EM algorithm. Suppose that ¢ is the current value of ¢ after p cycles
of the algorithm. The next cycle involves the expectation step (E-step) and
the maximization step (M-step):

(1) E-step: Estimate the complete data-sufficient statistics t(x) by finding
t? = E[tx)]y, ¢*].

(i) M-step: Determine ¢#*" as the solution of the likelihood equations
E[t(x)|¢] =t».

Dempster et al. [4] showed that the successive parameter estimates from
the EM algorithm monotonically improve the value of the incomplete log-
likelihood function. Wu [29] and Nettleton [17] give conditions to ensure
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convergence to a local maximum of the incomplete log-likelihood func-
tion.
The EM algorithm proves effective in finding a value ¢* of ¢, which
maximizes logg(y|¢), given an observed data y. The reason is as follows:
Let

L(¢) =logg(yle). k(xly, ¢) =f(x|$)/¢(y|$).
Then the log-likelihood becomes

S (xl¢)

L) =log v o)

Note that for exponential families,

k(xly, $) = b(x) exp(¢p t(x)T)/a(dly),
where

a(@ly) = f b(x) exp( t(x) ") dx. (2.3.3)
X(@y)
By (2.3.1), it follows that

b(x) exp(¢t(x)")/a(¢) ~ log a(@ly)
b(x) exp(pt(x)T)/a($ly) a()

Differentiating (2.3.2) and (2.3.3), and denoting t(x) by t,

L(¢) =log

=loga(¢ly) —loga(¢).

9
Dloga(¢ly) = P loga(¢ly) = Eltly. ¢1.
9
Dloga(¢) = P loga(¢) = E[t|¢].
Thus the differential of the log-likelihood is

DL(¢) = Dloga(¢ly) — Dloga(¢) = E[t]y, ¢] — E[t|$]. (2.3.4)

That is, the differential of the log-likelihood is the difference between the
conditional and unconditional expectations of the sufticient statistics. If the
algorithm converges to ¢* so that in the limit ¢% = ¢¥*) = ¢*, then the
E- and M-steps in the EM algorithm lead to

E[t|¢*] = E[tly,¢"] or DL(¢)=0 at ¢ =¢".
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The EM algorithm is equivalent to finding a value ¢* of ¢ that maximizes
L(¢) =logg(yld), given an observed data y. This means that (2.3.4) is the
key to understanding the E- and M-steps of the EM algorithm.

Sundberg [25] generalized (2.3.4) by differentiating (2.3.2) and (2.3.3)
repeatedly and obtained

D*a(¢) = a(¢)E(t*|9), DFa(ply) = a(dly) E(t'ly, ¢), (2.3.5)

where DF denotes the k-way array of kth derivative operators, and t* de-
notes the corresponding k-way array of kth degree monomials. From
(2.3.5), Sundberg [25] obtained the k-derivative of the log-likelihood is

D*L(¢) = Dloga(¢ly) — D*loga(¢) = K*(tly, ¢) — K*(tl$),  (2.3.6)

where t = t(x), and K* denotes the k-way array of the kth cumulants. For-
mula (2.3.6) expresses the derivatives of any order of the log-likelihood
as a difference between conditional and unconditional cumulants of the
sufficient statistics. In the case of k =2, Formula (2.3.6) expresses the
second-derivative matrix of the log-likelihood as a difference of covariance
matrices.

Now let  be a curved submanifold of the r-dimensional convex set Q.
Suppose that the complete data specification f(x|¢) is a curved exponential
family of sampling densities depending on parameter ¢ € Q,, where ¢ is
an r-dimensional vector. The general expectation maximization (GEM)
algorithm [4] is stated as follows:

GEM Algorithm. Suppose that ¢ is the current value of ¢ after p
cycles of the algorithm. The next cycle can be described in following two
steps:

(1) E-step: Estimate the complete data-sufficient statistics t(x) by finding
t? = E[t(x)ly. ¢ 7'].

(ii) M-step: Determine ¢ to be a value of ¢ € 2, which maximizes
—loga(¢) + ¢ tP7.

2.4 Decision trees and random forests

Decision trees and random forests can facilitate identifying the decision
structures and possible decision pathways for planning, implementing, and
managing climate change adaptation actions. Drawing a decision tree or
random forest can help understanding about differences in levels of climate
risk related to a range of adaptation options and assessing the relative costs
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and benefits of each decision pathway. For example, a decision-tree analysis
to help farmers make decisions about which cropping options (such as veg-
etables, beans, rice) might be suitable given likely changes in future climate.
In addition, decision tree and random forest demonstrate how an element
relates to its dependent variables, which is often necessary information for
the proper management of complex climate/ecological systems.

Decision trees are used for classification and regression. The regression
tree is used to predict a quantitative response, whereas the classification tree
is used to predict a qualitative response.

A regression tree is constructed as follows: Let the predictor space be
the set of possible values for n predictors (variables) Xj, ..., X,,. Divide the
predictor space into J high-dimensional rectangles Ry, ..., R;. These high-
dimensional rectangles are distinct and nonoverlapping. Define the residual
sum of squares (RSS) by

J
RSS=3" 3" (rj—7r)"

Jj=1 yijeR;

where TR, 1 the mean of all observation data y; within the jth rectangle R;.
The RSS is used as a splitting criterion. The splitting approach to grow a
regression tree is the recursive binary splitting. The approach begins at top
of the tree, at which point all observation data belong to a single region
and then successively splits the predictor space into different rectangles, and
each split is marked by two new branches further down on the tree. To
perform recursive binary splitting of any given rectangle Ry, one needs to
search for a suitable predictor X;j and a cutpoint s to split R, into two new
rectangles:

Riu=R[ |(Xj<s} and Rie=Ref {Xj=4

such that the resulting RSS has the greatest possible reduction. This process
continues until a stopping criterion is reached.

A classification tree is predicted so that each observation belongs to the
most commonly occurring class of training observations in the region to which
it belongs. Define the classification error rate by

E=1- m]flx(ﬁmk)’

where p,. is the proportion of observation data in the mth region that
are from the kth class and 0 < p,, < 1. The splitting approach to grow a
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classification tree is also based on the recursive binary splitting. Although
the classification error rate may be used as a criterion for making the binary
split, in practice the Gini index and the entropy are two sensitive criterions
used widely. This splitting process of classification tree continues until Gini
index or entropy is small enough.
The Gini index and the entropy are quite similar numerically. The Gini

index is given by

K

G= }A’mle(l _famk)-

k=1
From 0 < p, <1, it follows that p,e(1 — pue) > 0. So the Gini index takes
on a small value if all of the p,,.’s are close to zero or one, and so the Gini
index is referred to as a measure of node purity. The entropy is given by

= 1

D= Zfamk log —.
1 Pmk

From 0 < p,,, < 1, it follows that p,. logiﬁ > 0. So the entropy takes on a
small value if all of the p,,.’s are close to zero or one.

Random forests and bagging (or bagged trees) use trees as building
blocks to construct more powerful prediction models. Random forests pro-
vide an improvement over bagged trees by their decorrelating the decision
trees.

The aim of bagging is to reduce the variance of decision trees. Given n
independent observations, if the variance of each observation is o2, then
the variance of the mean of these n independent observations is reduced
to % Inspired by this, bagging builds n decision trees fV(x), ..., f (x)
on n different bootstrapped training datasets and averages all the resulting
predictions to obtain a single low-variance statistical learning model, called
a bagging model, which is given by

n

~ 1 ~,.
@) == fO).

i=1

Bagging has demonstrated impressive improvements in accuracy as a result
of combining hundreds or even thousands of decisions trees into a single
procedure.

Random forests [1] build a number of decision trees on bootstrapped
datasets. When each split in a tree is considered, a random sample of m pre-
dictions is chosen as split candidates from all n predictors, where m is called
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a predictor subset size. In practice, m is often chosen as /n. The split is allowed
to use only one of those m predictions.

The main difference between bagging and random forests is the choice
of the size m. If'a random forest is built using m = n, then it is equivalent to
bagging. Due to the fact that m <« n, random forests provide the improve-
ment over bagged trees of using decorrelating the decision trees. In fact,
assume that there is one very strong predictor in the data set; almost all of
the bagged trees will possibly use this strong predictor in the top split, so
the predictions from the bagged trees will be highly correlated, and aver-
aging many highly correlated quantities does not lead to a large reduction
in variance. In this case, bagging will not lead to a substantial reduction in
variance over a single tree. To overcome this problem, random forests force

n—m
n
of the splits will not even use the strong predictor, which leads to other

each split to consider only a subset of the predictors. So on average,

predictors having more chances. Random forests are excellent in classifica-
tion performance and computing efficiency and can handle large data- and
teature-sets.

2.5 Ridge and lasso regressions

Ridge regression and lasso regression are two best-known techniques in
supervised learning. These two techniques discourages learning a more
complex or flexible model. Compared with classical linear regression, the
advantage of ridge and lasso regressions is that they can shrink the coeffi-
cient estimates towards zero. At the same time, big climatic data environ-
ment can enhance the tendency of classic linear regression model to overfit.
Since ridge and lasso regressions can control the size of regression coefti-
cients, they are more suitable to handle big climate data environment than
classical linear regression.

Classical linear regression is a useful tool for predicting a quantitative
response. It takes the form

Y& B+ i X1+ 4 BuXu =B+ Y B, 2.5.1)
=1
where X; (j=1, ..., n) are n predictors, Y is a quantitative response, and the

constants B (j =0, ..., n) are unknown, called linear regression coefficients. For
(2.5.1), one says Y is approximately modeled as By + --- + B,X,. The plane
Y =80+ 1 X1+ -+ B,X, is called population regression plane.
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Linear regression coefficients are unknown, so we must use observation
data to estimate these coefficients before using (2.5.1) to make predictions.
Let

(x119 X125 ooy X1ns Yl)v (-les X225 ey X245 YZ)v cee s (xmls X2y «oes Xpuns Ym)
(2.5.2)

be m observation pairs, where x;; is the ith measurement of Xj, and y; is the
ith measurement of Y. That is,

Xj = (x1j, X2j o X)) (=1,...,m), Y= (1 p2s e Ym)-

Since y; is the ith measurement of Y, by (2.5.1), it is clear that y; ~ By +
> i1 Bixij (i=1, ..., m). Define the residual sum of squares (RSS) as

2

m n

RSS=>"|yi—Bo—Y_ B | - (2.5.3)
i=1 j=1

Define the minimizers f; of the RSS as the linear regression coefficient estimates.
The plane associated with linear regression coefticient estimates f;:

?23()—’_31){1 +"'+/§an

is called least squares plane, where Y is the prediction of Y.
Ridge regression 1s based on the linear regression. Ridge sum S" takes
the form

m

2
S=Y"|r—Bo=Y Bxi| +1) 8, (2.5.4)
J=1 j=1

i=1

where A > 0, called a tuning parameter. The term A Z?zl ,6]»2 is called a shrink-
age penalty. The shrinkage penalty depends on i, ..., B, but is independent
of the intercept By. When B4, ..., B, are close to zero, the shrinkage penalty
is small, and so it has the effect of shrinking the estimates of f; towards zero.
Since the tuning parameter is nonnegative, it serves to control the relative
impact of these two terms on the regression coefficient estimates. When
A =0, the shrinkage penalty has no effect. When A increases, the impact of
the shrinkage penalty grows.

Differentiating both sides of (2.5.4) with respect to f; and then letting
them be equal to zero, we get a system of n+ 1 equations with n + 1
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unknown variables g; (=0, ..., n):

STS(: = Z _2()’1' - /30 - /31 Xig — 0 — ,anin) + 2)\.30 = O,
i=1
m

% = —2xu(yi — Bo — Pixit — -+ — BuXin) + 2481 =0,
i=1

% - 2} —2xiu(yi — Bo — Bixin — -+ — BuxXin) + 208, =0,

which is equivalent to the following system of equations:

m

i=1 i=1 i=1
Po (i Zm) + B (i PO +)~> + 4B <,}7 anxm) = 2 XY,
i= i= i=1 i=1

m m m m
:30 (% ;xin> + :31 (% innxil> +-o 4+ /317 <% ; xlzn + )"> = % ;xinyi'

i=1

Since the coefficient determinant of this system of equations is not equal

to zero, that is,

m m
1 1
1+)\. ZZX” EZXW
i=1 i=1
m m m
1 1 2 1
sz,’] szil—i_)‘ szilxin
ICl= i=1 i=1 i=1 #0,
1 ﬂ; 1 m 1 m 5
Eiixin Do XinXit v ;X%XIW—F)»
1= 1= 1=

the Cramer rule shows that this system of equations has the unique solution

,30, e ﬁn, which are the minimizers of the RSS, as follows:

A A0 A Al A An
0= <> = cee —
IC ICl IC]
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5.4) with (2.5.3), it is clear that

S =RSS+1r) .
j=t

From this, when A =0, the ridge sum is just the RSS.

Ridge regression choose g; (j=0, ..., n) to minimize the ridge sum. The
obtained minimizers ,BAJ?'()») (j=0,...,n) of ridge sum are defined as ridge
regression coefficient estimates. Ridge regression can produce a different set of
coefficient estimates B]?'(}\) for each value of A. Cross-validation provides a
simple way to select the tuning parameter A, for which the cross-validation

error 1s smallest.

35

(a) Validation set approach involves randomly dividing an available set of
observations into two sets: a training set and a validation set. The model is
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fit on the training set, and the fitted model is used to predict the quantitative
response for the observations in the validation set. The resulting validation
set error rate provides an estimate of the test error rate.

(b) Leave-one-out cross-validation involves splitting an available set of ob-
servations (x;, y;) (i=1,...,m) into two sets: a training set and a validation
set. For i=1, ..., m, a single observation (x;, y;) is treated as the validation
set and the remaining observations (x;, y;) (j # i; j=1,..., m) make up the
training set. The statistical learning method fits the remaining m — 1 obser-
vations. The ith mean squared error is

MSE; = (y;i—)*  (i=1,...,m),

where §; is a prediction made by the observation x;. The leave-one-out
cross-validation estimate for the test mean squared error is the average of
these m test error estimates:

m

1 1 m .
CVin=—> MSEi=—3% (yi— 7"
i=1 i=1

(¢) k-fold cross-validation involves randomly dividing a set of observations
into k groups (or folds) of approximately equal size. For i =1, ..., k, the ith
fold is treated as a validation set, and the remaining k — 1 folds make up
the training set. The statistical learning method fits the remaining k — 1
tolds. The mean squared error MSE; is computed on the observation in
the held-out fold. The k-fold cross-validation estimate for the test mean
squared error is the average of these k test error estimates:

Lasso regression is also based on linear regression and is a relatively re-
cent alternative to ridge regression. The lasso sum takes the form

m

2
S'=3 " |vi—Bo=D B | +2) 181, (2.5.5)
j=1

i=1 j=1

where A > 0 is a tuning parameter. The second term A Z;Ll |B;] is a shrink-
age penalty. The only difference between ridge and lasso sums is that the ,3/2
term in the ridge penalty is replaced by the |8;] term in the lasso penalty. In
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the other words, the ridge regression uses an /, penalty, whereas the lasso re-
gression uses an /1 penalty. Like ridge regression, lasso regression shrinks the
coefticient estimates towards zero. Unlike ridge regression, lasso penalty has
the effect of forcing some of the coefficient estimates to be exactly equal to
zero when the tuning parameter is sufficiently large. So the Lasso regression
can also serve as a variable selection tool.

Comparing (2.5.5) with (2.5.3), it is clear that

s =RSS+/\Z 1B,

J=1

and so when A =0, the lasso sum is just the RSS.

Lasso regression chooses B (j=0, ..., n) to minimize the lasso sum. The
minimizers ﬁj’ (A) (§=0,...,n) are defined as the lasso regression coefficient es-
timates. Unlike ridge regression, the estimated lasso coefticients cannot be
expressed in a closed-form solution. The computation of the lasso solu-
tion is based on a quadratic programming problem, and can be tackled by
standard numerical analysis algorithms.

Like ridge regression, lasso regression can also produce a different set
of coefficient estimates ,3}()») for each A, and it also uses cross-validation to
select a suitable tuning parameter A, for which the cross-validation error is
smallest.

2.6 Linear and quadratic discriminant analysis

Linear discriminant analysis and quadratic discriminant analysis are used for
multiple-class classification. Both methods are based on the Bayes classifier.
The difference lies in that all classes in linear discriminant analysis have
homogeneous variance-covariance matrices, whereas those in quadratic
discriminant analysis have heterogeneous variance-covariance matrices.

2.6.1 Bayes classifier

Denote by pr(x) = P(Y = k| X = x) a conditional probability of Y = k under
the observed predictor X = x. Assume that Y takes K possible response
values, which correspond to K classes. In the one-dimensional case, let
fr(x) be a univariate Gaussian density function for the kth class,

ISP S S _
fk(x)_makexp 2Ok?(x i) (k=1,...,K), (2.6.1)
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where o, (k=1,...,K) are called variance parameters. Let 7, be the prior
probability that a randomly chosen observation comes from the kth class.
Bayes’ theorem says that the probability of the predictors X = x is

T 1 2
7 exp (— 5k (o — )
pr(x) = If’iﬁe(x) == ( a? ) (k=1,..,.K). (2.6.2)

K
it Y Fexp (=g Ge—m?)

I=1 I=1

Assume that the variance parameters oy, (k=1, ..., K) are different. Tak-
ing the logarithm on both sides of (2.6.2) and rearranging the terms, we

get

K 1
log pi.(x) = 8i(x) — log (Z g exXp <_F(x - Ml)2 )
1

=1

where
My e A
Sr(x) =logm, —logo, — —5 + —Sx— =—, (2.6.3)
20’k o} 20},

called a discriminant function. It is a quadratic function with respect to x. In
this case, Bayes classifier assigns a test observation to the class, for which the
discriminant function is maximized.

Assume that the variance parameters are same, denoted by o. Then
(2.6.2) becomes

() = nkﬁ(x) B % exp (— oz (x — 1)) B nkexp(—“—é+g—§x)
= = = .
S rfi) > Texp(— gk (e — u)?) Zmexp( L4y )

=1 =1 =1

Taking the logarithm on both sides and rearranging the terms, we get

K 2
log pr(x) = 8 (x) — log (Zmexp (—2—2 + = ) ) i

=1

where
2

Sp(x) =logm, — ﬁ -I- — (2.6.4)

is the discriminant function. It is a linear functlon with respect to x. Like-
wise, Bayes classifier assigns a test observation to the class, for which the
discriminant function is maximized.
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Similarly, in the multidimensional case, the multivariate Gaussian den-
sity function for kth class is

1
Je(x) = ————exp <——(x — ;Lk)Tz,j(x — [Lk)) , (2.6.5)
Q2m)8 %2 2
where p, is a class-specific mean vector. If the covariance matrices X,
(k=1,...., K) are different, then the multivariate discriminant function is de-
fined as

1 _ 1
Be(x) = —5(x — m)TE (x— ) — 5 log % + log

1 _ _ 1 _ 1
= —sz):k 1x—i—xT):kULk, - E;LkTZkULk 5 log | 2| + log .
(2.6.6)

If the covariance matrices are same, denoted by X, then the multivariate
discriminant function is defined as

1
S(x)=x"2""p, — EM[z—mk + log 7. (2.6.7)

Like the one-dimensional case, the multidimensional Bayes classifier assigns a
test observation to the class for which the multivariate discriminant func-
tion is maximized.

2.6.2 Linear discriminant analysis

Linear discriminant analysis method develops a classifier to approximate
Bayes classifier for homogeneous variance-covariance matrices. It is used to
find a linear combination of features that characterizes or separates two or
more classes.

In the one-dimensional case, denote by 7, iy, and & the estimates of
Tk, Uk, and o, respectively. Replacing my, e, o by the estimates 7, ftg, & in
(2.6.4), which are

where n is the total number of training observations, np is the number
of training observations in the kth class, and 6 is the common variance
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parameter to all K classes. The discriminant function becomes

AD N
Hi f BE k=1, .. K.
262 &

81(x) =log 7, — 2
Its being a linear function of x gives rise to linear discriminant analysis
getting its name. The linear discriminant classifier assigns an observation to
the class, for which the discriminant function is maximized.

Similarly, for the multidimensional case, replacing ., i, X by the esti-
mates 7y, fLg, ¥ in (2.6.7), the multivariate discriminant function becomes

N ra—l. 1. a1, .
X)) =x"X fi,— S Xy +logm,
where ¥ is common to all K classes. Likewise, the multidimensional linear
discriminant classifier assigns a test observation to the class, for which the
multivariate discriminant function is maximized.

The linear discriminant analysis method is closely connected with the
classical logistic regression.

Consider the following logistic function representation:

eboth1X

pX) = 1 4 efo+p X’

where By and B; are two unknown constants. It is equivalent to the logit
representation:

p X) eﬁo+ﬂ1 X

1—pX)

where the left-hand side £ (1)}({?)0 is called odds. The logistic regression of the

predictors X is defined as

pX) 1\
log (1—719()()) = Po+ p1X, (2.6.8)

where By, B1 are called logistic regression coefficients. The left-hand side

log(7& ;)8{)) is called log-odds. Clearly, the log-odds are linear functions of X.

One uses the maximum likelihood method to obtain the logistic regression
coefficient estimates By, B1. The likelihood function is defined as

1B B =[] pxd [ pxo),

i .
=1 (yr=0)
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where i 4+ 7 =m and p(x) = P(Y = y;|X = x), and y; takes 1 or 0. The
maximum likelihood method chooses By, 81 to maximize the likelihood
function, that is, to solve the optimization problem:

in [(Bo, B1) = mi i 7).
min I(y, f1) = min H pe) [T peso)
(=) (yr=0)

The maximizers By, 81 are the desired logistic regression coefficient esti-
mates.
Similarly, the multiple logistic function representation is

eﬂ()+/31 Xt 4BuXn
P(Xl s eeey Xn)

= 1 + efotPr1 X+ +Bu Xy ’

where the constants By, ..., B, are unknown. It is equivalent to the logit

representation
p(Xl 3 eeny Xn) — eﬁ“+ﬁ’ Xi4-4B, X,
1 _p(X11 sy Xﬂ)
P(Xl ~~~~~ Xi) . . g :
where Tk 1 called odds. The multiple logistic regression of the

predictors Xi, ..., X, is defined as

Xy, .., X,
log( (X4 )

T XX ) = X4t BX
1_19(X1,...,X”)) Bo+piXi+---+8

where By, ..., B, are called logistic regression coefficients. The left-hand side
log (%) is called log-odds. Clearly, the log-odds are linear functions
Now we compare the linear discriminant analysis with the logistic re-
gression. Without loss of generality, we consider the two-class problem with
one predictor, and let p;(x) and p2(x) =1 — p1(x) be two probabilities that
the observation x belongs to class 1 and class 2, respectively.
In logistic regression, by (2.6.8), the log-odds are

log (M> — By + Pux. (2.6.9)
1—pi(x)

In linear discriminant analysis method, by (2.6.2),

71 = exp (= 552 (x — 1)?)

pi(x) = ’
1 Jomy %P (— 357 (% = 10)?) + 72 5 exp (— gz (% — 1))
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1 1 2
pa(x) = 7 Joz &P (52 (v — 12)’)
71 €XP (= 5,5 (¥ = 11)?) + M2 75— exp (= 5,7 (¥ — 12)?)

So

1 1 2 > o
pix) mJZT” exp (— 52z (x — w1)?) _ﬂe,%+%+(w,uz)x

P m S5y €XP (=52 (x — 112)?) m

and so the log-odds are

22
10g< P )zlog(m(x)):log st (3% g v
1 —p1 (X) P2 (.X') T2

where

aozlog(ﬂ)_ﬂ_fﬂ_%, ar= (12— 12)

T 202 2072 o2 o2

Both (2.6.9) and (2.6.10) are linear functions of x. The only difference
between these two methods is that By, 81 are estimated using maximum
likelihood, whereas «, o1 are computed using the estimated mean and vari-
ance from a Gaussian distribution.

Linear discriminant analysis is used in situations, in which the classes are
well-separated. However, for logistic regression, the parameter estimates are
unstable. If the categories are fuzzier, then logistic regression is often the
better choice.

2.6.3 Quadratic discriminant analysis

Quadratic discriminant analysis method develops another classifier to ap-
proximate the Bayes classifier. However, unlike linear discriminant analysis,
in quadratic discriminant analysis there is no assumption that the covariance of
each of the classes is identical. It means that in the one-dimensional case,
fr(x) is a univariate Gaussian density function with mean gy and variance o,
(see (2.6.1)), where o}, (k=1, ..., K) are different. Replacing oy, e, 7 by
their estimates Gy, fig, 7 in (2.6.3), the discriminant function becomes

~2 S 2

A . R i 172 X

8p(x) =logm, — log oy, — f"z + 5x— %
o; 0} 20},

It is a quadratic function of x. The quadratic discriminant analysis gets its
name due to the appearance of the quadratic term of x in §i(x).
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Similarly, in the multidimensional case, quadratic discriminant analysis as-
sumes that each class has its own covariance matrix. That is, it assumes
that f,(x) is a multivariate Gaussian density function with mean g and
covariance matrix X, (see (2.6.5)), where X, (k=1, ..., K) are difterent.
Replacing Xy, pty, 7, by their estimates b L, T in (2.6.6), the multivari-
ate discriminant function becomes

o 1 a1 re—l, 1, ra-1. 1 A

Sp(x) = —EX Y X+x X, fy— Euk X B — 510g|2k| + log 7y,
where the quadratic term of x is —%fo),jx. Like the one-dimensional
case, the multidimensional quadratic discriminant classifier assigns a test ob-
servation to the class, for which the multivariate discriminant function is
maximized.

The advantage of quadratic discriminant analysis over linear discrimi-
nant analysis and linear regression is that when the decision boundaries are
linear, the linear discriminant analysis and logistic regression will perform
well; when the decision boundaries are moderately nonlinear, quadratic
discriminant analysis can give better results.

2.7 Support vector machines

The maximal margin classifier is simple and intuitive. It requires that the
classes are separable by a linear decision boundary, so it cannot be applied
to most data sets. The support vector classifier is an extension of the maximal
margin classifier. It can be applied in a broader range of cases. To accom-
modate nonlinear class boundaries, the support vector machine is a further
extension of the support vector classifier.

2.7.1 Maximal margin classifier

Let x = (x1, ..., x,) € R" be a point in the n-dimensional space. The equa-
tion

/30+/31x1+"'+,3nxn=0 (271)

represents an n-dimensional hyperplane, where g; (i=0, ..., n) are coeffi-
cients. If the point x satisfies

Bo~+ Bix1 + -+ Bux, >0,
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then x lies on one side of the hyperplane. If the point x satisties
Bo+ Bix1+ -+ Bux, <O,

then x lies on the other side of the hyperplane. So the hyperplane (2.7.1)
divides the n-dimensional space into two halves, and so it is the decision
boundary of these two half planes. Let y be the sign of By + B1x1 + - - - + Buxu.
That is,

Y= sgn(ﬁo + :lel +---+ ﬂnxn)~

Then y is referred to as class label of the point x. In the other words, y can
determine on which side of the hyperplane a point x lies.
Now assume that m observations in the n-dimensional space

xi = (%1, X2, ..., Xijy) € R” (i=1,..,m)

fall into two classes and their class labels are y; =1 or —1 (i=1,...,m).
If there is a hyperplane that separates these training observations perfectly
according to their class labels, this hyperplane is called a separating hyperplane.
The separating hyperplane has the following property:

Bo+ Bixin + -+ + Buxiy >0 it y=1,
Bo+ Bixit + -+ + Buxin <0 if y=—1.

Let x* = (x7, ..., x%) be a test observation and §; (i=0, ..., n) be the coeffi-
cients of the separating hyperplane. Then x* can be classified based on its
class label y*, where

y*=sgn(Bo+ Bix] + -+ Bux}).

That is, x* is assigned to class 1 if y* = 1; x* is assigned to class (—1) if
yr=-1

The separating hyperplane is not unique, its shifts and rotations can
produce more separating hyperplanes. To construct a classifier based on
a separating hyperplane, it is critical to decide which of these separating
hyperplanes is crucial to use. A good choice is the maximal margin hyperplane.

The maximal margin hyperplane is a separating hyperplane whose mar-
gin is largest, where the margin is defined as the minimal distance from
training observations to the separating hyperplane. That is, the maximal
margin hyperplane is a hyperplane that has the farthest minimum distance
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to the training observations. Mathematically, the maximal margin hyper-
plane is the solution of the following optimization problem:

i(Bo+ 2B ) =M (i=1,....,m),
max M subject to y< IARNEL J)

Pl Z]H=1 ﬁjz =1,
(2.7.2)

where the training observations x; = (x;1, ..., ;) € R" and the associated
class labels y; =1 or —1, and M is the width of the margin. Both constraints
in (2.7.2) ensure that each observation is on the correct side of the maximal
margin hyperplane and at least a distance M from the hyperplane.

Once the maximal margin hyperplane is constructed based on training
observations, any test observation x* = (x7, ..., %) can be classified based on
its class label y*:

Yy =sgn(Bo + B1x] + -+ Bux),

where By, ..., B, are the coefficients of the maximal margin hyperplane.
Such a classifier is called maximal margin classifier.

2.7.2 Support vector classifiers

If the distance between some training observations and the maximal mar-
gin hyperplane is just the width of the margin, then these observations
are referred to as support vectors. If the support vectors are removed, the
position of the maximal margin hyperplane would alter. So the maximal
margin hyperplane depends directly on the support vectors. Since the train-
ing observations are n-dimensional vectors, the support vectors are also
n-dimensional vectors.

In many cases, the observations are not separable by a hyperplane, and
so the maximal margin classifiers do not work. The support vector classifier
is the generalization of the maximal margin classifier to the nonseparable
case. The support vector classifier allows few observations to be on the
incorrect side of the margin or even the incorrect side of the hyperplane.
Because of this feature, sometimes the support vector classifier is called a soft
margin classifier. In detail, let x; = (x4, ..., x;,) be the training observations
in n-dimensional space and the corresponding class label be y; =1 or —1.
Denote by M the width of the margin. The support vector classifier is the
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solution of the following optimization problem:

max M subject to

i (Bo+ Xy B = M1 =€) (=1, ..m),
YiBr=1, Yime<C  (6=0),

(2.7.3)

where €1, ..., €, are slack variables, and C > 0 is a tuning parameter.

The slack variables have the following effects: If the slack variable €; =0,
then the ith observation is on the correct side of the margin. If ¢; > 0, then
the ith observation is on the wrong side of the margin. If ¢; > 1, then the
ith observation is on the wrong side of the hyperplane.

The tuning parameter has the following features: If the tuning parameter
C=0,thene¢; =---=¢, =0. In this case, (2.7.3) is reduced to the maximal
margin hyperplane optimization problem (2.7.2). As C increases, the mar-
gin will widen, and as C decreases, the margin narrows. If one observation
is on the wrong side of the hyperplane, the corresponding ¢€; > 1, no more
than C observations can be done on the wrong side of the hyperplane.

Once the optimization problem (2.7.3) is solved, the support vector
classifies any test observation x* = (xF, ..., x%) based on its class label y* =
sgn(Bo + Bi1xT + -+ - + Buxt). The hyperplane is chosen to correctly separate
most of the training observations into the two classes, but may misclassify a
few observations.

2.7.3 Support vector machines

The support vector classifier is an approach for binary classification with
linear decision boundaries. The support vector machine is an approach
for classification with nonlinear decision boundaries. The support vector
machine is the extension of the support vector classifier for binary classifi-
cation. Two ways of the extension are stated as follows:

One way is to enlarge the feature space used by the support vector classi-
fier with quadratic, cubic, and even higher-order polynomial or interaction
functions of the predictors. For example, the original feature space has n
features:

X1, Xa, oy X,

Enlarge this feature space to have 2n features with quadratic terms

X, X3, Xa, X3, ..., X, X2
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Then the support vector classifier optimization problem (2.7.3) becomes

max
B0sB11,B12,-+>But s Buz €1 5--:€m

YL Bi=1 YL a<C (€= 0).

M subject to

(2.7.4)

In the enlarged feature space, the decision boundary that results from (2.7.4)
is a nonlinear boundary.

The other way is to use kernels, which quantify the similarity of two
observations. There are two types of kernels: polynomial kernel and radial
kernel. Given two observations x; = (xj1, ..., Xiy) and x; = (xy1, ..., Xr,). The
polynomial kernel of degree d is

d

n
K(xi, xp) = 1+E xixrj |
J=1

where d > 1 is a positive integer. The nonlinear function has the form

f@) =B+ aiK(x, x)),

i€S

where S is the collection of indices of support points. When the support
vector classifier is combined with a polynomial kernel or a nonlinear kernel,
the resulting classifier is called a support vector machine. When d = 1, the
support vector machine reduces to the support vector classifier. The radial
kernel is

"
K(xj, xy) =exp | -y Z(Xg/ —xi)* |,
=1
where y > 0 is a positive constant.

The advantage of kernel method over enlarging the feature space is that
one needs only to compute K(x;, x;) for all %n(n — 1) distinct pairs i, i in
kernel methods, whereas computational complexity of the enlarging feature
space is large and intractable.

For support vector machines with K (K > 2) classes, the two most pop-
ular approaches are the one-versus-one and one-versus-all approaches. In the

K(K-1)
2

one-versus-one approach, each of the support vector machines makes
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a pairwise classification, and then assign any given test observation to the
class, for which it is most frequently assigned in these pairwise classifi-
cations. In the one-versus-all approach, each of K support vector machines
compares one of the K classes to the remaining K — 1 classes, and then as-
signs any given test observation to the class, for which the distance between
test observation and decision boundary is maximized.

2.8 Rainfall estimation

Rainfall is one of important elements of the global water cycle. The geosta-
tionary weather satellites are big data sources used often to estimate rainfall.
Due to the complexity of the rain phenomenon, the artificial neural net-
work and support vector machine have been used to estimate rainfall.
Recently, random forests are used for rain rate delineation from satellite
data.

Ouallouche et al. [19] proposed a new rainfall estimation scheme, called
Rainfall estimation random forests technigue. This scheme is based on random
forests (RF) approach and uses data retrieved from Meteosat second gen-
eration (MSG) spinning enhanced visible and infrared imager (SEVIRI) to
estimate rainfall. The rainfall estimation RF technique was realized in two
stages: the RF classification then the RF regression. The RF classification
stage allows separation between convective clouds and stratiform clouds.
Note that the rain rate depends on the precipitation type (that is, convec-
tive or stratiform). Generally, convective precipitation is more intense and of
shorter duration than stratiform precipitation. The RF regression stage was
to assign rain rate according precipitation type after RF regression model
was trained by rain gauges data.

The north of Algeria covered by the radar of Setif extends from —3°W
to 9°E longitude and from 32°N to 37°N latitude. It is characterized by
a complex climate (the sub-Saharan dominated by the convective systems
and the mid-altitude dominated by the stratiform systems). The rainy sea-
son is from November to March. Since the convective rain occurrence
frequency and the stratiform rain occurrence frequency are two predictor
variables, they are assigned different amounts of rain in rainfall estimation.
Ouallouche et al. [19] indicated that by comparison with against co-located
rainfall rates measured by a rain gauge, rain rates estimated by random for-
est are in good correlation with those observed by rain gauges. Moreover,
compared to the artificial neural network and support vector machine, the
random forests demonstrate more efficient rainfall area classification.
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2.9 Flood susceptibility

Intense amounts of precipitation can lead to floods, which is one of the
most devastating natural disasters. Floods can impact profoundly on ecosys-
tems and human life and result in environmental damage and economic
loss to residential areas, agriculture, and water resources. Latest deep learn-
ing techniques, such as artificial neural networks, support vector machine,
and random forests, have been used to assess flood susceptibility.

A conceptual flowchart of the methodology studied consists of a pre-
cise flood inventory map and the appropriate flood conditioning factors.
A flood inventory map is the basic map for flood susceptibility assessment,
where the locations of flood occurrence are showed. Flood conditioning
factors are determined by several eftective flood susceptibility parameters,
for example, altitude, slope, aspect, curvature, distance from river, topo-
graphic wetness index, drainage density, soil depth, soil hydrological groups,
land use, and lithology.

The Khiyav-Chai watershed is located in Ardabil Province in north-
western Iran, extending from 47°38'34"E to 47°48'18"E and from
38°12'30"N to 38°23'51”N. The total area is 126 km?. The local climate is
semi-arid with an average annual precipitation of 368 mm and an average
temperature of 10°C. Choubin et al. [2] employed discriminant analysis,
classification and regression trees, and support vector machine to produce
a flood susceptibility map using an ensemble modeling approach. Results
indicated that the discriminant analysis model had the highest predictive
accuracy (89%), followed by the support vector machine model (88%) and
classification and regression trees model (0.83%). Sensitivity analysis showed
that slope percent, drainage density, and distance from river were key factors
in flood susceptibility mapping.

2.10 Crop recognition

There are mainly two methods to classify agricultural crops from remote
sensing big data. One method is the jointly likelihood decision fusion mul-
titemporal classifier (TP-LIK) [9], which selects the class with the highest
likelihood of producing the observed single-date/multidate classifications
for a given remote sensing image. The other method is the hidden Markov
model-based technique [15], which is used to relate the varying spectral re-
sponse along the crop cycle with plant phenology for different crop classes,
and recognizes different agricultural crops by analyzing their spectral tem-
poral profiles over a sequence of remote sensing images.
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A hidden Markov model for crop recognition consists of three parame-
ter sets: spectral vector emission probabilities, stage transition probabilities,
and initial stage probability distributions. Assume that the number of stages
S; in a phenological cycle is N and the number of observable spectral vec-
tors v, is M in a hidden Markov model. Denote spectral vector emission
probabilities, stage transition probabilities, and initial stage probability dis-
tributions by b, a;, and ;, respectively. Then

bi. = P(vg at tlg, = S;) (I1<j<N; 1sk=M),
aisz(q[+1=Sj|qt:Si) (1§i1j§N)v
7Ti=P(q1=S,') (15151\7)

Based on these, given a crop model and a sequence of observed spectral
vector, one can easily compute the probability that the observed spectral
vector sequence was produced by the crop model, and then determine the
most likely stage sequence in a phenological cycle.

Leite et al. [15] considered these three probabilities and proposed a hid-
den Markov model-based technique, and then applied this technique to
classify agricultural crops. Field experiments are carried out in a region
in southeast Brazil of approximately 124,100 hectares, where agriculture
is the main activity. Based on the sequence of 12 Landsat images for five
crop types, the experimental results indicated a remarkable superiority of
the hidden Markov model-based technique over multidate and single-date
alternative approaches. The hidden Markov model-based technique can
achieve 93% average class accuracy in the identification of the correct crop.
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CHAPTER 3

Deep learning for climate patterns

Deep learning provides a unique nonlinear tool for calibration, simulation,
and prediction in diagnosis and mining of big climate data. It is used to not
only discover evolving patterns of climate change, but also predict climate
change impacts. The main advantage is that deep learning makes full use
of some unknown information hidden in big climate data, although they
cannot be extracted directly. The most important deep learning method for
climate patterns is the neural network, which employs a massive intercon-
nection of simple computing cells called neurons (or processing units). These
neurons have a natural propensity for storing observation knowledge and
making it available for use. A neural network resembles the brain in the
following two respects: (1) the neural network acquires knowledge from
the observation of its environment through a learning process (or learn-
ing algorithm); (2) the interneuron connection strengths, which are called

synaptic weights, are used to store the acquired knowledge.

3.1 Structure of neural networks

In neural networks, neuron is an information-processing unit that is fun-
damental to the operation of the whole neural network. The structure of
a neuron may be described by three basic elements: a set of synapses, an
adder, and an activation function. The core operator is to multiply any in-
put data x; of synapse i connected to neuron j by the synaptic weight wy;,
sum these weighted input data for all synapses connected to neuron j, and
then limit the amplitude of the output data of neuron j by an activation
function ¢. Therefore the structure of a neuron can be represented by a

pair of equations:

m
p = wiixi,
i=1

where u; is a linear combiner output, b; is a bias, and ¢ is an activation function.
Let xo = 1 and wjo = b;. Then this pair of equations can be rewritten in the
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form
m
vj= > WiiXi,
i=0
Yj‘ = ¢(Vj)7

where v; is called the induced local field of neuron j. Fig. 3.1.1 depicts the
structure of a neuron labeled j.

bj (vias)
X1 N\ y

W) X — ¢ —

xXm

Input  Synaptic  Summing Activation Output
data  weights junction function data

Figure 3.1.1 The structure of neuron j.

Neural networks have two fundamental different classes of network
structures: layered (or feedforward) neural networks and recurrent neural networks.

The layered neural networks include the single-layer and the multilayer
feedforward neural networks. The neurons in a layered neural network are
organized in the form of layers.

Single-layer feedforward neural network is the simplest form of layered net-
work. It consists of an input layer of source nodes and an output layer of
neurons. Neurons in the output layer are also called computation nodes.
The designation “single-layer” refers to the output layer because computa-
tion is performed there. This network is a strictly feedforward type. That
is, the network projects directly the input layer of source nodes onto the
output layer of neurons, but not vice versa.

Multilayer feedforward neural networks difter from single-layer feedforward
neural networks in the presence of hidden layers. It consists of an input layer
of source nodes, one or more hidden layers of neurons, and an output layer
of neurons. Neurons in the hidden layers are referred to as hidden neurons,
which are the interveners between the external input and the network out-
put. The neurons in all hidden layers and the output layer are computation
nodes. In a multilayer feedforward neural network, the source nodes supply
the input data applied to the neurons in the first hidden layer, the resulting
outputs of the first hidden layer are in turn applied as inputs to the next
hidden layer, and so on for the rest of the network, but not vice versa.
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Recurrent neural networks themselves difter from layered (or feedforward)
neural networks in the presence of feedback loops. A loop, where the out-
put of any neuron is fed back to the inputs of the other neurons, is called a
feedback loop, whereas a loop, where the output of any neuron is fed back to
its own input, is called a self-feedback loop. The feedback loops in the recur-
rent neural networks is always related to the unit-time delay operator 2~ in
Z-transform. The presence of the feedback loops has a profound impact on
the learning capability and performance of neural networks. The recurrent

neural networks are sometimes with/without hidden neurons.

3.2 Back propagation neural networks

For back propagation neural networks (BP neural networks), the name
comes from the back-propagation algorithm of the error. They are mul-
tilayer feedforward neural networks. Hence a BP neural network consists
of an input layer, one or more hidden layers, and an output layer.

3.2.1 Activation functions

BP neural networks often use the following activation functions:

(a) The linear activation function is ¢(v) = v.

The characteristic of the linear activation function is that the output
is equal to its input. It is simple, fast, and usable for solving some linear
problems.

(b) The logistic activation function (or S-shaped activation function) is

Lv) =

Te

Its slopes are chosen by varying the parameter ¢. The main advantage of
logistic activation function lies in that it can guarantee differentiability of
neural network. Since

b e~ . 1 B 1 . B
LO= ey —c(l e +e_w)2> = L)(1 - L),

the slope of logistic activation function at the origin is ;. Therefore as the

parameter ¢ approaches infinity, the logistic function becomes simply the
Heaviside activation function

) = 1 ifv>0,
g = 0 ifv<DO.
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The Heaviside activation function is not differentiable and viewed as the
threshold function of the logistic function.
(c) The hyperbolic tangent function is

v —cv
— €

=t h = -,
¢(v) = tanh(cv) g

where ¢ is the slope parameter of the hyperbolic tangent function. The
hyperbolic tangent function is also differentiable and its derivative is

42 ( 1 1
¢

= (e~ ) =00 - L),

@' (v)=

As the slope parameter approaches infinity, the hyperbolic tangent function
becomes simply the signum activation function:

1 if v>0,
po(r)y=13 0 if v=0,
-1 ifv<O.

The signum function is not differentiable and viewed as a threshold function
of the hyperbolic tangent function.

3.2.2 Back propagation algorithms

Consider a simple BP neural network consisting of an input layer with M
source nodes, a hidden layer with L neurons, and an output layer with |
neurons. This is a three-layer neural network or an M-L-J neural network.
For the BP neural network, let {x1, ..., x,, ..., xar} be the input dataset and
{Oit, ..., Ojj, ..., Oy} (i=1, ..., N) be the output dataset, and denote by y =
(V15 oer Yo ooms yj)T the output of the network.

(1) Forward propagation.

The output of neuron [ in the hidden layer is given by

M
v = < w'x,, — 9}“) (I=1,..,L), (3.2.1)

m=1

where f; is the activation function (linear, logistic or hyperbolic tangent

function) in the hidden layer, w'"

1 1s the connected weight from source

node m in the input layer to neuron [ in the hidden layer, and 91(1) is the
bias of neuron [ in the hidden layer.
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The output of neuron j in the output layer is given by

Vi fz(Zw@) —ej@) G=1....]). (3.2.2)

where f, is the activation function in the output layer (, and fi may be
same), w(z) is the connected weight from neuron [ in the hidden layer to
neuron j in the output layer, and 9;2) is the bias of neuron j in the output

layer.
The error energy function of learning is given by

J
1 )
E = 5 2:1:(,,1. — Oy)? (i=1,..,N). (3.2.3)

(i1) Weight and bias adjustments.

The weight and bias adjustments from neuron [ in the hidden layer to
neuron j in the output layer are computed as follows:

By (3.2.2) and (3.2.3), it follows that

ay; '
aw<]2> =hv (I=1,...L j=1,...],

li
aYI )
30(2) —f G=1,....]),
oL, ' _

=y— 05 (=1,..,N;j=1,..).

Ay

Hence the weight adjustment and bias adjustment from neuron [ in the

hidden layer to neuron j in the output layer are

0E; 8E ay;
Aw? = — ’ —L =ps; I=1,...,L; j=1,...]),
i naw,f) aYJ ow (.2 y — ot ( ! D
oE; E)E ay;
AQ.(Z):— ! J 81" ’:1""’ ’
g nael(z) aY’ 89 77 1 (] J)

where 7 > 0 is the learning-rate parameter, and

L
8j=—(yj— Opfs (ijfm - e,@) (i=1,..M; j=1,...]).
=1
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The weight and bias adjustments from source node m in the input layer

to neuron [ in the hidden layer are computed as follows:
By (3.2.1), (3.2.2), and (3.2.3), it follows that

a
J”é) = fl%ms (=1, L m=1,... M),
ml
81/] ,
WZ—ﬁ, (lzl,,L),
1

/) ' .
l=fu (=l =10,

dE; , .

—=y—-0; (=1,.,N;j=1,..]).

BY’ J by
Hence the weight adjustment and bias adjustment from source node m in
the input layer to neuron / in the hidden layer are

J J
IE,; OE; dy: o)
M _ _ LN ) — .
Bttt =05 = nz oy, avow " ZG’J’
ml j=1 ml j=1
m=1,...M; 1=1,.., L),
g JE; i 3E; dy; vy i
= — = — _— = — Ojj
: 300 "],:1 oy oviag = g

(I=1,..,L),

L M
/ 2) ) 2) 7 (1) (1)
o =—(y;i — Oyfs (szj v —0; ) wi fi (Z Wt Xm — 0y )
=1

m=1
M
— (2 ¢ (D (D
_S;J-w,j f] ( W Xy — 0, )
1

m=

(i=1,..M; j=1,....J; I=1,..,L).

3.3 Feedforward multilayer perceptrons

Feedforward multilayer perceptron is a multilayer neural network with one
or more hidden layers. It is the simplest deep network. Its establishment is
based on two kinds of data flows: forward propagation of data and backward
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propagation of error. In the forward propagation, the observation data are
inputted into the input layer of multilayer perceptron, propagated forward
through the network layer by layer and emerges finally at the output layer
as an output data. In the backward propagation, an error originates at the
output layer and propagated backward through the network layer by layer.

Consider the observation data {x(n), d(n)},—1__~, where x(n) is the in-

put data applied to the input layer of sensory nodes and d(n) is the desired
response data presented to the output layer of multilayer perceptron. Let
yjo(n) be the output data produced at the output of neuron j by the input
data x(n).

In the forward propagation, the function signal appearing at the output
of neuron j is computed by yjo(n) = ¢;(vj(n)), where ¢; is the activation
function, v;(n) is the induced local field of neuron j, and

m

vi(m) =Y wiim)y}(n),

i=0

where m is the total number of inputs applied to neuron j and the synaptic
weights wjj(n) connecting neuron i to neuron j (which remains unaltered
throughout the network), and yfo(n) =1 and wj(n) = bj(n), and b;(n) con-
stitute the bias applied to neuron j.

In the backward propagation, the error ¢j(n) produced at the output of
neuron j is computed by

¢j(n) = di(n) — yO(n), (3.3.1)

where dj(n) is the jth element of d(n). Let B(n) be the total instantaneous
error energy of the whole network. The weight adjustment of synaptic weights
is given by the delta rule

aB(n)

Awji(n) = wi(n+1) —wji(n) = —n )’
i

(3.3.2)

where 1 is a learning-rate parameter.
Three distinct cases in the computation of the weight adjustment are
stated as follows:
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(1) Neuron j is an output neuron.
The instantaneous error energy of output neuron j is given by Bj(n) =
% e%(n). So the rotal instantaneous error energy B(n) of the whole network is

1
By =) Bitn) =5 ¢, (3.3.3)

jeC jeC

where C is a set consisting of all the neurons in the output layer.

wjo (m)=b;(n)
i1 (1)
)’ﬁ(ﬂ) w-’l\"
dj(m)
: : !
y}x(n) wii(n)

— vj(n) = ¢j(vj(n)) - ij(”) —>—1—>e— ¢n)

I Wi (1)
Yy n) "

Figure 3.3.1 Data-flow graph at the output neuron .

Assume that m; is the total number of inputs applied to neuron j
(Fig. 3.3.1), and

1y
vim) =Y wimyi(n),  y ) =g;(r(m).
i=0
vj il ’O(ﬂ) .
;L;,f(",g = Yfi(ﬂ) and a}f{f(n) = ¢j(vj(n)) and from (3.3.2), applying the
chain rule for partial derivatives, the weight adjustment Awj;(n) becomes

From

(B dgm P\ dum
Awji(n) = —n <Bej(n) 970G ) ) By =n8j(n)y;;(n),

where 8;(n) is called the local gradient, and

0By 0B(n) dei(n) Y’ (m)  3B(n) dei(n)
=_ 5 : =— o5 ¢ (vj(n).
avj(n) dej(n) dy;”(n) dvj(n) de;(n) dy;’(n)

5;(n) = —
(3.3.4)
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By (3.3.3) and (3.3.1), gfé"g = ¢j(n) and ;;’(’f:)) = —1. This and (3.3.4) to-
j n

gether imply that
8i(n) = e;(mg; (vj(n), (3.3.5)

called the back-propagation formula of the local gradient for output neuron j.

When the activation function is the logistic function ¢;(vj(n)) =
m, where a > 0 is the slope parameter, considering that yjo(n) =
@j(vi(n)), we get

o _aexp(—avi(n) a . 1
¢J'(VJ(”)) T (I+exp(—avj(m))2 — T4exp(—avj(n)) (1 1+exp(—av_,»(n)))

= ag;(vj(m) (1 = i(v;(n))) = ay? (n) (1 =y (m)).

(3.3.6)

From this and (3.3.5), and (3.3.2), the local gradient for output neuron j is
8j(n) = a(d;(n) — y?(m)y (m(1 =y ().

When the activation function is the hyperbolic tangent function,
@j(vj(n)) = atan(bvj(n)), where a and b are positive constants, considering
that yjo(n) = ¢j(vj(n)), we get

@/ (vj(n)) = absec?(bvj(n)) = £ (a — atan(bv;(n)))(a + atan(bv;(n)))

=2(a— g ((m))(a+ g;(v(n)) = L(a— y () (a+ y ().
(3.3.7)

From this and (3.3.5), and (3.3.1), the local gradient for output neuron j is

b
8j(m) = —(di(m) =y (m)(a =y (m)(a+y (m).

(i1) Neuron j is a hidden neuron connected directly with output neu-
ron k.

Assume that m; is the total number of inputs applied to hidden neuron j
(Fig. 3.3.2), and my, is the total number of inputs applied to output neuron k.
Note that neuron j is a hidden neuron. The induced field v;(n) produced
at the input of neuron j and the function data y;(n) appearing at the output
of neuron j at iteration » are, respectively,

mj

vin) =Y wimyl(n),  yP(n) = @;(v;(n)).

i=0
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! wjo (m)=b;(n)

TN
i1 (1)
){)11(”) le\‘" ° \
. . . di(n)
: : : 1
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Figure 3.3.2 Data-flow graph of hidden neuron j connected directly with output neu-
ron k.

dvj(n) ayj(m)
dw;i(n) avj(n)
chain rule for partial derivatives, the weight adjustment is

From = yfi(n) and = wj(y/(n)) and from (3.3.2), applying the

aB(n) dvi(n) .
Vav,(my dwg(n)

Awji(n) = — n8;(n) yj(m),

where the local gradient §;(n) is

B 8Bm M) aBm)
8’ - - == / j . D
o dvi(m) — dyP(m) dv(n) 3y°(n) ¢; (vi(m) (3.3.8)

Note that neuron k is an output neuron. The total instantaneous error
energy B(n) is B(n) = %Zkeceﬁ(n), where C consists of all the neurons in
the output layer, and e,(n) is the error signal at iteration n. Differentiating
both sides and applying the chain rule for partial derivatives give

aB(n) de(n) dep(n) dvp(n)
= =) e : 3.3.9
ayjo(n) ;Cek(n)ayjo(n) éek(ﬂ)avk(m ayjo(n) ( )

Note that the induced local field vp(n) produced at the input of neuron
k and the function signal y{’(n) appearing at the output of neuron k at
iteration # are, respectively,

my

v(m) =D wamyu(m, 7 () = prvi(n)

=0
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with yij(n) = yjo(n). From g;{k]((’;)) = wy;(n) and g:ig?) = —¢, (k(n)) and from
(3.3.9), we get
9B (n) ,
o0 =~ 2 e )iy ().
yi () keC

Combining this with (3.3.8) and considering that ey (1)@, (v(n)) = 8r(n),
the back-propagation formula of the local gradient for hidden neuron j is

8(n) = @} () Y ee(m)}, (ve(m)wi(m) = @ (v;(m) D Se(mywi(n),
keC keC
(3.3.10)

where C consists of all the neurons in the output layer.
When the activation function is the logistic function, by (3.3.6) and
(3.3.10), the local gradient for hidden neuron j is

8(m) = ay? (m) (1 — yP(m) > Se(mywig(n).

keC

When the activation function is the hyperbolic tangent function, by
(3.3.7) and (3.3.10), the local gradient for hidden neuron j is

b
8j(m) = —(a— Y2 )@+ yP(m) Y simuwi(n),
keC

where C consists of all the neurons in the output layer.

(ii1) Neuron j is a hidden neuron that connects directly with neuron k
in the next layer, whereas neuron k is also a hidden neuron that connects
directly with output neuron [ in the output layer.

Assume that m; is the total number of inputs applied to hidden neuron j
(Fig. 3.3.3); my is the total number of inputs applied to hidden neuron k,
and my is the total number of inputs applied to output neuron .

Keep in mind that neuron j is a hidden neuron. The induced field v;(n)
produced at the input of neuron j and the function signal yjo(n) appearing
at the output of neuron j are, respectively,

mj
vi(m) =Y wimyk(n),  yP(n) = g;(v;(n),
i=0
dvi(n) I 3yo(n)
where yjo(n) =1 and wjo(n) = bj(n). From Bu;j','(n) = y;(n) and 8;_(”) =
¢;(vj(n)) and from (3.3.2), applying the chain rule for partial derivatives,
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Figure 3.3.3 Signal-flow graph of hidden neuron .

the weight adjustment is

aB(n) dvy(n)
Tav,(n) dwi(n)

Awji(n) = — = ndj(n) y;(n),

where the local gradient §;(n) is

COBm) 9B 3y7(m) 3B
dvi(m) — ayP(m) dv(m)  9y°(n)

8j(n) = Q;(iz_,(n)). (3.3.11)

Note that neuron k is a hidden neuron. The induced field v,(n) pro-
duced at the input of neuron k and the function signal y{(n) appearing at
the output of neuron k are, respectively,

my,

n(m) =Y wemy, (), yPn) =g,

r=0

9yk(n)
vy (n)

v (n)

T = wy;(n) and

where y,’ej(n) = yjo(n). So = ¢, (1(n)), and so
IB(m)  dB(n) Ay (m) v () 9B(n)

ayP(m)  9yQ(m) dve(m) dyP(m)  dyP(n)

@ (Ve (1))wyj (n).

From this and (3.3.11), the local gradient §;(n) is

dB(n)

8j(n) = _W

P Wr(m) wii (n) @} (v;(n)). (3.3.12)
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Note that neuron [ is an output neuron. The total instantaneous error
energy B(n) is

1
LOEESIADE
leC
where C consists of all the neurons in the output layer, and ¢;(n) is the error
signal at iteration n. Differentiating both sides and applying the chain rule
for partial derivatives give

oB(n) dei(n) de;(n) ovi(n)
= = . 3.3.13
R0 ,2(; 1 50 ,22 T Sy 370 3319

Note that the induced local field v;(n) produced at the input of neuron / and
the function signal y(n) appearing at the output of neuron ! at iteration n
are, respectively,

mj

vy =Y wimyL(m),  y ) = @iwin)),

s=0

where yl (1) = y{(n). By (3.3.1), the error signal ¢/(n) produced at the out-
put of neuron [ is

ei(n) = di(n) — y° ().

F vy (n) d dey(n) __ 9)’10(”) _ / d f 7) '5 ]7)
rom e wy(n) an Bon =~ ouey = —@,(vi(n)) and from (3.3.13), we
get
oB(n)
=) a(me;(wi(n)wy(n).
dyP (n) ; :

Combining this with (3.3.12), we get

() = ¢} (v (1) 9 (m) wig () 3 ()] vi(m))wie).

leC

Note that neuron [ is an output neuron. By (3.3.3), e/(n)g;(v;(n)) = §i(n).
So the back-propagation formula of the local gradient for hidden neuron j
1s

8i(n) = @ (v;(n)) @}, (vi.(n)) wi; (1) Z&(n)uak(n), (3.3.14)
leC

where C consists of all the neurons in the output layer.
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When the activation function is the logistic function, by (3.3.6) and
(3.3.14), the local gradient for hidden neuron j is

8i(n) =y (m) (1 = y2 )y () (1 =y (m) wig(m) D 81(mywye(n).
leC

When the activation function is hyperbolic tangent function, by (3.3.7)
and (3.3.14), the local gradient for hidden neuron j is

b 2
8(n) = (3) (@—y ) (a+yPm)a—y  m)a+y ) D simwy(n).

leC

Finally, to increase the rate of learning and avoid the danger of instability,
the synaptic weights of the network are adjusted according to the generalized
delta rule:

Awi(n) = aAwj(n— 1) + 8;(n)yj;(n), (3.3.15)

where « is the momentum constant, and n is the learning-rate parameter. When
a =0, the generalized delta rule is just the delta rule.

The generalized delta rule can be viewed as a first-order difterence
equation. Replacing n by n—1,n—2,...,1 in (3.3.15) and acknowledg-
ing that Aw;(0) =1n8;(0)y;(0), we get

Awi(n—1) = a Awji(n — 2) +ndj(n — 1)yfi(n -1,
Aw(n —2) = aAw(n — 3) + 08 (n — 2)yh(n - 2),

Aw;i(1) = a Aw;(0) +n8;(1)y;(1) = and;(0)y;;(0) + n8;(1)yj(1).
Substituting these equations into (3.3.15), we get

Awji(n) = azAwﬂ(n —2) +andi(n— 1)yji(n -+ 775]'(11))/]2(11)
=&’ Awj(n — 3) + a’nd;(n — 2)yj(n — 2)
+andi(n—1)yj(n—1) +n8i(n)yj;(n)

=a"n8;(0)y}(0) + -+ +a’nd;(n — 2)yj(n —2)
+and;(n — Dy;(n — 1) +nd(m) yj(n).
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That means, the generalized delta rule is rewritten in the form

Auwy(n) =n ) o8y (k).

k=0

which means that the adjustment is a time series of length #+ 1. From this
and from

_0B(n) dvi(n) _ 9B(k)
dv(n) dwi(n) — dwj(k)’

8 (k) ;i (k) =
the equivalent form of the generalized delta rule is

"\, 0B(k)
Awji(n) = —n Z(x” k2
! — dwji(k)

That means, the adjustment Awj;(n) is a sum of an exponentially weighted
series.

3.4 Convolutional neural networks

The convolutional neural networks are a special class of multilayer perceptrons.
The pioneering work of Hubel and Wiesel studied the locally sensitive and
orientation-selective neurons of the visual cortex of a cat, and proposed
the neurobiological definition of a receptive field. Following this concept,
Fukushima devised a neocognitron, which is regarded as the first convolu-
tional neural network. Convolution and pooling are two core operations in
a convolutional neural network. The discrete convolution is defined by

Qi) =(f %))=Y fli—m,j—nk(m,n),

m,n

where k(m, n) is the convolutional kernel, and f (x, y) is the gray value at the
point of raw x and column y. The pooling can be divided into the mean
pooling, the max pooling, and the stochastic pooling.

In a convolutional neural network, each layer consists of one or more
two-dimensional planes; each two-dimensional plane contains many fea-
ture maps, and each feature map consists of many individual neurons. The
computational layout of the network alternates successively between con-
volution and subsampling [26].

The convolutional neural networks have two main advantages: One is
the alternation between convolution and subsampling. Therefore the net-
work has a bipyramidal effect. That is, at each layer, compared with the
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corresponding previous layer, the number of feature maps is increased,
whereas the spatial resolution is improved. The other is the use of weight
sharing. This can reduce the number of free parameters, which may lead to
the reduction of the learning capacity.

A typical convolutional neural network consists of one input layer, sev-
eral hidden layers, and one output layer, in which the number of the hidden
layers is always even. The input layer consisting of source nodes receives the
data of difterent characters. The hidden layers can be divided into the con-
volutional layers and the subsampling layers. Each convolutional layer is
followed by a subsampling layer. That is, the first hidden layer is a convolu-
tional layer, the second hidden layer is a subsampling layer, the third layer is
a second convolutional layer, the fourth layer is a second subsampling layer,
and so on. The output layer performs one final stage of convolution.

The convolutional layer is called a feature-extraction layer. Each neuron in
the convolutional layer takes its synaptic inputs from a local receptive field
in the previous layer and extracts local features. Once a feature has been
extracted, its position relative to other features is approximately preserved.
Denote a plane lying in a convolutional layer by C-plane.

The subsampling layer performs subsampling and local pooling. It is
also called a feature-mapping layer. Each neuron in the subsampling layer has
a local receptive field, a sigmoid activation function, a trainable coefficient,
and a trainable bias. Denote a plane lying in a subsampling layer by S-plane.

The outputs le of all the neurons in the jth C-plane lying in the Ith
convolutional layer are computed by

! I— ! !
xj:f(z,xi 1*kv‘+bj>v

where the sign * represents the convolution operation; kéj is the convo-
lutional kernel of the ith S-plane lying in the (I — 1)th subsampling layer,
and bjl- is the bias of all the neurons in the jth C-plane lying in the Ith
convolutional layer.

The outputs le of all the neurons in the jth S-plane lying in the Ith
subsampling layer are computed by

5 =F (Blaown SG4™) + 1)

where down S(-) is the pooling operation, ,le is the multiple basis in the
jth S-plane lying in the Ith subsampling layer, and b]]. is the bias of all the
neurons in the jth S-plane lying in the Ith subsampling layer.
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3.5 Recurrent neural networks

The architectural layout of a recurrent network takes many different forms.
It is divided into the input—output recurrent model, the state-space model,
the recurrent multilayer perceptrons, and the second-order network. All of
four recurrent networks integrate with a static multilayer perceptron fully
or partly and significantly enhance the nonlinear mapping capability of the
multilayer perceptron.

3.5.1 Input-output recurrent model

The input—output recurrent model is the most generic recurrent archi-
tecture and is based on a nonlinear autoregressive with exogenous input
(NARX) model. The single input is applied to a tapped-delay-line memory
of p units, which is fed into the input layer of a multilayer perceptron, and
the single output is also fed back to the input via another tapped-delay-line
memory of ¢q units. Denote by u, and y,1 the present value of the model
input and the corresponding value of the model output, respectively. That
is, the output is ahead of the input by one time unit. The dynamic behavior
of the input—output recurrent model is described by

Vut+1 = F(an ceesy Ynqurl; Upy oeey “nprrl)»

where F is a nonlinear function, u,, ..., u,_p11 are p present and past values
of the model input (which represent exogenous inputs originating from
outside the network), and y,, ..., y,—q11 are q delayed values of the model
output.

3.5.2 State-space model

In the state-space model, the hidden neurons determine the state of the
network; the output of the hidden layer is fed back to the input layer via a
bank of unit-time delays of g units, and the input layer consists of a concate-
nation of feedback nodes and source nodes. The network is connected to
the external environment via the source nodes. The number of unit-time
delays used to feed the output of the hidden layer back to the input layer
determines the order (complexity) of the model.

Let x,, be a g-dimensional vector that represents the output of the hid-
den layer at time n and u, be an m-dimensional vector that represents the
input of the model. The dynamic behavior of the state-space model is de-



70  Big Data Mining for Climate Change

scribed by
Xyl = a(xn, uﬂ)v Y= me

where a(-, -) is a nonlinear function characterizing the hidden layer, and B is
the matrix of synaptic weights characterizing the output layer. The hidden
layer is nonlinear, but the output layer is linear.

3.5.3 Recurrent multilayer perceptrons

The recurrent multilayer perceptron (RMLP) has one or more hidden lay-
ers, and each computation layer has feedback around it. Denote by the
vector X1, the output of the first hidden layer; denote by the vector xy; ,
the output of the second hidden layer, and so on. Let the input vector be
u,, and let the ultimate output vector of the output layer be %, ,. Then the
general dynamic behavior of the RMLP is described by a system of coupled
equations as follows:

X[,n4+1 = @1 (xl,na u,),

XIT, 41 = Q11 (X115 X1,041) 5

Xo,n+1 = $o (Xo,na Xk,ik‘rl)v

where n represents the discrete time, k is the number of hidden layers in
the RMLP, and ¢1(-, ), 11 (-, -), ..., @0 (-, ) are the activation functions char-
acterizing the first hidden layer, second hidden layer, ..., and output layer
of the RMLP, respectively.

3.5.4 Second-order network

Second-order recurrent networks are based on the second-order neurons.
First, we introduce the first-order neuron and the second-order neuron.

Denote by v, the induced local field of hidden neuron k in a multilayer
perceptron. If

Ve = Z W kiXi + Z Wh, kit
i J

where x; is the feedback data derived from hidden neuron i, u; is the input
applied to source node j, and w’s are the pertinent synaptic weights in the
perceptron, then neuron k is referred to as a first-order neuron. If the induced
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local field vy, is combined using multiplications as
= 3 Y
i

where wy; is a single weight that connects the neuron k to the input nodes i
and j, then neuron k is referred to as a second-order neuron. Correspondingly,
Wy is referred to as a weight of the second-order neuron k.

The dynamics of the second-order recurrent networks is described by
the following pair of equations:

Vien = bk’ + Z Z wkijxi,n”j,m
P

Xkn+1 = (P(Vk,n),

where v, 1s the induced local field of hidden neuron k, by, is the associated
bias, wy; is a weight of second-order neuron k, x;, is the state (output) of
. - - - . _ 1
neuron i, uj, is the input applied to source node j, and ¢ (1) = 57—
Unique features of the second-order recurrent networks are that the
product x; ,u;, represents the pair (state, input), and that a positive weight
wy;j represents the presence of the state transition, whereas a negative weight

wy;; represents the absence of the state transition.

3.6 Long short-term memory neural networks

Long short-term memory (LSTM) is a novel, efficient, gradient-based
method [25]. LSTM learns to bridge minimal time lags in excess of 1000
discrete time steps by enforcing constant error flow through constant error
carousels within special, self-connected units, and LSTM’s multiplicative gate
units learn to open and close access to the constant error low. LSTM leads
to many more successful runs and solves complex long time lag tasks.

LSTM neural network is a specific recurrent neural network (RINN)
architecture. It is designed to model temporal sequences. LSTM has long-
range dependencies that make LSTM more accurate than conventional
RNN. Unlike conventional RNN, LSTM neural network contains special
units called the memory blocks in the recurrent hidden layer. Each memory
block contains several memory cells with self-connections storing the tem-
poral state of the network, which are gated by special multiplicative units
called gate units to control the flow of information. Three types of gates
include the input, output, and forget gates.
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e The input gate controls the flow of input activations into the memory
cell. The aim is to learn to protect the constant error flow within the
memory cell from irrelevant inputs.

e The output gate controls the output flow of cell activations into the
rest of the network. The aim is to learn to protect other units from irrele-
vant memory contents stored in the memory cell,

e The forget gate scales the internal state of the cell. The aim is to learn
to control the extent to which a value remains in the memory cell.

Fully connected-LSTM (FC-LSTM) networks have proven effective in
handling temporal correlation. In addition, the modern LSTM architecture
contains peephole connections from its internal cells to the gates in the
same cell to learn precise timing of the output.

LSTM’s memory cell ¢ essentially acts as an accumulator of the state
information. The cell is accessed, written, and cleared by several self-
parameterized controlling gates. A new input comes every time, informa-
tion will be accumulated to the cell if the input gate i; is activated. Also the
past cell status #,_; could be forgotten in this process if the forget gate f; is
on. Whether the latest cell output ¢ will be propagated to the final state
h 1s turther controlled by the output gate o;. The key equations governing
FC-LSTM are

iy = 0 (Wyixe + wiih—1 + w01 + b)),
Ji =0 (wypx; + wiphi—1 + wy o g1 + by),
0r = G(wxoxr + whaht—l + Wy 061+ bo)y

Ct Zfr o (-1 + iy o tanh(wyexy 4+ wichi—1 + b.),

h; = o, o tanh(c;),

where Wy, Wi, W, Wy, Wi, Wep , Wo, Who, Weos Wy, Wy are model parameters
to be estimated during model training, sigmoid (o) and tanh are activation
functions, b’s are biases, and o denotes the Hadamard product.
Convolutional long short-term memory (ConvLSTM) is an extension
of the FC-LSTM [47]. The ConvLSTM has convolutional structures in
both input-to-state and state-to-state transitions. All inputs, cell outputs,
hidden states, and gates of the ConvLSTM are 3D tensors, whose last two

dimensions are spatial dimensions (rows and columns).
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The key equations governing ConvLSTM are

ip = 0 (Wyi % X; + whi * h—q +wg o1 + by),
Ji =0 (W X0+ wyp x hy_q + w0 ¢ + by),
0r = 0 (Wyo * Xt + W * ht—1 + we 061 + bo)a

¢ =fio¢—1 + i otanh(wy * x; + wye * he—y + b,),

h; = o, o tanh(c;),

where * denotes the convolutional operator, and o denotes the Hadamard
product.

Nowecasting convective precipitation has long been an important prob-
lem in weather forecasting. Precipitation nowcasting aims to predict the
future rainfall intensity in a local region over a relatively short period
of time. The ConvLSTM is a novel machine learning approach for pre-
cipitation nowcasting. For precipitation nowcasting, the ConvLSTM net-
work captures spatiotemporal correlations better and consistently outper-
forms FC-LSTM [47]. By stacking multiple ConvLSTM layers, forming
an encoding-forecasting structure, ConvLSTM neural network is used not
only for the precipitation nowcasting, but also for more general spatiotem-
poral sequence forecasting.

3.7 Deep networks

Recently, deep networks are successtully applied in the mining of big cli-
matic data. The deep networks can generate data according to the maximal
probability through training, so they are well suited for teleconnection anal-
yses of various climate data and classification of Earth observation data.

3.7.1 Deep learning

Deep learning algorithms include Metropolis algorithm, Gibbs sampling,
simulated annealing, contrastive divergence, and variational approach.
Metropolis algorithm and Gibbs sampling provide tools for the simulation
of stationary and nonstationary processes, respectively. Simulated anneal-
ing is oriented towards optimization. Contrastive divergence is efficient
enough to optimize the weight vector. Variational approach uses simple
approximations to the true conditional distribution.
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(1) Simulated annealing.

The simulated-annealing algorithm is a probabilistic technique used pri-
marily to find the global minimum of a cost function that characterizes
large and complex system. It provides a powerful tool for solving noncon-
vex optimization problem and combinatorial-optimization problem, whose
objective is to minimize the cost function of a finite, discrete system char-
acterized by a large number of possible solutions. The simulated-annealing
algorithm consists of a schedule and an algorithm, where the schedule
determines the rate at which the pseudo-temperature is lowered and the
algorithm finds iteratively the equilibrium distribution at each new pseudo-
temperature in the schedule by using the final state of the system at the
previous pseudotemperature as the starting point for the new tempera-
ture.

The Metropolis algorithm (that is, Markov chain Monte Carlo) is the
basis for the simulated-annealing processes, in the course of which the
control parameter T is a pseudo-temperature that represents the effect of
synaptic noise in a neuron. In practical use, to implement a finite-time
approximation of the simulated-annealing algorithm, the parameters gov-
erning the convergence of the algorithm are combined in a schedule, called
an annealing schedule or a cooling schedule. In the annealing schedule, the pa-
rameters of interest include the initial value of the pseudo-temperature,
decrement of the temperature, and final value of the pseudotemperature
[33], where the initial pseudo-temperature is chosen high enough to en-
sure that virtually all proposed transitions are accepted by the simulated-
annealing algorithm, the decrement function is defined by T, = a T}
(k€ Zy), where « is a constant smaller than unity, and the annealing stops
if the desired number of acceptances is not achieved at three successive
pseudotemperature.

(11) Contrastive divergence.

Start from clamping each sample s € J on the visible layer v, where
J 1s a training set. The initialized probabilities of the neurons in the hidden

layer are computed by

P(l’lj=1|V)=G b/—i-ZV;LJ/J»; s

i=1
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where o (f) = and v; is the ith component of v. According to the

1
1+exp(—t)°
formula

1, P(]/lj = 1) > u,
0, Ph=1)<u,

V=

where u~ U(0, 1), a sample h; is extracted from probability distributions of
the hidden neurons. Use h, where its jth component is /;, to reconstruct
the visible layer as follows:

Pi=1h)y =0 [a+)_ wih
=1

A sample v; from probability distributions of the visible neurons is extracted
by applying the formula

1, P=1)>u,
V=
0, Pw=1) <u,

where u ~ U(0,1). Using the states of the neurons in the visible layer,
which are obtained by the reconstruction, the initialized probabilities of
the neurons in the hidden layer are computed by

Py = 1) = (14 3.

i=1

where v/ is the ith component of the state vector v'. The weights are up-

dated by
W =W +nhv’ —Ph' =1v)V),

where 71 is a learning-rate parameter. The whole process is identical with
one full step of Gibbs sampling.

(iii) Variational approach.

Variational approaches are used for graphical models. Graphical models
come in two basic flavors: directed graphical models and undirected graph-
ical models. A directed graphical model is known as a Bayesian network, and
an undirected graphical model is known as a Markov random field.

Convexity plays an important role in variational approaches for graph-
ical models. Many of the variational transformations are obtained by using
the general principle of convex duality.
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General principle of convex duality: The principle consists of two
parts as follows:

(1) A concave function f(x) can be represented via a dual function f*(A)
as follows:

f@) =min{A " — ()}, (3.7.1)

where A is a variational parameter. The dual function f*(A) can be obtained
from the following dual expression:

F*() =minfa"x — f(x)}, (3.7.2)

where both x and A may be vectors.
(2) A convex function f(x) can be represented via a dual function f*(A)
as follows:

fx) = mAax{)LTx — ()}, (3.7.3)

where A is a variational parameter. The dual function f*(A) can be obtained
from the following dual expression:

fr00) = max{2"x — f(x)}, (3.7.4)

where both x and A may be vectors.

Formula (3.7.1) is called the variational transformation of the concave function
f(x). The variational transformation can yield a family of upper bounds on
f(x). Similarly, Formula (3.7.3) is called the variational transformation of the
convex function f(x). The variational transformation can yield a family of
lower bounds on f(x). Good choices for A can provide better bounds. We
calculate simply the dual functions using (3.7.2) and (3.7.4) to obtain upper
or lower bounds on a concave or convex cost function. Now we cite several
examples to illustrate this point.

Logarithm function Inx is an important function that is directly relevant
to graphical models. It is well known that Inx is a concave function for
x > 0 since (Inx)”" = —;—2 < 0. Let ¢(A, x) = Ax — Inx. By (3.7.2), the dual
function of Inx 1s

S7(0) =ming(2, x). (3.7.5)

3%g(h.x)

0grx) 5y 1
— e = )\. dx2

ax X
x > 0, the function ¢(A, x) attains the minimum at x =

From =0, it follows that x = % Since

=L >0 for
X

%. From this and
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from (3.7.5), the dual function of Inx is f*(A) = 1 + InA. From this and
from (3.7.1), the variational transformation for the logarithm function is

In(x) = rriin{)ux —InX — 1}

The function Ax —InA — 1 in braces expresses a family of straight lines with
slope A and intercept (—InA — 1). This variational transformation yields a
family of upper bounds of the logarithm function, that is, for any given x.

Inx <Ax—InA—1

for all A. Good choices of A provide better bounds.
The logistic function is another function that is directly relevant to

graphical models. The logistic function H% is log concave. That is, the
function In 1+1rx is a concave function since (In 1+g =) =— (1+€_X)2 < 0. Let
Ax)=Aix—1 .
g, x)=Ax—1In 5o
By (3.7.2), the dual function of In ——= 1+ — 1S
(X)) =ming(A, x). (3.7.6)
From "Q(’\XX) =A— 1+ — =0, it follows that Ae* 1+1 — orx=In(l —}) —
Inx. Since 2 f;(;zx) =7 f:x)z > 0, the function g(X, x) attains the minimum

at x = 1n(1 — A) —InA. From this and from (3.7.6), and considering that

ret = 1+c —, the dual function of In —— 1+L — is

F M) =—(1 =Ml =) — Alni =: H(L).

Here H (1) is the binary entropy function. By (3.7.1), the variational transfor-

mation for the concave function In 1+1 — 18
1 ! in {\ H(x)}
n =min{Ax — H(x)},
T+e* 2

where A is a variational parameter, and H(A) is stated as above. Taking
the exponential of both sides and factoring in that the minimum and the
exponential function commute, the variational transformation for the logistic
function is

Ax—H(x)}

= min
1+e > X te
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This variational transform yields a family of upper bounds of logistic func-
tion. That is, for any x and A,

1 < e)»x—H(x) .

14+e>™
Likewise, good choices of A provide better bounds.

Similarly, consider the third function 1 4 ¢*. It is a log convex function.
That is, the function In(1 + ¢¥) is convex since (14 ¢¥)” = ¢* > 0. By (3.7.4),
the dual function of In(1 + ¢*) is —H(A), where H()) is stated as above. By
(3.7.3), the variational transformation for the function In(1 + ¢*) is

In(1+¢") = m/\ax{kx + H(\)}.

Taking the exponential of both sides and noticing that the minimum and
the exponential function commute, the variational transformation for 1+ €* is

1 4 ¢ = max{*TH®Y,
x

This gives a family of lower bounds for the function 1 + ¢* as follows: For
any x and A,

14 ¢ > @orHO),

where H(A) is stated as above.

Variational approaches are divided mainly into two classes: sequential and
block variational approaches.

The sequential variational approach introduces variational transformations
for the nodes in a particular order. There are two ways to implement the
sequential approach. One begins with the untransformed graph and in-
troduces variational transformations one node at a time; the other begins
with a completely transformed graph and reintroduces exact conditional
probabilities one node at a time. The sequential variational approach was first
presented by Jaakkola and Jordan [28] as an application for the QMR-DT
network. The QMR-DT network is a bipartite graphical model, in which
the upper layer of nodes represents internal factors, and the lower layer of
nodes represents observed features.

In the QMR-DT network, the observed features are referred to as
findings, and the conditional probability of a positive finding—given the
internal factor—is obtained from expert assessments under a “noisy-OR”
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model as follows:

P(fi=1ld)=1—exp{— > Odi— 6o ¢ . (3.7.7)

jen (i)

where f; is the ith finding, d; is the jth disease, 7 (i) is the parent set for
node 7, and 0; = —In(1 — ¢;;). Here ¢;; are parameters obtained from the ex-
pert assessments. To bound the probability P(f; = 1|d), Jaakkola and Jordan
[28] considered the variational transformation for the function 1 —e™*. The
dual function of In(1 — e™¥) is

FFO)=—AlnA+ A+ DIn(+1). (3.7.8)
The variational transformation for the function In(1 — ¢™*) is
In(1 — ¢™) = min{ax — f*(2)}.

Taking the exponential of both sides and considering that the minimum
and the exponential function commute, the variational transformation for
1—e™is

1—e= mkin{e’\xff*(’\)}.

X

This gives a family of upper bounds of the function 1 — ¢™* as follows: For

any x and all A,

1—e <MW,

From this and from (3.7.7), it follows that

P(fi=1]d) <exp | A Zeijdj-f-ezo —f* ()
jer (i)
— e)hiei()*f*()w) 1_[ (e)x,-e,-j)dj’

jem (i)

where 1, is a different variational parameter for each transformed node, and
f*() 1s stated in (3.7.8). This equation displays the effect of the variational
transformation. The effect is equivalent to delinking the ith finding from
the QMR-DT graph.

The block variational approach is to designate in advance a set of nodes that
are to be transformed. This approach is viewed as an oft-line application of
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the sequential approach. The block variational approach was first presented
by Saul and Jordan as a refined version of mean field theory for Markov
random field and has been developed further in many recent studies.

In the block variational approach, to bound the logarithm of the proba-
bility of the evidence (that is, In P(E)), Jordan et al. introduced an approxi-
mating family of conditional probability distribution: Q(H|E, A), where H
and E are disjoint subsets of the set S representing all of the nodes of the
graph, H represents the hidden nodes, E represents the evidence nodes,
and A are the variational parameters. Note that

In P(E) = an P(H,E)=In (Z o p(H,E)) '

(H) (H)

Using this expression, it can be verified that In P(E) is convex in the values
InP(H, E). Let f(x) =1InP(E). Treat Q(H|E, ) and InP(H, E) as A and x
in (3.7.4), respectively. Then the dual function of In P(E) is

f*(Q) = max [Z Q(H|E,\)InP(H,E) — In P(E)}

(H)

= Z Q(H|E)In Q(H|E).

(H)

That is, the dual function is the negative entropy function. Thus using
(3.7.6), In P(E) is lower bounded as

InP(E) > Z Q(HIE)InP(H,E) — Q(H|E)In Q(H|E)

(H)
B In P(H, E)
= (%: Q(H|E)In D OdED"

When the variational parameter A is chosen by
A= argmAinD(Q(H|E, M) | P(HIE)),

where D(Q || P) is the Kullback—Leibler divergence defined by

S
DQIP)=) Q(S)In %
(S)

for any probability distribution Q(S) and P(S), the tightest lower bound is
obtained.
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3.7.2 Boltzmann machine

The Boltzmann machine is a stochastic binary machine. It is also called
stochastic Hopfield network with hidden units. The machine consists of two-
valued stochastic neurons: 0/1-valued or —1/1-valued stochastic neurons,
linked by symmetrical connections. These stochastic neurons are parti-
tioned into the visible and hidden neurons. The visible neurons provide an
interface between the machine and its environment. The hidden neurons
explain underlying constraints contained in the environmental input data.
Fig. 3.7.1 gives a neural structure of Boltzmann machine, where vy, ..., v;
represent j visible neurons in the visible layer, hy, ..., h; represent i hidden
neurons in the hidden layer. The connection between the visible and hid-
den neurons are symmetric, and the symmetric connections are extended

to the visible and hidden neurons.

®—@

Figure 3.7.1 Boltzmann machine.

Let x be the state vector of the Boltzmann machine, let x;, representing
the state of neuron i, be the ith component of x, and let wj; be the synaptic

weight connecting from neuron j to neuron i with

wiy =wj; forall i,j,

w;=0 forall i.

In an analogy with thermodynamics, the energy of the Boltzmann machine

with —1/1-valued neurons is defined as

1
E®) =—3 XJ: WiXi;, (3.7.9)
i
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whereas the energy of the Boltzmann machine with 0/1-valued neurons is

defined as

Ex) = Z WjiXiX;.
i)

Without loss of generality, we consider the Boltzmann machine with
—1/1-valued neurons.

When the system is in thermal equilibrium at pseudotemperature T,
the probability that the Boltzmann machine is in state x is defined as

PX=x)= %exp (—@), (3.7.10)

where E(x) is the energy, and Z =) _exp (—ﬁ) is the normalization

constant. Since a direct computation of Z is infeasible for a network of
large complexity, one considers two events:

A1I Xj:xj,
As: [X-—x,] ~, with i #£j.

Note that

P(A, A
P = TR LI P = 3D P A,
Ay

Using (3.7.10) and x; = x; = £1, it is clear that

P (X =xl[X; = x)y (i #)) = ij,xt : (3.7.11)
i#]

where o (+) is the sigmoid function and defined by o (v) = m.

The sigmoid function has the following properties:
(a) o(—v) =1 — o (v). This is because

1 _ (I +exp(—v)) —exp(—v)
1 +exp(—v) 1 4 exp(—v)
exp(—v) 1

= e - ewm 1 W

o(—v) =
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(b) 0’'(v) = o (v) o (—v). This is because

exp(—v) (I +exp(—v)—1
(I +exp(=v)?2 (1 +exp(—v))2

o'(v) =

_ 1 <1 3 1 ) _ 1 ( exp(—v) )
1 4exp(—v) T+exp(—=v) ) 14+exp(—v) \ 1 +exp(—v)

1 1
T 1+ exp(—v) (exp(v) + 1) =oWo(=n).

Let J be a training sample, and let x,, (representing the state vector of
the visible neurons) be a subset of the state vector x, and xg (representing
the state vector of the hidden neurons) be the remaining part of the state

vector x. The state vectors X, X,, and xz are realizations of the random
vectors X, X,,, and Xp, respectively. Because the state vector x is the joint
combination of X, pertaining to the visible neurons and x4 pertaining to
the hidden neurons, by (3.7.10) the probability of the visible neurons in
state X, for any xg, is given by

Ex)
PX, =x,) = Zexp E(X) Zexp( )

The log-likelihood function for the Boltzmann machine is defined by
Liw)=log [[ PXa=%a)= ) _ log PXy =X,).
Xq €T Xe €T

So

Lw =Y logZexp< EX)) log Zexp( E(X)) . (3.7.12)

Xq€J

The goal of the Boltzmann learning is to maximize the log-likelihood func-
tion L(w), where w is the synaptic-weight vector for the whole machine.
This can be achieved by the gradient ascent method. That is,

dL(W)
dwji

Awj=e , (3.7.13)

dL(w)

where Awj; represent the changes to synaptic weights, is the gradient

of the log-likelihood function with respect to the welght wji, and € is a
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constant. Differentiating both sides of (3.7.12) with respect to wj; and con-
dE(x)

sidering that = —Xx;x;, the gradient of the log-likelihood function with

respect to Wi lS

dL(w)
ow;;

=T Z ZP(X/" =xg|Xy =Xq) Xjx; — ZP(X X) XX

xq€J \ Xp

This formula provides the basis for a gradient-ascent learning procedure,
involving two parallel Gibbs sampling simulations, that is, the positive phase
simulation and the negative phase simulation, for each training example. In
the positive phase simulation, the visible neurons are clamped, producing
a sample from the conditional distribution of Xy given X, = x,. In the
negative phase simulation, no visible neurons are clamped, producing a
sample from the unconditional distribution for Xg. Let

P =Y ) PXp=x5Xq =) x5,
xe€J X

= Z Z P(X =x) x;x;.

xXe€J X

The average pij is viewed as the correlation between the states of neurons
i and j when the machine is operating in its clamped, or positive, phase.
Similarly, the average p;; is viewed as the correlation between the states
of neurons i and j when the machine is operating in its free-running, or
negative, phase. Then

L)

Substituting it into (3.7.13), the Boltzmann learning rule is given by
Awi=n(p;} — ;i)
where n = % is the learning-rate parameter.

3.7.3 Directed logistic belief networks

Logistic belief networks are an acyclic graph via direct synaptic connections.
The acyclic property makes it easy to perform probabilistic calculations.
Because of direct connections, the logistic belief networks are referred to
as the directed logistic belief nefs.
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The sigmoid belief network [38] is a classic logistic belief network and 1s
designed similar to the Boltzmann machine. The connection of neurons is
directly forward. Consider two events Ay and A, given in Subsection 3.7.2.
The forward conditional probabilities of the sigmoid belief network with
—1/1-valued neurons are defined as

PXj=x|Xi=xi(i=1....Kii<p)=0 | x> wxi |

i<j

and the forward conditional probabilities of the sigmoid belief network
with 0/1-valued neurons are defined as

PXj=x|Xi=x;(i=1,...K;i<j) =0 (299—1)2%'9@ ,

i<j

where o (v) = m.

Without loss of generality, we consider sigmoid belief networks with
—1/1-valued neurons.

The probability of the state x is defined in the terms of the forward
conditional probabilities:

PX=x)=[[PXi=x|Xi=xi(i<p))=]]o | xD wix;]. (3.7.14)
J J

i<j

The goal of the learning in sigmoid belief network is to maximize the log-
likelihood function. It can be achieved by the gradient ascent in probability
space, that is,

Aw/',‘ =€ M .
’ Wi
The key is to compute the partial derivative of the log-likelihood function
L(w) with respect to the weight w;.

Consider the state vector x to be split into the pair (xg,X,), and simi-
larly, the random variable X is split into the pair (X, X,), where notations
Xy, Xg, Xo, Xg, and X are stated in Subsection 3.7.2. Because the log-
likelihood function for the sigmoid belief network is

Lw)=log [[ PXKa=x)= ) log PXy =xu),

Xa€J Xa€J
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the partial derivative of the log-likelihood function with respect to the

weight is
oL 1 0P(X, =%,
ALw) _ Ko =), (3.7.15)
owy; —r P(Xy =X4) owj;
The marginal distribution over the visible neurons is given by
P(Xy=%,) =Y P(X=(Xp.X,)).
xg
By Bayes’ rule,
P(X = (xp,%4))
S~ — o = PX=(xp, %) X =Xy).
P(Xy = Xa) !
Substituting these into (3.7.15), we get
9 2 PX = (xp,%a))
IL(w) 5 1 (E g )
dwi Lt PXy =) ow;
_ Z Z 1 3 (P(X = (%p,%a)))
ey 5 PXe=x%4) i
-y ¥ PX = (x4, X)Xy =X¢) 0 (PX = (X5, Xa)))
—ed = P(X = (xp,Xq)) 0w,
Note that x = (x4, X,). This is equivalent to
IL(W) _ Y PX =x[X4 =Xq) I(PX =X)) (3.7.16)
owj; 5 PX=x) owj; ' o
By (3.7.14), we get
1 A(PX=x) _ 1 9 (H;’C’(xj p Wkaw)
PX =x) i a ng(xj Z/Kj WikXr) owy; .

(3.7.17)
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Note that
[To |22 wie
J k<j
=0 | Z wjii-1)Xi-1 | o x;'zu{/ix; o | x Z Wi+ )Xl | o
(i—1)<j i<j (i+1)<j
3 (ng(xj qu leexle))
duwji

7 (o (9 %))

wji

o | Xj Z Wj(i+1)Xi+1
(i+1)<j

=0 |x Y wi-nxi-n
(i—D<j

Eliminating the same terms, we get

1 9 (H,’U(Xj Dk wjlexk)>

[0 G 3 wiexe) i
B 1 o (2 3, wjixi)
0 (x Qi Wjidki) dwji '

From this and from (3.7.17), and then using Property (b) of the sigmoid
function, we get

1 3(PX=x) 1 o (o 3, wjixi)
P(X =x) Iwj; 0 (% 30 wjixi) owj;
=0 | = ) wini | i
i<j

Substituting this into (3.7.16), we get

0L(w) = Z ZP(X=X|Xa =X,)0 —ijwﬂx, XX

owj;
I Xe€J X I<j

3.7.4 Deep belief nets

Deep belief nets build on a harmonium neural network structure described
first by Smolensky [45]. A distinctive feature of the harmonium is that there
are no connection inside visible neurons or hidden neurons. But the con-
nections between the visible and hidden neurons are symmetric. This is just
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as those in Boltzmann machine. Hence, Hinton et al. [23] hailed the har-
monium a restricted Boltzmann machine (RBM), which may also be viewed
as an undirected graphical model. Fig. 3.7.2 gives a neural structure of a
restricted Boltzmann machine, where v, ..., v; represent j visible neurons
in the visible layer, and hy, ..., h; represent i hidden neurons in the hidden
layer. The connections between visible and hidden neurons are symmetric,
but the connections inside visible or hidden neurons do not exist.

(\—/) @3 eeoe

X

Figure 3.7.2 A restricted Boltzmann machine.

In RBM, the visible neurons provide the input data, the hidden neurons
extract features of data, and the probabilistic distribution P(v, h) satisfies the
Boltzmann distribution. Consider the RBM with 0/1-valued neurons; its
energy is defined as

m m n

E(v.h|0) = Zalv, th =SS vy,

i=1 j=1

where g; and b; are the bias of visible neuron i and hidden neuron j, re-
spectively, v; and h; are the ith and jth components of v and h, respectively,
wji is the synaptic weight from neuron j to neuron i, and 6 = {wj;, a;, b;} is
a set consisting of all parameters in the RBM. The deep belief network
described in Fig. 3.7.3 consists of n+ 2 layers, including a visible layer,
n hidden layers, and a top layer.

In the deep belief network described in Fig. 3.7.3, each layer consists
of many neurons. The visible neurons provide the input data. The hidden
neurons capture features and patterns that characterize the input data. The
connections from one layer to the next one down are directed connections
using synaptic weights. There are no connections among neurons in each
layer. The connection between the top layer and the nth hidden layer is
undirected connection that forms an undirected associative memory iden-
tifying to a restricted Boltzmann machine. Neurons may extract features of
the bottom-up training data and perform data reconstructions through the
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The top layer
RN

The nth hidden layer (k)

f ng ¢ wgawn
The (n — 1)th hidden layer (h,—1)

oy’ S,
f wg}’ ¢ wﬁown

The first hidden layer (k1)

1 1

T Wup 4 W down

The visible layer (v)

T
Input data

Figure 3.7.3 Deep belief network.

upward synaptic weights, denoted by w,,. Neurons also may generate the
top-down data through the downward synaptic weights, denoted by Wy
The DBNs may be viewed as the graphical models. The upward weight is
refereed to as a recognition weight, and the downward weight is refereed to as
a generative weight.

As an example, the states of the neurons in the first hidden layer of the
network described in Fig. 3.7.3 are obtained by using the following three

formulas:

H=W,v+B,
1
1, Plhij=1)=u,
1j_{ 0. Pl=1)<u,

P(hyj=1) =0 (Hj) =

where v is the input vector, B is the bias vector, H; is the jth component
of the vector H, hy; is the state of the jth neuron in the first hidden layer,
and u~ U(0, 1). Similarly, given the hidden layer, the states of the neurons
in the generative layer are computed in the same method.
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When the upward weight is equal to the transpose of the downward
weight in the unsupervision learning:

1 S,

Wyp = Wioypy =

the DBN depicted in Fig. 3.7.3 identifies with the superposition of n+ 1
RBMs, and w is the synaptic weight of RBMs (see Fig. 3.7.4).

The top layer The nth hidden layer (hy,)
T w (RBMn+1) T wgp U wc’/ilown (RBMy,)
The nth hidden layer (hy,) The (n— 1)th hidden layer (h,_1)
The second hidden layer (h2) The first hidden layer (/1)
T, IR (RBM>) 1wy, Ywh (RBM)
The first hidden layer (/1) The visible layer (v)

Figure 3.7.4 The superposition of n + 1 RBMs.

Let J be a training set. Each sample x € J is clamped on the neurons
in the visible layer to train RBM1. After training sufficiently RBM1, one
fixes the weight values of RBMT1 and uses the following formula to obtain
the input vector of RBM2:

m
1
hj=0o ("j + § :Wﬁxi> )
i=1

where x; is the ith component of the sample x, and q; is bias of the jth
neuron in RBM2, and then one uses the similar method to train RBM2,
and so on.

3.8 Reinforcement learning

Reinforcement learning awards the learner for correct action and punishes
for wrong action. In reinforcement learning, the learner seeks an eftective
policy for solving a sequential decision task. A reinforcement learning sys-
tem can be identified by four main subelements: a policy, a reward signal,
a value function, and a model of the environment. The policy defines the
learning agent’s way of behaving at a given time. The reward signal defines
the goal in a reinforcement learning problem. The value function speci-
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fies what is good in the long run. The model of environment mimics the
behavior of the environment and is used for planning.

In reinforcement learning, the learner and decision-maker is called the
agent; the thing it interacts with, comprising everything outside the agent,
1s called the environment. R einforcement learning is about learning from the
agent-environment interaction in terms of states, actions, and rewards. That
1s, the reinforcement learning agent and its environment interact continu-
ally. The agent selects actions and the environment responds to these actions
and presents new states to the agent, and the environment also gives rise to
rewards that the agent seeks to maximize over time through its choice of
actions.

The core of reinforcement concerns optimal control problem and its
solution using value functions and dynamic programming. The optimal
control problem introduced by Bellman is to design a controller to mini-
mize a measure of a dynamical system’s behavior over time, which consists
of a value function, Bellman equation, and dynamic programming. The
value function is the optimal return function. The Bellman equation is a
functional equation defined by a dynamical system’s state and a value func-
tion. Dynamic programming is used to solve stochastic optimal control
problems related with Bellman equation.

Bellman also introduced the discrete stochastic version of the optimal
control problem, known as Markov decision processes (MDPs). Here the
agent’s goal is to maximize the cumulative reward it receives in the long
run. For any state and reward, their probability distribution, given particular
values of the preceding state and action, is defined as follows:

p(s'rls,a) = Pr(S; =5, R, =71S-1 =5, Ar-1 = a}

forall ¢,s€ S, re R, and a € A(s), where S, R, and A are the state, reward,
and action datasets, and S;, R;, and A, are the state, reward, and action
at time step f. This conditional probability completely characterizes the
environment’s dynamics and is used to define the dynamics function of the
MDP.

Return, optimal policy, and optimal value function are the key elements of
reinforcement learning. The refurn is the function of future rewards that
the agent seeks to maximize in expected value. Assume that R, 1, Ry, ...
is the sequence of rewards received after time step f. When the agent-
environment interaction breaks into natural episodes (that is, subsequences),
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the expected undiscounted return is defined as
Gi=Ru1+Re2+- -+ R,

where T is a final time step. When the agent-environment interaction does
not break naturally into episodes, because the final time step is T' = oo, the
expected discounted return is defined as

o0
Gi=Ri1+YRuyo+y* Rz +---= Z ykR"H‘H‘”
k=0

where y is a parameter, called the discounted rate, and 0 <y < 1. The ex-
pected discounted returns at successive time steps are related to each other
in the following way:

Gi=Ri1+ YR+ v’ Rz + vV Rys+ -+
=R+ YRz +yRos+y Ry +--+) 3.8.1)
=Riy1 + v G-

This recursive relationship plays a key role in reinforcement learning. The
state-value function is defined as

vr () = Ex[Gi| Sy = 5]

for all s € S, where v, (s) is the value function of a state s under a policy 7.
E;[]1s the expected value of G, given that the agent follows policy 7, and
t is any time step. Again, by (3.8.1), it follows that

V7 (5) = Ex[Rip1 + ¥ Gt 1S =51

The state-value function has a recursive relationship between the value of
the state and the value of its possible successor states as follows for any policy
7 and any state s:

Ve () = Zn(cﬂs) Zp(s’, rls, a) [r+ yve (5] (5,5 €8).

Jor

This equation is called the Bellman equation of the state-value function.
The action-value function is defined as

6]71(5, a) =E;[G/|S; =5, A, =a]
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for all s € S and all a € A, where ¢, (s,a) is the value function of taking
action a in state s under a policy 7. By (3.8.1), it follows that

Gr (s, @) = Ex[Rey1 + Y Gia|S =5, Ay = al.

The optimal policy is a policy, whose value functions are optimal. For finite
MDPs, at least one optimal policy exists. Denote by m, all the optimal
policies. The optimal state-value function is defined as

v, (s) = max v (s)
T
for all s € S. The optimal action-value function is defined as
g«(s, a) = max g (s, a)

for all s € S and a € A. These two optimal value functions have a closed
relationship. That is, the optimal action-value function ¢, can be written in
terms of the optimal state-value function v, as follows:

4+ (s, @) = E[Riy1 + y v (S ) |S =5, A = al.

The overall reinforcement learning algorithm can be divided into pre-
diction and control. The prediction process is to drive the value function
to accurately predict returns for the current policy. The control process is
to drive the policy to improve locally with respect to the current value
function by using Sarsa method (an on-policy approach), Q-learning or
expected Sarsa method (two oft-policy approaches).

3.9 Dendroclimatic reconstructions

Due to wide spatial distribution, high annual resolution, calendar-exact
dating, and high climate sensitivity, tree-rings play an important role in
reconstructing past environment and climate change over the past millen-
nium at regional, hemispheric or even global scales. So tree-rings can help
us to better understand climate behavior and its mechanisms in the past,
and then predict variation trends for the future [55].

To obtain tree-ring sampling data, one first need to decide the location
of sample sites carefully. To maximize the temperature signal, sample sites
should be chosen in upper-elevation tree-line locations and cold mountain
valley environments. But for precipitation, sample sites should be chosen
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in a steep, rocky, south-facing slope. After that, by removing a cylinder of
wood roughly 5 mm in diameter along the radius of chosen trees in sample
sites, core samples are collected at breast height (about 1.3 m above the
ground) from trees by using an increment borer. Finally tree-ring widths
and isotopic data are measured in the laboratory and used to reconstruct
climatic conditions with perfect annual resolution [55]. Linear methods,
such as linear regression, multiple linear regression, canonical correlation
analysis, regression of principal component analysis, and nonmetric multi-
dimensional scaling, are mainstream tool to establish the climate-tree ring
relationship [14,5,40].

Neural networks are very suitable for modeling nonlinear relationship
between input data and output data. Due to internal nonlinear mech-
anisms between climate and tree growth, neural networks are gaining
importance in forestry and tree-ring studies [27]. JevSenak and Levanic
[29] selected three sites with three different tree species from the western
Balkan region to compare traditional linear method and nonlinear neural
network method, and to see whether neural network method can be po-
tentially replaced with linear method in climate reconstruction. Jev§enak
and Levani¢ [29] constructed a multilayer perceptron with backpropaga-
tion algorithm that consists of one input layer (tree-ring wide indices), one
output layer (climate variable), and one hidden layer with different num-
bers of neurons. The weights of the neural network was estimated by two
different training algorithms: Levenberg—Marquardt and Bayesian regular-
ization. The Levenberg—Marquardt training algorithm blends the steepest
descent method and the Gauss—Newton algorithm. This algorithm is suit-
able for training small- and medium-sized datasets. The Bayesian regular-
ization training algorithm is a more robust training algorithm than standard
backpropagation since it can reduce the need for lengthy cross-validation.
Jevsenak and Levanic [29] demonstrated that these kinds of neural networks
are more effective to produce nice climate reconstructions than traditional
linear models.

3.10 Downscaling climate variability

Global climate models (GCMs) are used to simulate the present climate and
project future climate with forcing by greenhouse gas and aerosol scenarios.
Due to computational constraints, GCMs are inherently unable to represent
local subgrid scale features and dynamics, such as local topographical fea-
tures and convective cloud processes [52]. However, impact assessments of
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climate change are usually required to simulate subgrid scale phenomenon,
and thus require input climate data (for example, precipitation and temper-
ature) at similar subgrid scale [4]. Downscaling technique is to convert the
outputs of GCMs into local meteorological variables.

Multilayer perceptron (MLP) is the most widely used neural network.
It 1s a feed-forward network, because its data flow is restricted to a flow
from the input to the output layer by layer. However, in temporal scale,
measurements from climate systems are always functions of time. To exploit
the time structure in the inputs, the neural network must have access to
time dimension. Replacing the neurons in the input layer of an MLP with
a tap delay-line, one constructs a neural network, called time lagged feed-
forward network (TLFN) [8]. The TLEN has an interesting feature: The tap
delay-line at the input does not have any free parameters, thus it can still
be trained with the classical backpropagation algorithm. The TLEN has a
major advantage: Although it is less complex than the conventional time
delay or recurrent networks, it has the similar temporal patterns processing
capability [12].

Based on a temporal neural network TLEN approach, Dibike et al.
[11] downscaled daily precipitation and temperature for the Serpent River
basin located in the Saguenay watershed of Quebec, Canada. Forty years
(1961-2000) of daily total precipitation and daily maximum/minimum
temperature records from the nearby Chute-des-Passes meteorological sta-
tion were used as follows: The first 30 years of data are considered for
calibrating the downscaling models; the remaining 10 years of data are used
to validate the models. In Dibike et al’s TLFN model, inputs are 25 pre-
dictor variables derived from the NCEP (national center for environmental
prediction) reanalysis dataset, which mainly includes airflow strength, zonal
velocity, meridional velocity, vorticity, divergence, humidity at the surface
and 500 hPa/850 hPa geopotential heights. The outputs are daily precip-
itation amounts and daily maximum/minimum temperatures observed in
the study area. The activation function at neurons is chosen as the hyper-
bolic tangent function, and the networks are trained using a variation of
backpropagation algorithm. The validation results in downscaling NCEP
indicate that (i) except for the winter, the TLEN performed better than
traditional statistical downscaling method; (if) during the autumn season,
the TLEN appears particularly more suitable than the traditional statistical
downscaling method in downscaling daily precipitation; (iii) both methods
have good and comparable performance in downscaling daily maximum
and minimum temperature values.
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3.11 Rainfall-runoff modeling

Neural networks are widely used in hydrology and water resources issues,
especially in the modeling of the relation between rainfall and runoff [41,
34]. These results will support decision-making in water resources planning
and management.

Utilizing neural networks to model the rainfall-runoft relationship
needs to use the statistical criteria for errors, which mainly include the
average squared of error (ASE), the R-square value (R?), and the mean
absolute relative error (MARE). The R? criterion measures statistically the
linear correlation between the actual and predicted value of flows. The ASE
and MARE criteria are used to quantify statistically the error between the
observed and predicted values.

Aichouri et al. [1] used a neural network with a backpropagation algo-
rithm to predict the runoff of the Seybouse river located in the northern
part of Algeria. The Seybouse river is an important river that is used mainly
for the agricultural irrigation. The climate of the Seybouse river basin varies
from typical Mediterranean along the coast to semiarid. The neural net-
work used by Aichouri et al. [1] consists of an input layer, a hidden layer,
and an output layer. Its activation function is the logistic sigmoid func-
tion that is a continuously differentiable, monotonic, symmetric function
bounded 0 and 1. The national agency for water resource provided eigh-
teen years (1986—2003) observed datasets of daily rainfall-runoff values for
the Seybouse river basin, in which the data from 1986 to 2001 was used
to calibrate the network, and the data of the remaining two years (2002
and 2003) was used to validate the network. The calibration of a neural
network model was terminated when the ASE (or R?>/MARE) on the val-
idation databases was minimal. Comparing with the traditional multiple
linear regression (MLR) with neural network model, Aichouri et al. [1]
indicated that the neural network approach gives much better prediction
than the traditional MLR.
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CHAPTER 4

Climate networks

The use of complex networks in global climate system is motivated by the
need to fill gaps in understanding of complex nonlinear physical processes
governing the global climate system. Unlike traditional analysis methods,
the climate network approach enables novel insight into the topology and
dynamics of the climate system over a wide range of spatial/temporal scales.
Changes in climate network structure over time can be easily/quickly de-
tected by various network measurements (for example, degree distribution,
clustering, betweenness, centrality, similarity).

4.1 Understanding climate systems as networks

Climate system is composed of individual parts linked together in some
way. To identify and analyze patterns in global climate system, one can
model climate system as complex networks. The vertices of climate net-
works are generally chosen as geographical sites, which communicate by
exchanging heat, material, and by direct forces. Each vertex carries one or
several measured climate variables that change in time. The strong connec-
tions/teleconnections of climate variables between geographical sites are
represented by the edges of the climate network. Pearson correlation coef-
ficient R;; of pairs of climatic time series on different vertices are used to
quantify the degree of statistical interdependence between vertices v; and v;
[31]. Given a thresholding 7, if R;; > 7, then vertices v; and v; are considered
connected. That is, there is an edge between vertices v; and v;. The adja-
cency matrix Aj; of the climate network is given as A; = O(R;; — 1) — §j
(i,j=1,...,N), where the ©(x) is the Heaviside function, §; is the Kro-
necker delta, and N is the number of vertices in climate networks.

Now we discuss the selection of a threshold 7, above which the corre-
sponding pair of vertices are connected. From a statistical point of view, it
is desirable to only maintain connections, which can pass statistical sig-
nificance tests and reject those not meeting this criterion. To uncover
interesting structure in the topology of the climate network, the choice
of 7 has to reflect a trade-oft between the statistical significance of connec-
tions and the richness of network structures. Particularly, teleconnection
features must be reflected in climate networks to obtain profound results.
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One may consider all pairs of vertices as being connected and study the
so-called weighted properties of climate network, where each edge is as-
signed a weight proportional to its corresponding correlation coefficient.
Since the climate network located on a sphere, which is very different from
a network on the two-dimensional grid, if a vertex v; is connected to N
other vertices at Ay latitudes, then its area-weighted connectivity

N
Y cosiAA
=1
> cosAAA’

over all
rand g

=

where AA is the grid area at the equator, and ¢ is the longitude.

Tsonis et al. [31] built a climate network by using NCEP/NCAR re-
analysis 500-hPa dataset. The data are arranged on a grid with a resolution
of 5° latitude x 5° longitude. For each grid point, monthly values from
1950 to 2004 are available. This results in 72 points in the east—west di-
rection and 37 points in the north—south direction for a total of n = 2664
points. These 2664 points will be assumed to be the nodes of the network.
In each grid, the time series of anomaly values is obtained. The anomaly
values are equal to the average of the actual values mined for each month.
To define the “connections” between vertices, the correlation coefficient
at lag zero (r) between the time series of all pairs of vertices is estimated.
There is an edge in a pair of vertices if their correlation |r| > 0.5. According
to the Student’s f test with N = 165, a value of r = 0.5 is statistically signif-
icant above the 99% level. Tsonis et al. [31] revealed that climate networks
have more long-range connections and less small-range connections under
global warming. It means that more teleconnections occurs.

4.2 Degree and path

Consider a climate network with N vertices vy, v2, ..., vn. If there is an edge
between vertices v; and v;, we say that v; and v; are adjacent, and denote this
edge by (v;, vj). If there are at least two edges between v; and v;, these edges
are called parallel edges or multiedge. If there is at least one edge between v;
and itself, these edges are called self-loop. A network without any multi-
edge and self-loop is called a simple network, otherwise it is called a complex
network.

Denote by k; the number of adjacent vertices of the vertex v;. Here k;
is called degree of the vertex v;, and (ky, ko, ..., kn) 1s called a degree sequence
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that reflects the basic property of climate network. It is clear that the degree
of a vertex in a network is the number of edges connected to it. Let S=
ki + ka4 - -+ + kn, that is, S is the sum of all degrees. Denote by M the
number of edges. Clearly, S = 2M. Denote by N, the number of vertices
with degree k. Then p, = % (k€ Zy) are called the degree distribution of
climate networks.

A path in a climate network is a sequence of vertices v; = vj,, vy, ...,
vi, = v;, where each consecutive pair of vertices v;, and v;,, , in this sequence
is connected by an edge. The length [ of this path in a network is the number
of edges traversed along the path. If v; = v}, the path is called a loop.

The distance between v; and v; is the number of edges in the shortest path
joining v; and v; as djj = dist (v;, v;). The diameter is D = max; j_; » . n d;j. The
average path length is

1<1</<I\

The mean degree ¢ of vertices in the network is

N
1 2M
= — ki: _—
N ; N
The maximum possible number of edges in the whole network is

%N (N — 1), and the connectivity of the network is

2M <
N(N-1) N-1

p:

Clearly, 0 < p < 1. For a variable network, if p — 0 as N — oo, we say
that this network is sparse. In fact, almost of all climate networks are sparse
networks.

If there exists a path from each vertex to each other vertex in a network,
this network is called a connected network. If a connected network has a loop
that travels to each vertex once and once only, the network is called a
Hamiltonian network. If a network with N > 3 vertices and k, + k, > N
for any pair v, and v, the network is a Hamiltonian network. Generally,
a path can intersect itself, visiting again a vertex it has visited before or
even running along an edge or set of edges more than once. Paths that
do not intersect themselves are called self-avoiding paths. An Eulerian path
is a path that traverses each edge in the network exactly once, whereas a
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Hamiltonian path is a path that visits each vertex exactly once. Both the
shortest path and Hamilton path are self-avoiding paths, but an Eulerian
path needs not be self-avoiding. A network can have an Eulerian path only
if there are exactly two or zero vertices of odd degree. However, this is not
a sufficient condition for an Eulerian path.

4.3 Matrix representation of networks

Consider a climate network G with N vertices and M edges, its edge list can
specify the network completely. A better but simple representation of this
network is the adjacency matrix, the incidence matrix, and the Laplacian
matrix.

(a) Adjacency Matrix

Suppose that G is a network with N vertices vy, v2, ..., vn. The adja-
cency matrix of a network G is A = () nx N, Where

{ 1 if there is an edge between v; and v},
o = i

0 otherwise.

The matrix A is symmetric and its diagonal matrix elements are all zero,
and

[\T ]\Y
Yoay=k (i=1,..,N), Y =k (j=1...N).
j=1 i=1

(b) Incidence Matrix

We may represent a network by the connected relation of vertices and
edges. Suppose that G is a network with the vertices vy, .., vy and M edges
e, e, ..., ep. Its incidence matrix is B = (Bjj)nxam, Where B =1 if v; is an
end of ¢;. Otherwise, B;; = 0. Incidence matrix satisfies

N N
ZIBU=2 G=1,...N), Z,sﬁ:k,. (i=1,..,N),
i=1 j=1

and in the ith row, edges corresponding to 1 is the set of neighboring edges
for v;.

(c) Laplacian Matrix

Suppose that G is a network with N vertices and the degree sequence
ki, ..., kn. Its Laplacian matrix is L = D— A, where D is the diagonal matrix,
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D = diag(ky, ..., kn), and A is the adjacency matrix, that is,

ky -2 o —aN
—ay; ky oo —oon
L=
—OaN1 —ON2 k’N

4.4 Clustering and betweenness

The cluster structure of climate networks provides rich information about
the overall composition of the network and identifies closely related re-
gions. Its core idea is to measure the degree to which vertex in a climate
network tends to cluster together.

Given a network G, the clustering coefficient of a vertex v; shows how
well connected the neighbors of v; are. Assume the degree of a vertex v;
is k;. That is, v; has k; adjacent vertices, denoted by uq, ..., up,. The total
number of possible edges among k; adjacent vertices uy, ..., u, 1s %ki(ki 1.
If the number of actually existing edges among uy, ..., g, is E;, then the

clustering coefficient of v; is C; = ¢ (iE’ The clustermg coefficient of the

whole network is the average of Cjs over all the vertices: C = + YN, G
One computes the clustering coefﬁcients through an adjacency ma-
2 Z S
e ik Since
= (o) 1s a symmetric matrix whose elements are 0 or 1, if i =7, then

trix A. Considering that A% = (oz ) nxN, Where o

(2) Zazkakz = Zalk = Zaik =

This implies that af,.z) is equal to the degree of the vertex v;.
Let i #j. If aj = ap = 1, then there is an edge from v; to v}, and there

is an edge from vy, to vj, and ajpor; = 1. So there is a path from v; to v; with
' ©)
i

with length 2. More generally, A" = (oc(r)) NxN, Where

length 2. Otherwise, ajarij = 0. So e is the number of paths from v; to v;

n _ )
Q= z : Yikj = z : iley Aleyky =~ Cley_pley_y ** " A,y
k..., kj:l ..... ,—1

k= (k1,...,k,_1)).
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If otjpy = 0tpyp, =+ =ag,_j =1, then ag; = 1, and there is a path from v;
to v; with length r. Otherwise, aj; =0, and so a;’) is the number of paths

from v; to v; with length r.
(r

Clearly, o is the number of loops with length r that start and end at
the same vertex v;. This expression counts separately loops consisting of
the same vertices in a different order. The total number L, of loops with
length ris L, = Z{\:] al-(ir) = Tir(A"), where Tr means the trace of a matrix.
Since the adjacency matrix A is a real-valued symmetric matrix, it can
be written in the form A = UAUT, where T means a transpose of a matrix,
U is the orthogonal matrix (whose columns are eigenvectors of A), and
A is the diagonal matrix of eigenvalues. Since UUT is the unit matrix of

order N, A= (UAUT)Y = UA'U". Furthermore
L, =Ti(A") = THUA'UD).

Since the trace of a matrix product is invariant under cyclic permutations
of the product,

L,=TrHUTUA" = TH(A").

Now we turn to compute the clustering coefficient of the vertex v; by
adjacency matrix A. Note that otfiz) is equal to the degree of the vertex v;.
That is, «'” = k;, and & is the number of loops with length 3 that start and
end at the same vertex v;. Since the number of the actually existing edges
among adjacency vertices of v; is E;, and these edges with v; constitute the
loops with length 3, we have a,.(f) = 2F;. So the clustering coefficient of v,
is

2E, o)
Ci= 0 aé) '
kitki =1 o7 (@ — 1)

ii

The betweenness can measure how important the vertex is to the flow
of information through a climate network. It can capture any vertex’s role
in allowing information to pass from one part of the network to the other.
Denote the number of shortest paths between v; and v; by Sj. Denote the
number of shortest paths between v; and v; that pass through v; by Sj(i).
The betweenness of the vertex v; is

S.
il
Sj,;t()
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The maximum possible value for betweenness occurs for the central vertex
of a star network. Let G be a star network with the center vy, then all the
other vertices v, ..., vy are connected to v; and only connected to v;. For
Jil#ij#L it i=1, then Sp(i) =1; it i # 1, then S;(i) = 0. The number of
the pairs of (j, ) satisfying the conditions j,/=1,...,N, j,1#i, and j # [ is
JIN=1D(N =2). So

B :%(N—l)(N—2), B,=0 (k=2,...,N).

Denote by Sys(i, j) the number of the shortest path between v, and vg
that pass through the edge (v;, v}). The betweenness of the edge (v;, v;) is

Sap (i, /)
B’] = Z Tdﬂ’

atp
(a, B)#(ij)

where Sy is the number of the shortest path between v, and vg.

4.5 Cutsets

Two paths connecting a pair of vertices are edge-independent if they share no
edges. Two paths are verfex-independent if they share no vertices other than
starting and ending vertices. If two paths are vertex-independent, then they
are also edge-independent; conversely, it is not true. The number of inde-
pendent paths between a pair of vertices is called the connectivity of vertices.
Similarly, we may consider edge-connectivity. A pair of vertices that have
many independent paths between them are more strongly connected than
a pair of vertices that have only a single independent path.

A vertex cut set 1s a set of vertices, whose removal or nonfunctioning will
disconnect a given pair of vertices. An edge cut set is a set of edges, whose
removal will disconnect a pair of vertices. A minimum cut set is a cut set
that has the smallest size. The size of the minimum cut set is equal to the
vertex connectivity of a pair of same vertices.

It is useful to assign a positive weight to each edge in a network, such
network is called a weighted network. A minimum edge cut set on weighted
networks is an edge cut set such that the sum of the weights on all the
edges of the set has the minimum value. On weighted networks, these
weights can represent capacities of the edges to conduct a flow of some
kind. In a weighted network, the maximum flow between a special pair of
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vertices 1s equal to the weight-sum of the edges of the minimum edge cut
set between any two vertices.

4.6 Trees and planar networks

A tree is a connected network that contains no closed loops. A river net-
work is an example of a naturally occurring tree. Trees play important roles
in the theory of networks. For any given tree, there is exactly one path
between any pair of vertices. In fact, if there were two paths between a pair
of vertices, then there were a loop. A tree with N vertices has exactly N —1
edges. To verify this, consider building up a tree by adding vertices one by
one. Starting from a vertex, when we add a new vertex, we need to add
at least one edge to keep the network connected. But if we add more than
one edge, we create a loop. Hence the number of edges in a tree is exactly
N-1.

A planar network is a network that can be drawn on a plane without
having any edges cross. All trees are planar networks. Another example
is the network of shared borders between countries. We represent each
country by a vertex and draw an edge between two that share a border.
The resulting network has not crossing edges. The planar network vertices
divide the plane R? into several domains along these edges. These domains
are called faces. If the number of vertices is N, the number of edges is M,
and the number of faces is F, then the famous Euler formula shows that
N+F-M=2.

4.7 Bipartite networks

In a bipartite network, there are two groups of vertices, only edges connect-
ing vertices in different groups are allowed. For example, one group consists
of g1, g2, 93, g4, and the other group consists of five vertices vy, va, v3, v4, V5,
and each vertex is connected to the vertices in the group to which it does
not belong (see Fig. 4.7.1 (left)). A projection of the bipartite network
onto the vertices g1, ¢, ¢3, ¢4 is shown in Fig. 4.7.1 (middle), where two
vertices g; and g; are connected if they have the common neighbor v;.. The
other projection of the bipartite network onto the vertices vq, v2, v3, v4, Vs
is shown in Fig. 4.7.1 (right), where two vertices v; and v; are connected if
they have the common neighbor g.

To show how many vertices ;s are connected to both vertices g; and gj,
the weight is assigned to each edge in the projection network. For example,
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Figure 4.7.1 (Left) A bipartite network. (Middle) A projection of the network onto
the vertices g1, g2, g3, g4. (Right) The other projection of the network onto vertices
V1, V2, V3, V4, Vs.

there are three vertices vy, v3,vs connecting to both g; and g4, and the
weight 3 is assigned to the edge (g1, ¢4). It is easy to see that there is the
weight 1 on the edges (¢1,¢2), (¢1,¢3), and (g3, g4). Similarly, the weight is
also assigned to each edge in the other projection.

Consider a bipartite network with N vertices vy, v, ..., vny and M ver-
tices g1, ¢, ..., gu. Denote by B= (Bjj) s its incidence matrix, where

1 if vertex v; is connected to g;,
Bj= )
0 otherwise.

The product BBy is equal to 1 if »; and v; are connected to g, in the
bipartite network. Let A" = BT B. Then for i #,

M
AI(]V) :ZBkt’Bkj (l,]z 1,,N)
k=1

is the number of vertices g, to which both v; and v; are connected. For i =
(i=1,..N),

M M
Ag’) = Z Bii = Z By (since By =0o0r1)
k=1 k=1

is the number of vertices g, to which v; is connected. The adjacency ma-
trix of the weighted projection onto individuals vy, ..., vy is obtained if the
diagonal elements of A" are set to zeros.

Similarly, let A®' = BBT. For i # j, the number of vertices vj, to which
vertices g; and g; is connected

]\Y
©
AP =" BBj.
k=1
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For i =j, the number of vertices v, to which the vertex g; is connected

N N
©@ 2
AP =Y B=Y B
k=1 =1

The adjacency matrix of the weighted projection onto gy, ..., gar is obtained
if diagonal elements of A are set to zeros.

4.8 Centrality

Centrality is to identify the relative importance of the vertex within a
climate network. Various types of centrality measures include degree cen-
trality, closeness centrality, and betweenness centrality.

4.8.1 Degree centrality

A vertex with large degree is considered as a more important vertex since
it connects more vertices. The simplest centrality is degree centrality. For a
network G with N vertices, the maximal degree of vertices is less than or
equal to N — 1. Define the degree centrality at the vertex v; by Cy(v;) = %,
where k; is the degree of vertex v;.

Now we consider the degree centrality of the network G. It is defined
as

R
Cy= N3 ;(11;11?& Ci(v) — Cy(w)).

For star-shaped networks, C; = 1. For fully connected networks, Cy = 0.
The degree centrality of a vertex shows the number of its neighboring
vertices, but these neighboring vertices may not be of the same importance
since they have different degrees.

4.8.2 Closeness centrality

The closeness centrality Ci(v;) of the vertex v; is Ci(v;) = N/ Z]il dij, where
dj is the shortest distance from v; to v;. From this definition, we see that
Cg(v;) takes high values for vertices that are separated from others by only a
short distance on average. The closeness centrality in the connected network
is

2N -3
Cg

N
i=——————— % (max Cc() — Ca(n)).
(N = D(N =2) & i=i=N
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Note that

N-1(N-2
Ey = max Z( max Ce () = Ca(ve) = %
where Dy is the set of the connected networks with N vertices. For a star
network G, Ey attains the maximal value. So

]\T
= — max Cg(v) — Co(y
e ;g« ) = Cav).

For a nonconnected network, if the vertices fall into different com-
ponents of the network, the shortest distance between two vertices being
infinite, then Cg(v;) = 0 for all v;. In this case, the closeness centrality in terms
of the harmonic mean distance between vertices is

() = —1Zd

J#

To measure the vulnerability, the closeness centrality is defined by

Chlpy =Y 27%.

JF#

4.8.3 Betweenness centrality

The betweenness centrality measures the extent to which a vertex lies
on paths between other vertices. Vertices with high betweenness cen-
trality have large influence in a network since they control information
passing between others. Since the number of vertex pairs (j, [) (j,[# i) 1s
%(N — 1)(N — 2), where N is the number of vertices in the network, the
betweenness centrality at vertex v; is defined as the normalized between-
ness:
2B;
(N-1(N=2)

where the betweenness B; of a vertex v; is stated in Section 4.4.

BC:(VI)
The betweenness centrality in a connected network is

Be = ! ﬁ:( Be(vi) — Ba(vy))
G_N_lk_1 12‘2\" cvi c(vp).
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For a complete network G, where there is an edge between any two
vertices, B;=0 (i=1, ..., N), and so Bg = 0. For a star network G with the
center vy, B; = %(N— (N —=2)and B,=0 (k=2,...,N), and so Bg=1.
Generally, the betweenness centrality of any network satisfies 0 < B < 1.

4.9 Similarity

Similarity between the vertices of a climate network can be measured by the
information contained in the network structure. If two vertices share many
of the same network neighbors, then these two vertices are called structural
equivalence.

4.9.1 Cosine similarity
For a network with N vertices, let n;; be the number of common neighbors

of vertices v; and v;. The cosine similarity oj; of v; and v is

i
kik;

0jj =

(ki # 0, kj#0),

where k; and k; are the degrees of the vertices v; and vj, respectively. If
ki=0 or k; =0, then 0;; = 0. Let A = (A;)nxN be the adjacency matrix of
the network. So

N N N
2 2
Nij = ZAikAki’ ki = ZAM’ ki = ZAlej‘
k=1 k=0 k=0
By the definition,

N
> AwAj
k=1

NN 2'
};Aik };Ajk

Let the ith row vector and the jth row vector of the matrix A be o; =
(Aj, ..., A,‘N)T and o= (/lﬂ, ceey A,'N)T, respectively. Then

S C Ly 4.9.1)
llaeill [leejl
where (-,-) and || - || are the inner product and norm of RV, respectively.

By the definition of the angle between the two vectors, and (4.9.1), it
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follows that o = cos §;;, where 6;; is the angle between the vectors ; and e;.

y"
Therefore oy is called the cosine similarity of v; and v;.

4.9.2 Pearson similarity

For a network with adjacency matrix A, consider the difference n; — <
where 7;; is the number of common neighbors of vertices v; and v}, k; is the
degree of the vertex v; (I=1,), and N is the number of vertices. Note that

k

b N 1 (& >
]t\[j = ZAikAjk N <ZA”<> (ZAfk) :
k=1 k=1 k=1

Let Aj= L Yo, Ap. Then

Nij —

N

kik; N
NJ = (ZAikAjk> — NAAj = Z(Aik —A)(Ap. — A)).
k=1

k=1

nij —

This is just N times the covariance Cov(e;, &) of the two row vectors of
the adjacency matrix A. That is,

ik,

N =V Covia;, ),

Mij

where a; = (Aj1, ..., AiN) 7. Let

o=

N
o= (Z(Alk - A1)2> ,
k=1

which is +/ N times the variance of the row vector. Normalizing Cov(A4;, A))

Cov(ej, /)

by ojo;, the Pearson similarity is T;; = . One can also normalize the

number 7; of common neighbors by divxiéling by kik;/N. This will give the
measure of similarity by 7;;/ (lel-kj/N).

A measure of dissimilarity is the Euclidean distance dj;, which is equal to

y"
. . . '

the number of neighbors that difter between two vertices: d;; = Z,i; (A —

Ajp)?>. When these two vertices have no neighbors in common, in which

case, djj = k; + k;, the normalized distance is

]\T [\T
(A —Ap)? D (An+ Aj — 2A0Aj)
k=1 k=1 1 2n;

ki + k; - ki + k; T kit k|
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4.10 Directed networks

A directed network is a network, in which each edge has a direction, point-
ing from one vertex to another. It is widely used to model atmospheric and
oceanic circulations. In a directed network, each vertex has two degrees.
The in-degree k" is the number of ingoing edges connected to a vertex v;,
and the out-degree k" is the number of outgoing edges connected to the
vertex v;. For each directed network, the mean in-degree C;, and the mean
out-degree C,,, are equal. That is,

1 & 1 &
Cin= kZ kit = ~ kz k" = Co.
b—1 b—1

If there is a path traveling from each vertex to each other vertex along the
correct direction of edges, then this network is called connected. A compo-
nent of a network is a subset of the vertices such that there is at least one
path from each member of that subset to each other member, and such that
no other vertex in the network can be added to preserve this property.

The vertices v; and v; are strongly connected if there exists a directed
path both from v; to v; and from v; to v;. A strongly connected component
is the maximal subset of vertices such that there exists a directed path in
both directions between every pair in the subset. Each strongly connected
component must contain at least one cycle.

The adjacency matrix of a directed network has the following matrix
elements:

1 if there is an edge from j to i,
Ajj= )
0 otherwise.

In general, the adjacency matrix of a directed network is not symmetric.

4.11 Acyclic directed networks

A cycle in a directed network is a loop with the arrow on each of the edges
pointing the same way around the loop. If a directed network has no cycle,
then this network is called an acyclic network. For a directed network, if it
can be drawn in a manner with all edges pointing downward, then this
network is acyclic. For an acyclic directed network, there must be at least
one vertex that has ingoing edges only, and no outgoing ones.

There is a simple procedure to determine whether a directed network
is acyclic: If there is no vertex with no outgoing edges, then this network



Climate networks 115

1s not acyclic. If such a vertex does exist, then remove it and all its ingo-
ing edges from the network. Repeat this procedure again and again. If all
vertices can be removed, finally, the network is acyclic.

The adjacency matrix of an acyclic directed network has the following
features: For any acyclic directed network, there exists one labeling of the
vertices such that its adjacency matrix A has the following matrix elements:

Ay= 1, ] > 1",
0, j<i.
That is, it is strictly upper triangular. Hence its eigenvalues are all zero.
Conversely, if the adjacency matrix has all eigenvalues zero, the di-
rected network is acyclic. The adjacency matrix A of a directed network,
in general, is asymmetric. By the Schur decomposition of A, there ex-
ists an orthogonal matrix P and an upper triangular matrix U such that
A= PUPT. The eigenvalues of the triangular matrix are its diagonal ele-

ments. Let x be a right eigenvector of A with eigenvalue A. Then
Ax=PUP"x = x.

The orthogonality of P gives UPTx = APTx. It means that P*x is an eigen-
vector of U with same eigenvalue A as the adjacency matrix. Similar to
undirected networks, the number L, of the loops of length w in the net-
work is L, = Tt (A*). From this and from 1 A* = PU*P?, it follows that

L, = Tr(PU*P") = Tr (PPTU") = Tr (UM).

Since U is triangular and its diagonal elements are eigenvalues A;s of A,
U* is triangular and its diagonal elements are A!'s. So

N
L,=Y A
i=1

This means that the total number L, of loops of length x in a directed
network is equal to the sum 2;71 M, where ; is the ith eigenvalue of the
adjacency matrix A. If all eigenvalues of a directed network are zero, then
L, =0 for any p. That means, this network has no cycle and so it is acyclic.
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4.12 Weighted networks

The network, whose each edge has a positive weight, is called a weighted
network. Denote by p; the weight of the edge (v, v). If py =1 (i,j =
1,...,N), the network is reduced into an unweighted network. The
weighted adjacency matrix A" = (af)nxn is defined as o = a0 (i,j =
1,...,N), where
1 if there is an edge between v; and v},
¥ : 0 otherwise.

That is, A = ()N« 1s the adjacency matrix of the corresponding un-
weighted network.

4.12.1 Vertex strength

The vertex strength 1s a generalization of the concept of degree for un-
weighted networks. Define the strength of vertex v; as the sum of weight
value on its neighboring edges:

N
SiZZaijpii (i=1,...,N).
j=1

Ifall p; = 1, the network becomes an unweighted network and the strength
Si 1s the degree k; of the vertex v;.

For directed, weighted network, pj; represents the weight value on the
edge from v; to v;. The out-strength and in-strength of v; are, respectively,

N N
in __ /AN out __ o
S'=2_ o SM=D i
=1 =1

where A' = (@j)NxN s the adjacency matrix of the directed network. The
formula S; = S 4+ S holds. The mean weight is
i t
Ui = é Mi" — S;” out __ S;m
1 k] [ [

ki i _@’ i quur’

where k" and k9" are the in-degree and out-degree, respectively.
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4.12.2 Weight-degree/weight-weight correlation

Suppose that a network has N vertices and {S;}i=1._n 1s a sequence of

.....

strengths, and p(k) is the degree distribution. The weight—degree correlation is

> S

i, ki=k

S (k) = ,
v (R) Np(B)

where Np(k) is the number of vertices with degree k, and } ;. _, S; is the
sum of strength of vertices with degree k. So S? (k) is the mean strength of
each vertex with degree k. A similar relation can be defined for S and S
with respect to k™ and k", yielding four possible combinations.

Suppose that {S;} is the sequence of strengths of vertices, {k;} is the
sequence of degree, and {p;} is weights of edges. Then

N ok

S = QijPijRj

w S
Jj=1 !

is called the weighted mean degree of neighboring vertices of v;. If p; =1 for
all i, , then S; = k; and

N
2 aik;

e __ J=1

¢ =,

1 k,
which is the mean degree of neighboring vertices of v;. The average value of
weighted mean degree of neighboring vertices with degree k is

Z SI?LV

i, ki=k

Sw(k) = W

The other generalization is

N

> ;S

=1

mw >
Si

called the weight—weight correlation of the vertex v;. The mean weight—weight
correlation is

N
w
Z Si w

1,Sj=s

= Np(s)
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where p(s) is the strength distribution. That is, p(s) is the fraction of the
vertices with strength s in N vertices. The weight—weight correlation for
directed networks can be discussed similarly.

4.12.3 Weighted clustering
The weighted clustering coefficient of the vertex v; is

w_ Pij + Pil
C S(k — 1) ZZ Q.

=1 =1

If and only if ajo e, =1, the vertices v; and v are a pair of connected
neighbors for vertex v; (that is, (v, vj, 1) is an actually existing triangle),
and (p;; + pi)/2 is the mean of weights of the neighboring edges (v, v;)
and (v;, ). The denominator S;(k; — 1) = 2k;(k; — 1), where S;/k; is the
mean weight of neighboring vertices for vertex v;, called the unit weight,
and k;(k; — 1) is the number of possible triangles (contain vertex v;).

4.12.4 Shortest path

For a weighted network, if (v;, vy, , ..., vy, v;) is a path connecting vertices v;
and v;, then its length is equal to py, + oy, + - -+ + py; (that is, the sum of
weights of edges connecting vertices v; and v;). The length of the shortest
path is called the distance between v; and v;, denoted by d;;.
. _ . . _ 2
In undirected networks, d;; = d;;, the mean distance is d = NND >

d;.

i>]

. . . _ 1 .
In directed networks, d; # dj;, the mean distance is d = NN=D Zi#j djj.

4.13 Random walks

Random walks on climate networks can be used to model how local cli-
matic events aftect the whole climatic system. A random walk on a network
with N vertices and M edges starts from some given initial vertex v; with
degree k;. Choose at random one of the k; edges attached to another vertex
v; with probability Iej_1, and move along the chosen edge to its other end.
Again, start from v;. We repeat the above process, and move to a vertex v;.
Continue this process again and again.

Let p;(f) be the probability that the walk is at vertex v; at time ¢. Then
the following formula holds:

N

=32 —p,(t— 1). (4.13.1)

jlf
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The matrix form is p(f) = AD 'p(t — 1), where p = (p1,....pn)T, D =
diag(ky, ..., kn), and A is the adjacency matrix.

Let D? = diag(v/k1, ..., v/kn). Then the matrix form can be rewritten
as

D~ip(n) = (D2 AD™#)(D~*p(r — 1)).

The matrix D"2AD"2 is called the reduced adjacency matrix, and B =
D_%AD_% = (Bij)NxN: where

1 . .
\/ﬁ if there is an edge between v; and v},
Bl] = i%j

0 otherwise.

Hence D*%p(t) = BD*%p(t — 1), where B = (Bj)nxn is stated as above.
Then the problem of random walks is reduced to a simple multiplication
by a symmetric matrix B.

When t — oo, the probability distribution over vertices is given by

N
P00 =Y pi(co).

=1

The matrix formis p=AD"'p. So I —AD H)p =0 or (D—A)D 'p=0,
where I is the unit matrix. Considering that D — A is just the Laplacian
matrix L, we get L(D~'p) = 0. This means that D~!p is an eigenvector of
the Laplacian matrix with eigenvalue 0. Since there is only a single eigen-
vector with eigenvalue 0 on a connected network and the components of
this eigenvector are all equal, we have D~!'p = dJ, where a is a constant, and
J=(,1,..., )T, This implies that p = aDJ or p; = ak; (i=1, ..., N). If we
choose a = (X:JN=1 k)~!, then

For a random walk, the first passage time from v; to v, (v # i) is the
number of steps before a walk starting from v; first reaches v,. A random
walk is random, so the first passage time is not fixed. To estimate the mean
first passage, we modify the random walk slightly. Assume that any random
walk to arrive at vertex v, must stay there ever afterwards, whereas on the
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rest of the network the walk is just a normal random walk. Such a modi-
fication will not affect the value of the mean first passage. The probability
that a random walk has the first passage time t exactly is p,(f) — p,(t — 1).
So the mean first passage time is

T, = t(py(t) = pu(t—1)). (4.13.2)

=0
By assumption, in the adjacency matrix A, «;, = 0 for all i, but «,; can be
nonzero. By (4.13.1), we get
;i .
pi(H = Z ﬁpj(t -1 for i #v.
j#v

From i# v, we see that there is no term in «,; used in the above sum. So
the corresponding matrix form is

P =A,D;'p,(t— 1),

where P, is p, with the vth element removed, and ;lu and D, are A and
D with their vth row and column removed. Since the rows and columns
containing the asymmetric elements have been removed, Aand D are sym-
metric matrices. Furthermore, we deduce that

Py (0 = (A, D; 1P (0). (4.13.3)
By ZJ]\:1 pj(t) =1 for all ¢, we have
p=1=Y pOy=1-J-p.0  J=(,1,...D").
v
By (4.13.2) and (4.13.3), noticing that

(o]

D oHQT - Q)= - Q)7

t=0

where Q, = AVBV_1 is an N x N matrix and [ is the unit matrix, we get

T,=Y - @ut—1) =)= - ((A,D;)~" - (AD;"))p.(0)
t=0 t=0

=0
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=J-I-A,D;H'9.(0) =] - Du(D, — A,)"'B,(0)
=J-D,I;'$.(0), (4.13.4)

where L, = D, — :‘1,,. Noticing that the Laplacian matrix L = D — A, we see
that T, is the Laplacian matrix with the vth row and vth column removed.
The (N — 1) x (N — 1) matrix L, is called the vth reduced Laplacian matrix.
Although the Laplacian matrix L has no inverse matrix, the matrix L, has
an inverse matrix. Let the matrix w® = (w( )) NxN be the inverse matrix
(L,)~! with the vth row and vth column remtroduced having elements all
zero. Assume that a walk starts from a vertex v;. Then the initial probability
distribution P, (0) = (@1, ...,an) T, where ap =8y (k=1, ..., N). From this
and from (4.13.4), it follows that the mean first passage time for a random
walk from v to v, is T, = sz\:] k,-wf,v).

4.14 El Nino southern oscillation

Gozolchiani et al. [11] constructed a climate network by using 1957-2001
global surface air temperature from ERA40 gridded datasets. Each grid is
regarded as a vertex of climate network. The number of vertices in this
climate network is 726. Let S(t”) {Si(t)} be the temperature time series
after removal of the annual trend at each vertex v;, where £ is the beginning
date of a snapshot of the network. Assume that the highest peak of the
absolute value of the cross covariance function Cov(Sft"), S}it('+r)) of Sl(t")
and S,(J“J”T) is attained at time T = 0,(;’). If Ol(kf“) > 0, then there exists a directed
edge from v; to vy. IfG(’“)

t0+0" :
The weight wl(LO) on this edge is to subtract Cov (S(t(’) S( G )) by the main

value and then divide by the standard deviation. Untll now, a weighted

< 0, then there exists a directed edge from vy, to v.

directed climate network is constructed.

The adjacency matrix of climate network is Otl(}j)) =(1- 51&)6(91(;:“)) w](:)),
where @(x) is the Heaviside function. The in- and out-weighted degree
are Il(m) =2 al(;“) and O,(;O) =2 O‘l(;:“)’ which represent the level of the de-
pendence of the vertex vy on its surrounding and the level of its influence
on the surrounding, respectively. The total weighted degree of a vertex v,
1s

(1 f0) f0) (#
Dl 0) Z(l _ 50%0)(05120 +a(0 )+ ZS - Oaljo)'

The set C consists of 14 vertices located in the eastern equatorial of El Nifio
basin (ENB), which is known to have a large scale upwelling of cold ocean
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water, yielding a “cold tongue,” which deforms during El Nifno events.
The in- and out-weighted degree of C can be denoted by I and O(éo),
respectively. These indices can be used to reveal the connection between
ENB and other regions. Strong El Nifio events weaken the edge, yield-
ing smaller microscopic contributions to both Ig“) and O(Ct“). However, the
in-edges are significantly more vulnerable to El Nifio compared to the out-
edges. Before each major event of weakening I, a short, weaker response
of weakening Og)) is observed. After the weakening epoch of both Ig“)
and O(Cm), the O(Ct“) recovers, and thereafter the Ig‘)) field recovers as well,
leading to a full oscillation of both indices. In other words, when El Nifio
events begin, the El Nifio basin partially loses its influence on its surround-
ings. After three months, this influence is restored, and the basin loses all
dependence on its surroundings and becomes autonomous.

4.15 North Atlantic oscillation

Guez et al. [15] constructed a regional climate network based on
NCEP/NCAR reanalysis air temperature, which is arranged on a grid
latitude—longitude with a resolution of 2.5° x 2.5°. The grids in the North
Atlantic (that is, [(22.5° — 82.5°)N, (2.5° — 82.5°)IW/]) are chosen as ver-
tices. In detail, there are 33 grid vertices in the east—west direction and 25
grid vertices in the north—south direction, amounting to a total of 825 grid
vertices. The total number of edges is 339,000.

The Pearson correlation function of air temperature time series at ver-
tices v; and vy 1s

| < (DY (d)— < D (d) >)(D (d + 1)~ < DY (d) >)) > |

) _
Clk -

\/< (DY (d)— < DL (d) >)? >\/< (DY (d+1)— < DY (d) >)? -

where D is the air temperature record, y is the year ranging from 1948 to
2010, and d is the day index ranging from 1st December of the current
year to Ist April of the following year, during which the north Atlantic
oscillation (NAO) effects are stronger. The parameter 7 is the time lag:
—72 <t <72. The strength of the edge in year y between v; and vy, is

max(C,(kY)) - mean(C,(,f))

STD(CY)

) _
Slk =

where the mean and standard deviation (STD) are taken over all t values
=72 <t <72.
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If Sl(g) is larger than given threshold value H, there is an edge between v;
and vg. Then the corresponding adjacency matrix of local climate network
is

B'(H) = Sy’ 0(S)! — H).

where O(x) is the unit step function. Let op(y) be the time series of the
number of edges in the network for given year y:

on(y) =Y B

I>k

and let I(y) be the index of north Atlantic oscillation (NAO) for given
year y. By comparing I(y) and oy(y), the north Atlantic oscillation varia-
tions influence the number of edges in the climate network. In detail, the
number of strong links in the network increases during times of positive
NAO indices, and decreases during times of negative NAO indices. More-
over, they found a pronounced sensitivity of the network structure to the
NAO oscillations, which is significantly higher compared to the observed
response of spatial average of the climate records.
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CHAPTER 5

Random climate networks and
entropy

Any edge in random climate networks appears with some probability,
which is determined by the entropy of climate system. Since a large part of
climatic variabilities are known to have a random nature, random climate
network is becoming a powerful, but only marginally explored at present,
tool to quantify uncertainties of climate parameters, analyze strength and
range of teleconnections, and examine structure sensitivity of climate sys-
tem. The climate system has been found to possess key features of small-
world networks due to relatively few edges connecting geographically very
distant vertices that can stabilize the climate system, and enhance the infor-
mation transfer significantly within it.

5.1 Regular networks

A network is said to be regular if each vertex in this network has the same
degree. Fully-connected networks, ring-shaped networks and star-shaped
networks are the most known models for regular networks.

5.1.1 Fully connected networks

In a fully connected network, any pair of vertices is connected by an edge,
so a full-connected network G with N vertices has %N(N — 1) edges, the
degree of each vertex is N — 1, the clustering coefficient of each vertex
is 1, the distance between any two vertices is 1, and the diameter of G
is 1. It means that fully connected networks have the maximal clustering
coefficient and the minimal mean distance. The fully connected networks
are densest networks, whose edges have the order of O(N?), whereas the
most real-world networks are relatively sparse in order of O(N).

5.1.2 Regular ring-shaped networks

For a network, whose vertices are arranged on a circle, if each vertex is
only connected to its nearest neighbors, then it is called a regular ring-shaped
network. A classic model is a ring-shaped network with N vertices (N is
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sufficiently large), and each vertex is connected to k left nearest neighbors
and k right nearest neighbors (k < N).
The clustering coefticient can be estimated by

(number of triangles) x 3

~ number of connected triples’

where a connected triple means three vertices u, v, w with edges (u, v) and
(v, w). The factor of three in the formula arises because each triangle gets
counted three times when we count the connected triples.

In a ring-shaped network, the total number of triangles is NC} =
%k(kz — 1)N; the total number of connected triples centered on each vertex
is NCgk = %Zk(Zk —1)N =k(2k — 1)N. So the clustering coefficient is

3 gle(le—1)N_3le—3
T kQRE—1N  4k=2"

For k=1, we have C = 0. When k increases from 1 to oo, C increases from
0 to %.

The farthest one can move around the ring in a single step is k lattice
spacings. So two vertices T lattice spacings apart are connected by a shortest
path of 7/k steps, and the mean path length is

N
1 2t N
L:— _—=
N+1§k k

From this, the mean distance will tend to infinite as the number N of
vertices tends to infinite. So the ring-shaped network are “large world”,
and are not “small world”.

5.1.3 Star-shaped networks

If a network has a center, which all other vertices are connected to, and
only connected to the center, then it is called a star-shaped network. For a
star-shaped network G with the center vy and other vertices vs, ..., vn, the
distances between any two vertices are

divy,v)=1, i=2,...,N,
dvi,v) =2, i#j, i,j#1.

So the mean distance is L =2 — % The clustering coefficients are C; =0
(i=1,..,N).
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5.2 Random networks

A most important random network model is G(N, p), where the number
of vertices is N, and any pair of vertices is connected with the probability p.
So the number M of edges is not fixed, and may take any integer value from
0 to %N(N —1). A random network is a null network if M =0, and it is a
complete network if M = $N(N —1). In general, the larger the p is, the denser
the resultant network will be.

Random network with M edges appears with probability P(M) =

i, N pM(1 = p)2NN=D=M_The mean number of edges formula is
IN(N-
INN-1)
<M>= Z MP(M).
M=0

Again by Y |_ kCkx*(1 — x)* = nx, it follows < M > = %N(N — 1)p. Since
oM

the mean degree in a network with M edges is =7,

the mean degree of

random network 1is

INND 0 2
<k>= Y —PM)==<M>=(N-1p.
M=0 N N

In random network G(N, p), the mean number of first neighbors is the
mean degree < k >, and then the mean number of second neighbors is
< k>2. Let L be the diameter. Then the mean number of Lth neighbors
is < k>L. From < k> < N, we deduce that the diameter L satisfies L =
O (log N). Therefore for a large-scale random network (that is, N is large),
the diameter is surprisingly short because log N « N.

A vertex in a random network is connected with probability p to each
of N — 1 vertices. The total probability of being connected to exactly [
vertices 1s

pr=Cy o p' (1 =pN '

That is, random networks have a binomial degree distribution.

Note that the mean degree of many real-world large network is ap-

c
N-1

(N — 00). Since binomial degree distribution is approximated by Poisson

proximately constant ¢. That is, < k >=¢ (IN — 00), and then p =

distribution for large N, the large-scale random network has a Poisson de-
gree distribution.
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The probability that any two vertices are neighbors is p. Hence the clus-
tering coefficient is p. Therefore the large-scale random network G(N, p)
has a small clustering coefficient and a short mean distance.

A component of a network is a subset of the vertices such that there is
at least one path from each member of that subset to each other member,
and such that no other vertex in the network can be added if this property
is to be preserved. The components in random networks can be divided
into giant components and small components.

5.2.1 Giant component

Consider the largest component in the Poisson random network G(IN, p).
For p =0, the largest component has size 1. For p =1, the largest compo-
nent has size N. Generally, when p is small, the size of the large component
is independent of N, whereas when p is large, the size of the large com-
ponent is proportional to N. A network component, whose size grows in
proportion to N, is called a giant component.

Generally, there is at most a giant component in a large-scale random
network. If there are two giant components G; and G, with sizes L1 N and
L>N, then the number of distinct pairs of vertices (v;, v;) is L I,N?, where
vi € Gy and vj € G,. Since Gy and G are not connected, there is no edge
connecting Gy and G,. This case happens with the following probability:

LiL,N? ¢ TiLaN? LiIN
V=(1—p)12=<1——) AT,
N-1

It means that for a large N, the probability y ~ 0. Hence there is only a
glant component in a large random network.

Let ¢ be the mean degree of the large-scale random network. Denote
by 7 the fraction of vertices not in the giant component G,. Let a vertex v
not belong to the giant component G,. Then it is not connected to a giant
component via any other vertex v;. This means that for each other vertex v,
either (a) v; is connected to v;, but v; ¢ G,, or (b) v, is not connected to v;.
The probability of case (a) is pt, and the probability of case (b) is 1 — p.
Hence the total probability that the vertex v; does not connect to G, via v;
is 1 — p — pr. Then the total probability of not being connected to G, via
any of other N — 1 vertices is

N-1
Tz(l_p'f'p‘[)‘vl:(l—ﬁ(l—f)) A et (1=D)
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Let S be the fraction of vertices in the giant component. Then S=1 —1;
it follows the Erdos—R enyi equation

S=1-¢°S.

For a small mean degree ¢, there is only one solution S = 0. This means
that there is no giant component. If ¢ is large, then there are two solutions:
Si=0and S; >0, and S, is the desired solution. There is a giant if and
only if ¢ > 1.

5.2.2 Small component

In a random network, generally a giant component does not fill the whole
network. Hence there exist many small components, whose size does not
increase in proportion to the size of the network. Denote the probabil-
ity that a vertex belongs to a small component of size u by 7,. Clearly,
YoaoTu=1-8.

Consider a small component G with u vertices that take the form of a
tree. If we add an edge to the small component, then we will create a loop.

The total number of places where we can add such edges is

1
Cim(u=D=5@-DE-2)

since a tree G has u — 1 edges. Factoring in that the probability of any
edge being present is p = 1, the total number of added edges in the
component is

c
V= m(ﬂ— D —2).

If © = pu(N) increases more slowly than VN (that 1s, u(N) = 0(\%)
(N — 00)), we have v — 0 (IN — o00). Hence there is no loop in the com-
ponent, so any small component is a tree.

Since a small component G" is a tree, if a k-degree vertex vy € G"
is removed along with all edges, the small component G" with size u =
p1 -+ pe + 1 becomes several small components: G, G5, ..., G with

sizes [L1, 2, ..., [i, Tespectively. Suppose that neighbors of the vertex vy are

(1) (2) (k)
v, v, . v,

(1) m (2) m (k) m
and v’ eGl', v eGY, .., v eGl.
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By the deﬁnition of degree distribution of small components, the probabil-
ity that V € G"is 7y, (j=1, ..., k). Hence the probability that k neighbors
of vertex v belong to small components G', ..., G}, respectively, is le Ty
since they are independent. This implies that the probability P(u, k) that
k-degree vertex v; belongs to a small component of size u is

k
P(Ma k) = Z 1_[ t/‘j 8"’717#1“”"""’#]3’

M1y €Ly \ j=1

where § is the Kronecker operator.
¢ L

Since 7, = Y2 peP(1, k) and pp = -,

<k
T, =¢ Z P(M,k)

k=0

Let g(7) be the generating function of the sequence {7} ez, :

= Z T, 2"

WELy
. 1, u=pr1+-+ue+1, .
Considering that §,,_ — ’ . > it follows
& bbb { 0 otherwise,
that
(2 Z e 2! o Z Ty * Ty Sp—t,pia g
nely k=0 " p1ses =1

Using the Cauchy derivative formula, we get

(e (e
ot \d=1 \dz ) )|,

1 1 d
7€ L ¢ L <,
an 2= 21 dz 2mip Jizj=e 2*

1 dtg
w!odzt|

Ty =
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and so

1 % e’“(g(z)’l)d )
T, = - (2.
! 27 L J)z1= gM (Z) <

Let w = g(2). By ¢(0) = 0 and ¢'(0) # 0, and using the Cauchy theorem and
Cauchy derivative formula, we get

-1 -1
. 1 % ehe@=1) o i du— o)
P2 e ot w! \ dor1

(m€Zy).

e (por!

=0 H"

This is the distribution of small component sizes in the network with mean
degree c.

The mean size < u > of the component, to which a random chosen
vertex belongs, is

D M

<us>= MHELy :g/(l)
> g(1)
WEZL4

By ¢(2) = 2@~ it follows that

146 _ 1
) 21 -gk)’

(5.2.1)

andso < pu>= % Considering that g(1) =)

i
1—c+cS-
Denote the number of small components of size u by N,,. The number

7, =1—S, we finally

WELy
obtain < u >=

of vertices that belong to small components of size u is N, and so the

probability of randomly chosen vertex belonging to small components of

N, . .
£ The mean size of the small components is

size @ is T, =

o0

> 1Ny
WeLy
2. Ny

WELy

s=

The numerator is

o0

Y uN, =N 1,=N1-35).

WELy WEL4
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By (5.2.1), ¢(0) =0, and g(1) =1 — S. So the denominator is

rﬂz“
Z M_NZTM_NZT#«/ 2y = N/ e —
€Z4+ WEL WEL 4
N[, N =8
= = (1 —(2)¢ (z)dz_N (1 - cw)dw
0o <

=N1-801-3c1- S)).
Therefore the mean size of small components is

B 2
T 2—c+cS

nl

5.3 Configuration networks

The most widely used random network is the configuration network. Its
key feature lies in that the degree sequence {k;}i—i n is fixed. We can
generate a configuration network easily with these degrees, each vertex v; is
assigned k; half~edges. We choose two of half-edges uniformly at random,
and then create an edge by connecting them to one another. Again, we
choose another pair from the remaining half-edges and then connect them,
and so on until all the half-edges are used up. The resultant network may
contain self-edges and multiedges.

5.3.1 Edge probability and common neighbor

In a configuration network, denote the number of edges by M. The prob-
ability p;; of the occurrence of an edge between vertices v; and v; is

kiki .
ni 1F)
Pi= ST
IM 1=].

Below we only give the explanation for the case i # J:
Consider any half-edge from v;. There are 2M — 1 half-edges that are
equally likely to be connected to it. So the probability that our particular

but there

. . ki
half-edge is connected to any of those around vertex v; is 53/,

are k; half-edges around vertex v;, and so for large M,
_ kikj kik;
Pi=on—1 7~ om




Random climate networks and entropy 135

The probability that v; is connected to another vertex v; is py = 5+¢. If v;
is connected to v}, then the number of the remaining half-edges at Vertex
vy is k; — 1. So the expected number of common neighbors of v; and v; is

ik
lelel e = 1) ik Z R ST
2M  2M N<Ie> — P <k> '

where < k> =2 is the mean degree, and < k? > is the second moment of

<k?>—<k>

- does not depend on the proba-
<R>
bilities of vertices v; and v; themselves.

the degree sequence. The factor

5.3.2 Degree distribution

For a configuration network, the edge distribution p; is equal to p, = "N‘,

where N, is the number of vertices with degree k, and N=Nj +---+ Ny
is the number of vertices.

Consider a half~edge at a vertex. Since this half-edge has equal chance
of connecting to one of 2M half-edges, it has probability ﬁ of connecting
to any particular vertex of degree k. Acknowledging that the total number
of half-edges with degree k is Npy, the probability of this edge attaching to
any vertex with degree k is

k kpr
= Np. = i
2M Pr <k>

where < k> is the mean degree over the network.
The mean degree of neighbors of vertices with degree k is

Zk kpi. :<k2>'

<k> <k>

Note that %—<k>:%: <UkL , where af—<k2>—<k>
the variance of the degree distribution. This implies that ikk: ><k>.So
the mean degree of neighbors of vertices with degree k is larger than and
equal to < k>.

Any vertex with one edge can connect with other vertices by a path.
So excess degree of any vertex is just one less than the vertex degree. The

probability e, of having excess degree k is

(k+ 1)Pk+1

e =
<k>
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For a vertex v, let v; and v; be its neighbors. Denote the excess degree
of v; and v by ki and k;, respectively. The probability of an edge between v;

k
and v; is 577. The expression for the clustering coefficient C is

2
C=3 3 wen3y; = m(zkek) =m<zk<k“mﬂ)
ki=0 k=0 k=0 k=0

2
1 > 1 (<k>—<k>)
T2M < k>2 (Z(k_l)kpk> N <k>3 ’

k=0

2

Denote the generating functions for the degree distribution and the excess
degree distribution by ¢y(2) and ¢;(2), respectively:

oo oo
0@D=>"p a@=> e
k=0

k=0

Considering that

ad 1 & I — 1
_ k_ _ ~ k_ & k—1 _ /(>

g1(z)—l§€k2 —<k>;0(/€+1)p/<+12 <k>;kpk2 k>go( ),
gé(l):kak:<k>,

k=0
we get

<
& (Z)=g°( ) (5.3.1)

PG00
71‘616

If the degree distribution is a Poisson distribution p, = “~ with mean

degree c=< k>, we get go(2) = ¢~V and g (2) ==V,

5.3.3 Giant components

Denote by p,(ez) the probability that a vertex has k second-order neighbors.
Denote by p@ (k, m) the probability of having k second-order neighbors by
m first-order neighbors. The probability that a vertex has exactly k second
neighbors is

) mep( ' (k, m),

m=0

where p,, is the degree distribution.
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Note that the number of second-order neighbors of a vertex 1s equal to
the sum of the excess degree of the first-order neighbors. Let /4, ..., [, be
the excess degree of m first-order neighbors. The probability of having k
second-order neighbors by m first-order neighbors is

m

PPk, m) = Z Za(k ZZ)He/

=0 =0 r€ly

The generating function ¢® (z) of the sequence {p](f)}kez L 1S

P = Zp@ ) Zp szp‘”(k m).
m=0 k=0

Furthermore, we have

izkp(Z)(k,m)zizk i 3(k, il)lﬂ[q = i zr=1 ﬁel
k=0 B=0  loly=0 ool =0
= Z (nez Z') <Z€lz ) =(@@N".
lyooo by =0 \r=1
So ¢ (2) = gy(¢i(2)), and so p{” = <%> Y /k.

Similarly, the number of dth-order neighbors is the sum of the excess
degrees of each of the (d — 1)th neighbors. Let the probability of having m
dth-neighbors be p». Then

m
o0
(d) (d— 1) )
pk‘ me (k 14’!)
m=0
[ts generating function is

(d) (z) = Zp(d) k prj D (ZP(Z)(k’ ") Zk)

m=0

= Z P @@ =g @ ).

m=0

/ml.

P . m o(d) (~
This implies that p® = (d i )>
z=0

m dzm
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Note that the probability that a vertex has exactly k second neighbors
is p,(f). The mean number of second neighbors is

o0

d
0= Z kpf) = Ega) (2)
k=0

)

z=1

that is, o = g,(¢1(2))¢} (z)|Z=1 = g,(1g;(1). Since

! 1 = = 1 L = — —1
g gk@e Py, ;k(lﬁ- Pk Py, g(k Ykpi.

- ! (<k>>—<k>),
<k>

g&(l):kak=< k>,

k=0

it follows that o = < k2 > — < kb >.
We compute the mean number ¢; of the dth neighbors. Noticing that

(d)
dﬁ—z = d%(g“‘“(gl )4 )
and letting z =1, we get ¢ = ¢4—1 Z—f, and so ¢ = (Z—?)d’lq. If the number
of vertices you can reach from a given vertex within a certain distance is
increasing with that distance, then a giant component exists. If it is decreas-
ing, there is no giant component. Hence the configuration network has a

glant component if and only if ¢ > ¢;. From
q=<k> and =<k >—<k>,

it follows that the condition ¢ > ¢ is equivalent to < k*> > —2 < k> > 0.

5.3.4 Small components

In the configuration network, all small components are tree. Let A, be the
probability that a vertex belongs to a small component of size u. Denote
by ¢o(2) its generating function:

G(x)= Y Ay

WEL4

Denote by y,, the probability that the vertex at the end of an edge belongs
to a small component of size p after that edge is removed, and that its
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generating function is
21(z2) = Z vt
WELy
For a vertex v; with degree k, denote by P(u, k) the probability that after
the vertex v is removed, its k neighbors belong to small components of size
summing to w. This implies that P(u — 1, k) is the probability that a degree

k-vertex belongs to a small component of size u. So A, =Y oo peP(u —
1, k). It follows that

()= D pPu—1.0 =2 pi ) Pu—1,k2""

nely k=0 k=0  peZy
=2) Yy P, k=2 puei(2)"
k=0  u=0 k=0
= 290(¢1(2)).

Note that ¥, =Y oy eP( — 1, k). Then

)= ) aPp—1.02 =23 a) P k2"
k=0  u=0

NeZy k=0

= ZZ ee(y (Z))Ie = Z41 (¢1(2)).

k=0

In summary, we get

80(2) = 2¢0(21(2)), 21(2) = 2¢1(21(2)). (5.3.2)

If we can solve the second equation to ¢;(z), then we can obtain ¢y(z) from
the first equation, and then a small component size distribution is obtained.
Moreover, these two equations can be used to compute the size of the giant
component. A configuration network has at most one giant component,
plus many small components. Since the fraction of vertices that belong to
small components is ¢o(1) =Y
to the giant component is

ez, My, the fraction of vertices belonging

S=1-Y Ay=1-¢(1).

WELy

Let u=¢1(1). It follows by (5.3.2) that S=1 — go(u) and u = g1 (u).
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The mean size of components to which a randomly chosen vertex be-
longs is

A
W2 g g
> A, 1-S g’

WEZL

By (5.3.1) and (5.3.2), we deduce that

¢o(2)

4

£(2) = + 2D (2)E] (). (5.3.3)

Let z=1. Then we get by S=1—¢o(1) and u= ¢ (1) that

(D) =) + Mo (Mg (1) =1 = S+ g (M (Hu.

By ¢1(1) =u and (5.3.2), we get ¢{(1) = #a(u) From the above several
equations, the mean size of small components is

a(u?

=14 —
SHEEI A —g )

If there is no giant component (that is, S =0), then, by S=1 — go(u),
we have go(#) = 1. That is, Ziiopk”k = 1. Since p > 0 for all k, go(u) is
an increasing function, and so go(#) =1 if and only if u=1. When S=0,
u=1,

LM
<pu>=14 .
T—g (D)
Since gj(1) =< k> and ¢g| (1) = %%, the mean size of small compo-
nents is
<k>2 a3
:1 =1 1 3
K= +2<k>—<k>2 +C1—62

where ¢; and ¢ are the mean numbers of first- and second-order neighbors

of vertices.
Let N, be the number of components of size u. Then the probability
of a vertex belonging to such a component is A, = “j:,“‘. The mean size y

of the small components is

ZM€Z+ AM
A

)/ =
ZueZ+ W

’
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From ¢y(2) = ZM6Z+ A, z*, it follows that

/ zo(z)d _ Y / ), A_

WEL4 ueZ+

Again, by (5.3.3)and }° ;. A, =1-, it follows that

Z f £((2)dz — gy (1) / 08 (2)dz

WELy
1

1
= o(1) — £o(0) — gy (D) <—§12(Z))

_ZA (kak>u—l—5—%<k>u

WEL4

2

_ul<ks> "
1-S

This implies that y =

Below we give the distribution of small component sizes in the config-
uration network.

From the generating function §y(2) = >_, .z, Auz", A, can be ex-
pressed by the (u — 1)th derivative of ¢y(2) as follows:

A — 1 ! go(2)
B (w =D \dzr1 2

By (5.3.2), we have

z=0

1 duiz / /
AM = m <W(g@(§l (2))§1 (Z)))

Applying the Cauchy derivative formula, we have

A — 1 g0(§1(2))§1(2)
P 2w — 1) Sl zn-l

Let w=1¢(2). Then z = {1_1 (w), and

A %go(a))
W= Zﬂl(/L— 1) Jp z#+1
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n—1
From w = zg¢i(w), it follows that % = glwu,(‘f)). From this and from ¢ (w) =
2@ we get
g Wesg

_ 1 4 @g@ g HOP
A“_zm(u—n?g woh—] d‘”_zni(u—m?{ =

B <k> L )

- 27”'(“_1) ( 2g1 (Z)> (IM5é )7

and for u =1, A1 = po.

z=0

Assume that the configuration network have the exponential degree
distribution p;, = (1 —e ek,
o Land ¢g1(2) = (

where r > 0 is constant. The generating func-
2 -
) . By (5.3.3), we get

tions are gy(z) =

. Bu —3)!
T (= D2 — 1!

e—r(;/.—l)(l o e—r)2p,—1 )

5.3.5 Directed random network

For a directed random network, define p, , to be the fraction of vertices in
the network that have in-degree u and out-degree v. A bivariate generating
function is

goo(Oh ,3) = Z Zp//.,vaﬂ/gv‘

n=0 v=0

So

1 8u+u
Puv = vl (8 Maﬂvgoo(lt V))

a,p=0

The mean in-degree and mean out-degree are, respectively,

. D =

=1 n=0 v=0

<M>_ZZM uv=@
o,f

n=0v=0

o, p=1

Clearly, < 4 >=<v >. Denote by t the common value, that is, T =
<U>=<V>.

The excess degree distribution for the vertices, from which an edge reaches
(1t + Dpys1,0/T or originates, is (v + 1)p, v4+1/7 and has the corresponding

. ) 19 19
generating function gio(ct, B) = ;5"—";" or goi (a, B) = + 5%
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Let k and [ satisty k= g10(1, k) and I = go1(/,1). Then the size of the
glant, strongly connected component as a fraction of the network size is

Ss=1—g00(l, 1) — goo(L, k) + goo (1, k).

For the giant, in-component and out-component are S; =1 — gy (1, k) and
So =1 —goo(l, 1), respectively. The size of the giant, weakly connected
component is S, =1 — goo(y, 8). Therein y = go1(y, §), and § = g19(y, 3).

5.4 Small-world networks

The ring-shaped network has a high clustering coefticient and a long mean
distance, whereas the random network has a low clustering coefficient and
a short mean distance. In 1998, Watts and Strogatz constructed a kind of
networks that have both a high clustering coefficient and a short mean
distance. A large network having a short mean distance is called small-world
effect. Most real-world networks have small-world effect and show clustering
since they have long connections and have some randomness.

5.4.1 Main models

Start from a ring-shaped network with N vertices, where each vertex is
connected to 2k neighbors, k vertices on each side. Each edge is removed
in turn with probability p and placed between two vertices chosen uni-
formly at random. The resultant network is called a WS small-world network.
When p =0, no edges are rewired, and the original ring-shaped network is
retained. When p =1, all edges are rewired to random positions, and a ran-
dom network is obtained. For intermediate value 0 < p < 1, the resultant
network has high-clustering coefticients and a short mean distance.

In the ring-shaped network, (shortcut) edges are added with probabil-
ity p between chosen vertex pairs, but no edge is removed from original
ring-shaped network. Such a network is called a WN small-world network.
Since WN small-world networks are more widely used than WS small-
world networks, in this chapter, we focus on WN small-world networks
and discuss WS small-world networks at the end.

5.4.2 Degree distribution

The ring-shaped network is a regular network, in which each vertex has
the same degree ¢. Once some shortcut edges are added to the ring-shaped
network to make the WN small-world network, the degree of a vertex
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is ¢ plus the number of shortcut edges attached to it. On average, there
are %Nc nonshortcut edges and 1 Nep shortcut edges. Furthermore, there
are ¢p shortcut edges on average at any vertex. The number s of shortcut
edges attached to any vertex is distributed as the Poisson distribution with
mean ¢p:
_o ()
ps=¢€ ° p' .
s!

Since the maximal degree of a vertex is k= s+ ¢, the degree distribution of
the WN small-world network is

—p @+
pe=| e k=
0, k<c.

5.4.3 Clustering

There are 1 Nc(3c— 1) triangles in the original ring-shaped networks. Some
new triangles are also introduced by the shortcut edges. In the WN small-
world networks, 3N shortcut edges possibly fall $N(IN — 1) places. The
probability that any pair of vertices is connected is

%Ncp _ @
IN(IN-1) N-1

Since the number of paths with length two is clearly proportional to N, the
triangles formed paths of length two, and shortcut edges is proportional to
N x £ = ¢p, which is a constant. Then the number of triangles is

1 1

Now we compute the number of connected triples. The WN small-
world network has 1N shortcut edges and ¢ edges that can form
%Ncp x ¢ x 2= Ne®p connected triples with one shortcut edge and non-
shortcut edge. If a vertex is connected to ¢p shortcut edge, then there are
%cp(cp — 1) triples with two shortcut edges centered on that vertex, and so
there are %Ncp(cp — 1) triples over all vertices. The expected total number
of connected triples of all types in the networks is computed as follows:

1 1 1 1
ENC(C -+ chp+ ENCP(CP —-D= ENC(C -1+ chp-i- Echpz.
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The clustering coefficient C is

. number of triangles x 3 _ %Nc(%c -1 x3
" number of connected triples INc(c = 1) + Nep + s N&p?
3(c—2)

~ 4(c— 1)+ 8cp + 4ep?”

Forp=0, C= ig:f; This is just the clustering coefficient of ring-shaped

network. For p =1, the minimal value of clustering coefficients is Cyin =
3(c=2)

4(4c—1) "
tends to zero as N — 00, the WN small-world is not a random network; it

Considering that the clustering coefficient of a random network

contains the original ring-shaped network.

5.4.4 Mean distance

In a WN small-world network, the number of shortcut edges is s = %Ncp,
so the number of ends of shortcut edges is 2s. If ¢ =2, each vertex is con-
nected only to its immediate neighbors, and p = ;. The average distance 7
between the ends of shortcut edges around the circle is n = % If we spec-
ity the number N of vertices and mean distance 1, denote by d the mean
distance of N vertices in the whole circle, then the ratio % can be written

as a function of N and n:
d N
_— = —_ = 2
N f( n) f(29),

where f(f) is some function that does not depend on any of parameter,
a universal function, that is, d = Nf(2s). For general values of ¢, provided
the density of shortcuts is low, the above equation is written as d = g £ (2s).
Let g(x) = 2f(x). Then

d=No(Nep) & _ oNep)
= —&(Nep or N = ENep)-

For large values of x,
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lo,

Let x — 00. Then g(x) — “£*. Therefore for x> 1 and Nep > 1,

X

log(Nep)
d~ ————.
cp

Note that Nep is twice the number of shortcut edges in the network.
When the number of shortcuts in the network is significant, it follows
that d ~log N. It implies that when N is very large, the mean distance will
remain small. This feature is called the small-world effect. From this, we see
that the addition of only a small density of random shortcuts to a large net-
work can produce small-world behavior. Since most real-world networks
contain long-range connections and have at least randomness in them, we
see small-world effect in almost all cases. Moreover, by Subsection 5.4.3,
it is perfectly possible to have a high clustering coefficient and short mean
distance.

Similar to WN small-world networks, WS small-world networks also
have small-world effect and shows clustering. The clustering coefficient is

_3(=2)

ANC)
=P N0,

and the mean distance is d = % 9(Nep), where

constant, x <1,

g(x): log 5
Eat x> 1.

So, for large N, d ~log N. When p =0, the WN model is reduced to the
original ring-shaped network:

_3(c=2)

= d~ N.
4(c—-1)°

When p =1, the WN model is reduced to a random network: ¢ =0
(N — 00) and d ~log N.

5.5 Power-law degree distribution

In real-world networks, a significant number of vertices have high degrees.
So the degree distribution p, as a function of degree k has a significant
tail with substantially higher degree. Their degree distributions often obey
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approximately the following power law:

0, k=0,
pk: k*a
@ >1,

where ¢ (o) =) 4z, k7. The power-law distribution is often called a scale-
free distribution.

The logarithm of the degree distribution py is a linear function of the
logarithm degree k. That is,

logpr = —alogk — log ¢ (@).

The constant « is called the exponent of the power law. In general, 2 <o < 3.
The corresponding cumulative distribution function is

Ple — L —a ~ f 1 —oH—l‘
C(O!) " (o) " (@— Di@)
In regular networks and random networks, the number of vertices is fixed.
However, most real-world networks are growing, where vertices are con-
tinually added one by one. Moreover, a newly added vertex has the ten-
dency to connect some vertices with large degrees. This feature is said to
be preferential attachment (that is, the Matthew effect).

5.5.1 Price’s models

Price’s model is a directed network, whose vertices are continually added.
Each newly appearing vertex has out-edges pointing to existing ones cho-
sen at random with probability proportional to the in-degree +1 of chosen
vertices.

Let p,(IN) be the fraction of vertices in the network that have in-degree
g when the network has N vertices. Denote by ¢; the in-degree of the
vertex v;. The probability that v; has an in-edge from newly added vertex
is proportional to g; + 1. The normalized probability is

qi+1 gi+1
= 5.1
N N@m+1)’ (5-51)
D+ 1
=1

where m is the average out-degree, and Zi\:l qge=N<g>=Nm (< q>1s
the average in-degree).
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Note that Np,(N) is the number of vertices with in-degree ¢. So the
expected number of new in-edge to all vertices with in-degree ¢ is

g+1  mg+1)

Np (N _
pa(N) > m > Gy = T

Po(N),

and so the expected number of new in-edge to all vertices with in-degree
q—11is -2 p, 1(N). The number of vertices with in-degree q after the
addition of a single new vertex is (N 4 1)p,(N + 1). This implies that the

evolution of the in-degree distribution (¢ > 1) is

m(g+1)

mq
+1 +1)= 4, _
(N4 Dpy(N + 1) = Np,(N) + TP 1(N) 1

Py(N).

For ¢ =0, the second term in the right hand does not appear, but newly
added vertex has degree zero. So

m

(N + Dpo(N+1) = Npo(N) + 1 - Po(N).

m+1
Let ps(N) = py (N — 00). Then
1

+ q
_2+E7 Pq

:7q+2+1pq71 (g=1).

m

Po

From this, we can compute the p, iteratively starting from py:

1 q!
- 1+_) .
ba ( m)@+2+0 . GrhHe+l

m m

Using the recursive formula I'(x 4+ 1) = xI'(x) (x > 0) of the gamma func-

tion and then using the properties B(x, y) = FF(XJFF(;)) and B(x, y) ~ x'T'(y)
of the beta function, the above formula can be rewritten in the following

form:

IN\T@+Dr(2+4+ 1 1
pq=<1+—> 4+ DI ( 1’”)=<1+—>B<q+1,2+—)’~¥q(ZJ“}‘)

(g>1).

It means that the Price’s model has a degree distribution with a power-law
tail.
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The cumulative distribution satisfies

> 1\ — 1
7=q

q=q

it follows that P, ~ g,

The Price’s model can be generalized as follows: The probability that
the vertex v; has an in-edge from the new vertex is proportional to ¢; + «
(o > 0), that is, we have to replace ¢;+ 1 by ¢;+«a. Using the same argument,
the obtained in-degree distribution is p, &~ ¢~*#), and the cumulative dis-
tribution function is P, & ¢~ ().

The Price’s model is easily stimulated: Denote by 6; the probability that
gi+1
N(m+1) "

an edge attaches to vertex v;. By (5.5.1), 6; =
by the following two steps:

Step 1. With probability -,
chosen strictly with proportion: ﬁ = <. So the probability is

A new edge is created

a new edge is attached to a vertex v

g =M 4 _ 9
" m4+1Nm (m+1N’

Step 2. With probability 1 — -2, a new edge is attached to a vertex

m+12

chosen uniformly at random from all N possibility. So the probability is

o (1M \yLt__ 1
P m+1) N~ (m+ 1N’

It is easy to check that §; =6 + 6.

We make a list that contains one entry of each directed edge. If the
vertex v, has in-degree ¢, then the index k appears ¢ times in the list.

The algorithm for creating a new edge is stated as follows:

(a) Generate a random number r (0 <r < 1).

(b) If r < .25, choose an element uniformly at random from the list of
entry.

(c) Otherwise, choose a vertex uniformly at random from the set of all
vertices.

(d) Create an edge connecting to the vertex, and add that vertex to the
end of the list.

5.5.2 Barabasi-Albert models

The Barabasi—Albert model is an undirected network, whose vertices are
added one by one to a growing network. It starts from a small-scale net-
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work, where the number of edges at each vertex is exactly m. Each newly
added vertex will connect to m existing vertices at random, and connec-
tions are made to vertices with the probability precisely proportional to the
vertices’ current degree. So the degree k; of vertex v; satisfies k; > m. Let
ki = gi + m. When the number N of vertices in the Barabasi—Albert model
is large, it follows that

<qg>=m. (5.5.2)
Since the probability that the newly added vertex has an edge connecting
to the vertex v; is proportional to k; = ¢; + m, by (5.5.2), the probability is

ki ki k;

N N " 2Nm
Dok Y (g4 m)
=1

I=1

Let pr(N) be the fraction of vertices with degree k in a network with
N vertices. The expected number of new edge to all vertices with degree
k=gq+4mis

—Epk( ).

Npo(N
pe(N) Xm0

The expected number of new edge to all vertices with degree k — 1 is
%pk_ﬂN). The number of vertices with degree k after the addition of
a single new vertex is (N + 1)pp(N 4+ 1). Therefore the evolution of the
degree distribution in a Barabasi—Albert network is as follows:

For k> m, ie., ¢>1,

(N + Dpre(N+1) = Npp(N) + >

k
Pr—1(N) — Epk(N)'
For k=m, i.e., q=0,
(N + Dpu(N+1) = Np,,(N) — %pm(N) + 1.

Let pr(N) — pp as N — oo. Then

2

Pm= 1-— ﬂpmv Pm==—",
2 24 m

LRy, kel k-1 -
5 ) pe= 5Pt Pe= 5P > m).
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So
(k—1)(k—=2)---m (k—1)(k—=2)---m ol
= m = ~Zm
P e D+ 3" T T kF 2k D (m+2)
(k> m).
The average path length of the Barabasi—Albert model is L ~ 101goigo§1\w

where N is the number of vertices. It means that the mean distance is
small. That is, the Barabasi—Albert model has a small-world property: two
randomly chosen vertices are often connected by a short path. However,
the clustering coefficient of the Barabasi—Albert network model is also small
and depends on the number N of vertices. When N — oo, the clustering
coetticient tends to zero. This is different from the small-world networks.

5.6 Dynamics of random networks

For a network with N vertices vy, ..., vx and the state x;(f) on each vertex v;,
consider the dynamical system

b _

N
=)+ > Ajgxix)  (i=1,...N), (5.6.1)

J=1

where A = (A;) nxn 1s the adjacent matrix of the network, and f(x), g(x, y)

are two known functions. If {x}};—1 N satisfies

N
FED+ YAl x) =0 (=1,...,N),
J=1

.....

then {x7}iy
system.
Let x;(t) = xF 4+ ni(t) (i=1, ..., N). The dynamical system becomes

~ 1s called a fixed point, which reflects a steady state of the

N
O+ + ) Aggl? + i + ).

J=1

dni _
dt

By Taylor expansions,

SEG ) =) + am,
8O +mi, X7+ mj) = g(x7, x7) + bymi + ¢y,
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where
- ag(y, 2) ag(y, 2)
afzf(x[)a by:% ) ] — gay
V4 yzxf,zzxj* < y=x7, 2=
Furthermore, it follows that
dm
—=|a+ ZAt/bl_} ni + Z/‘Ljfzﬂh
That is,
dn ]\Y ]\T
i Z Linj, where Ly=8;{a+ ZAifb”f + Ajjcj.  (5.6.2)
j=1 j=1
Its matrix form is d" =TIy, where = (1, ...,98) T and T’ = (T NxN-

The equation det(l" AI) =0 is the characteristic equation of I'. This
equation has N complex-roots, called eigenvalues, A1, A2, ..., An. If X, 1s an
I-fold real-valued root, then 1, (f) = Pi(t) &', where Pi(f) is a polynomial
of degree < . If A, =, +iB, is an [-fold complex root, then

M (1) = & (Qu () cos(But) + Sy (1) sin(B, 1)),

where Qi(f) and S, (f) are both polynomials of degree < .

Given an initial condition n(t)), we can determine the solution of the
Eq. (5.6.1). If the real parts of all eigenvalues A, are negative, then n(f) is
decaying and the fixed point attracts. If the real parts are all positive, the
fixed point repels. If some are positive and some are negative, the fixed
point is saddle.

Consider a special case that the fixed point satisfies the condition x = x*
(i=1,...,N). The fixed point equation becomes

N
Fe+ [ Y A4y |er . a =0  (i=1,...N).

J=1

By the property of adjacent matrix of the network Z 1Au = k;, where
k; is the degree of the vertex v;. This implies that f(x*) + kig(x*,x*) =0
(i=1,..,N).
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If g(x*, x*) # 0, then k; = Q&(fx)*) (i=1,...,N). That is, the degree of
all vertices are same in the network.

If g(x*, x*) = 0, then f(x*) = 0. It means that the position of the fixed
point is independent of the network structure.

In the case x7 =x* (i=1, ..., N), (5.6.2) becomes

N
= (a+ bk)n; + CZA,;,'U,',

j=1

where a=f"(x*), b :g’y(x*, x*), and ¢ = g (x*, x*). Again, if ¢(y, 2) depends
only on z and not on y, then b= 0. So the above formula becomes

dn;i
dl = ani +CJX]:AU7’]

Its matrix form is 7 = (al 4+ cA)n, where I is the unit matrix. Let 7} be
the eigenvector of the adjacency matrix with eigenvalue A, (k=1, ..., N).
Considering that

(al +cA)t=alt, + cAtp = atp + chpTe = (a+ cAp) Th,

T, 1s also an eigenvector of al + ¢A, but with eigenvalue a + cAy.

If all eigenvalues satisty a + cA, <0 (k=1, ..., N), then the fixed point
x* 1s stable. Since A is a symmetric real matrix, all eigenvalues of A are real
numbers, denoted by Ay <Xy <--- < An. Again, note that the matrix A
has both positive and negative eigenvalues. Therefore we have A1 < 0 and
An > 0. Moreover, for all eigenvalues a+ chp < 0 means a < 0. Finally, we
have Axy < =2 (¢>0) and Ay > —2 (¢ < 0). So, for either ¢ > 0 or ¢ <0, we
always have % <-< % That 1 1s,

1 g(x") 1

< — <
A Fx*) AN

9

called a master stability condition.
Suppose that g(y, 2) =¢(y) — ¢(2). Then

A E3 a / * 8 / k
a=f"(x"), b:a—g =g (x"), c:—g =—¢(x") =-b.

y=x* z=x*
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From this and from (5.6.2), it follows that

; i N N
% = (at-bni = by Ajn=an;+b | ki = Y Ay
=1

j=1

N
=an; + bZ(k,(SU — Aii)nj'

j=1

Its matrix form is % = (al — bL)y, where 5 = (n1,....,nN)7, and L =
(kidij — Ajj)ij=1....~ 1is the Laplacian matrix. Denote by u, (k=1, ..., N) the
eigenvalues of L. Then the eigenvalues of al + bL are a+buy (k=1, ..., N).
So the fixed point is stable if and only if

a+bu, <0 (k=1,...,N). (5.6.3)

Since the minimal eigenvalue of the Laplacian matrix is always zero, by

(5. 6 3), it follows that a < 0 and the master stability condition is equivalent

Ao b gy
to 5> =i =" where py is the maximal eigenvalue.

Consider a system with m states x' (), x5(£), ..., X/ (f) on each vertex v;

on a network. The dynamical system is

N
dx , ,
hid | —fl(xl, xm) + ZA,jg1 (xl, an XX ),
j=1
dx! , N . ,
i
7 ZfM(xtl’ xm) + ZAUgV-(xl’ m’ xll’ E] x;n)’
j=1
dxt - N . ' .
"
7 =fm(x’1 (RS xm) + ZA,,gm(X1 s m’ x]l’ e x]m)'
j=1

° m)T (1_1 )’ f= (]‘_17_f‘2""7_ﬁ11)T’ and g:

(91,925 -.n gm) |- Tts vector form is

Denote x' = (x’lx’2

dx' i al i .
W:f(x)—}-;z‘lfjg(x;x’) (i=1,.., N).
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Let x' =x* (i=1,...,N) be the symmetric fixed point. Let x' = x* + p'
(i=1,..,N), where 5’ = (nﬁ, . nfﬁ)T. By the Taylor expansion and stability
equation

N
fux*) + ZAiigu (x*,x*) =0,

J=1

it follows that for u =1, ...,mand i=1, ..., N,

dﬁ; m i 8ﬁ4(x)
U ;(ﬂ “ov

9g,(y,z)
j o&u\Y> 2)
+Z WAy = v

N 3¢, (y. 2)
+ Z”LAI’J’ RCTEA A Rta

* = aYk

9
y.z=x* )

where x = (x1, ..., X)) L, Y= (V1 oo y) Ty and z = (21, ..., 2,,) 7. Denote

X=X y,z=x*

e 3 (x) b, = 280y, 2) (= 2.2
e 8Xk x=x* ’ - 3)’1« y,z=x* ' " aZk y.z=x*
(w, k=1, ...,m).

By >, Aj=ki, for p=1,..,mand i=1, .., N, we have

N
(au,kn;; + kib,u,kn;'e + ZAUCM’kn]k
=1

dﬁﬂ B m
k_

N N
D @kt kibu)Simi + Y Ay, (5.6.4)
J=1 J=1

=2

k=1

m

m N
D0 G+ kiby ) + Ajjc )

k=1 j=1

~.

where §;; is the Kronecker delta, and k; is the degree of the vertex v;. Its
matrix form is % = Qn, where 5 is an Nm-dimensional column vector
(whose components are labeled by a double pair indices (j, k)), and Q is an
Nm x Nm matrix (whose rows are labeled by a double pair indices (i, n));
columns are labeled by (j, k):

Qi,u;j,le = (Slja//.,k + Sr'jkr'bu,k + Aijc/,t.k-
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If the real parts of the eigenvalues of Q are all negative, then the fixed point
is stable.

Assume that n(y, z) depends only on z. So b, , =0 for all i and k, and
so (5.6.4) becomes

dn’ m N ,
k=1 j=1

Let fuj}i—i....
corresponding to eigenvalue A; (/=1, ..., N). Expand 5,,(f) into an orthog-

~ be the orthonormal eigenvector of the adjacency matrix A

onal series:

N
(=Y a(u  (u=1,..m),

=1

where aL (I=1,...,N) are the Fourier coefficients. Let 5, = (nL, vy nf)')"'
and w = (u/, ..., uM)T. Then

N
n, (=Y a ()] (i=1,..N;p=1,....,m).
=1

From this and from (5.6.5), it follows that

m N N
:;t “;:ZZZ@{/“M,k+Azjfu.k)aile(t)”;- (5.6.6)

Using Au; = Ajuy, the inner sum on the right-hand side is

N N
Z(aijau,k + A,'jcﬂ,k)a,[e(t)u/l = auqkoe,]e(t)u;l + cﬂ,ka,’e(t) ZAW;
j=1 Jj=1

I ' I ' I
= ay 10, (D U] + ¢ k0, (DA = (A ke + AiCy k)01

Substituting this into (5.6.6) and then writing in the vector form, we get

N d(Xl (t) N m
;:t u = Z Z(auqk =+ Alcﬂ,k)a;’eul .

=1 =1 k=1
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Considering that {u;};—1.. N is a normal orthogonal basis for RY, it follows
that
da (t) "
= = @t A (=1, ..m).
k=1
Its matrix form is dit (a + ro)el(f), where o (a{, . ozm)T a=

(au.)mxm> and ¢ = (¢, 1) mxm- 1f the system is stable, for all I, the real part
of eigenvalues of the matrix a + Ajc are less than zero. Conversely, it is also
true.

Another special case is g(x',x/) = g(x') — g(x/) and ¢, = —b, . By
(5.6.4),

dT] m m
“ ZZ(@U(@HMW) A )1, = ZZ(sya#k+Lbek)%,

k=1 j=1 k=1 j=1

where Lj = §;jk; — Ajj is an element of the Laplacian matrix.

Let u; be the orthonormal eigenvector of the Laplacian matrix L =
(Lij) Nxn corresponding to eigenvalue 7; (I=1, ..., N). Expand nL(t) into a
series 1/, (f) = Y ,BL (Hu). Factoring in that Lu; = tjuy, that is,

N
ZLUMIl = Tl”} (i: 1, ooy N)y

J=1

we obtain that

SNUACHER N
Cdt Z Z Z(‘suau k+ Lib,, ;e)ﬁk(t)ul

=1 k=1 I=1 j=1

Z (Z au e+ by, k) BL(Hul.

I=1 \k=1

Its vector form is

N d l(t) m
> P W= (au+ 1bu)Br(Hur.

dt
=1 k=1
Therefore
dﬂ (t) m
= Z(aﬂ ke + Tibyu ) BL(D).
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Tts matrix form is & = (a+ 1) B'(r), where ' = (B!, .... B1), a= (a)mxm:
and b= (b, 1) mxm- If the system is stable, for all [, the real parts of eigenvalues
of the matrix a + ;b are less than 0.

5.7 Entropy and joint entropy

The Shannon information content of an event o with the probability p is de-
fined as

h(@) = log —— = — log (@)
a)=log — = — o),
gp((x) gp

where log is the base 2 logarithms, and the unit is bits. The idea is that
unlikely even (with low probability) convey more information. It is mea-
sured by bits. Let a random variable X take values in a set A (A is often
called alphabet): A = (a1, ..., &j4;) with probability mass function p1, ..., pjay,
where ||A| is the cardinality of the set A. So

1

=log —.
play) gpi

h(e;) =log

Assume that another random variable Y takes values in the set B:
B = (i, .... Byp)) with probability mass function qi,..., qp. Let p(x,y)
(x € A, y € B) be the joint probability of x and y. A joint ensemble X, Y is
an ensemble in which each outcome is an ordered pair of «, 8 with o € A,
B € B. Then p(x, y) is the joint probability of x and y. The Shannon infor-
mation content of X and Y is h(x, y) = log p(«, B).

If X and Y is independent, then

h(ee, B) =logp(ar, B) = logp(a) + log p(B) = h(a) + h(B).

The entropy of a discrete random variable X is the average Shannon
information content:

1
H(X) = ij(x) log et

where p(a) log ﬁ =: 0 if p(e) = 0 since limgﬁoelog% =0.
For the binary random variables ¢y =0, ap =1, p1 =X, and po=1— 2,

the entropy becomes

H(X)=—Alogh — (1 — 1) log(1 — A1),
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which is called the binary entropy function, and maxp<y<; H(X) =1, which is
attained at A = %

The entropy is maximized if the distribution p is uniform. In detail,
H(X) <log||All, where the equality holds if and only if p(;) = m for
all 7.

In fact, since logx <x —1,

LAl LAl
H(X) —log || A] = Zp(a)log +Zp( ) 1o gm
i=1
1Al 1Al
= ; 1
ZP(“)Og ||A||( )‘ZP( )(uAnp(a» )

Al Al

||A|| Dl =

i=1

So H(X) < log|All. If p(a;) = ﬁu (i=1,..,|A|), the equality holds
clearly.
Conversely, if the equality holds, then

1 1
SlAlp@) ~ Alp@)

(i=1,.., 4.

It is equivalent to m = 1. That 1s, p(e;) = i=1,..,||All) because
logx=x—1ifand only if x = 1.

The entropy satisfies H(X) > 0, where the equality holds if and only
if there exists a k such that p(otk) =1 and p(e;) =0 (i # k). In fact, from

0<pl) <1 > 1, and log 5 = 0, it follows that

T

’()

Al

H(X) =) ple)log

i=1

! > 0.
play)

If HX) =0, then p(a)log—~ oy = = 0. Note that ZHA”p(a) =1, and
p(ai) > 0. So there must be a k such that p(ag) # 0. This implies that
log P(le) =0, ie., plar) = 1. Again, by ZHA”p(a) =1, we have p(e;)) =0
(i #k).

Redundancy measures the fractional difference between H(X) and the

maximum possible value log||A|l. The redundancy of X is defined as
1— HX)
log 1 4]l *
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The joint entropy of two random variables X and Y is defined as

1
H(X,Y)= ,B)1 s
(X,Y) ;p(“ B) s

where p(a, B) = P(w € Q, X(w) =, Y(w) =B).
Since p(a, B) < p(a),

H(X, Y)>Zp(a Plog —Z (Zp(a /3)) logﬁ

By Zﬁp(a,ﬁ) = p(a), we get H(X,Y) > H(X). Similarly, H(X,Y) >
H(Y).
Let F(X,Y)=H(X)+ H(Y) — H(X, Y). Then

F(X,Y)= Zp(x) logp(x) + Y p(»logp(y) = D p(x, y)logp(x, y).

Y xy

Considering that

> pGey)logp(x) = (Zp(x, y)) log p(x) = ) _ p(x) log p(x0),
xy Y x

X

> p plogp(n =Y (Zp(x, y)) logp(y) =) p(y) log p(p),
x Y

X,y Y

and logt < t—1, we deduce that

—F(X,Y) =) p(x, ) log p(x)p(y) — Zp(x p logp(x, y)

P( )p(y) <p(x)p(y) >
=) , ) log 1
2 pex.pte =2 e S

X,y

=2 ppy - Zp(x, p=1-1=0.

x.y X,y

Finally, we have F(X, Y) > 0, thatis, H(X, Y) < H(X) + H(Y). The equal-
ity holds if and only if X and Y are independent. That is, the entropy is
additive for independent random variables.
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5.8 Conditional entropy and mutual information

The conditional entropy H(X|y) of X given Y =y is the entropy of the prob-
ability distribution p(x|y), that is,

1
H(X]ly) = 1 .
(X]y) ;p@cm 8

The conditional entropy H(X]Y) is the average over y of the conditional
entropy of X given Y =y:

p(x, )
p(y)

=— p(x.y)log

X,y

H(X|Y) = H(X]ly) = , V) 1
(X]Y) ;pm (Xly) ;ypm ) o

From this, it follows that
HX|Y)=H(X,Y)— H(YY), HYX)=HX,Y)-HX). (581

If Y completely determines X, H(X|Y) = 0. Similiarly, if X completely
determines Y, then H(X|Y) =0. If X and Y are independent, then
H(X|Y)=H(X), and H(Y|X) = H(Y). In fact, when X and Y are in-
dependent,

H(X|Y) == px)p(y) logp(x) = — (Zp(y)) Y p@)logp(x) = H(X);
X,y y X

similarly, H(Y|X) = H(Y).
The mutual information between X and Y is defined as

px,y)
I(X,Y)= , V)1 .
(X.Y) ;pu Dlog o
Then
I(X,Y)= Zp(x, y) <10g Py +log L)
p(x) )

X

1
=—H(Y|X)+ Y _p(x, y)log— = H(Y) — H(Y|X).

- p(x)

Similarly, I(X, Y) = H(X) — H(X]Y). Hence the mutual information be-
tween X and Y is how much our uncertainty about Y decreases when we
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observe X (or vice versa). By (5.8.1),
I(X,Y)=H(X)+ H(Y) - HX., Y),
and so

HX,Y)=(H(X,Y)—-H(Y))+ HX,Y) - H(X))
+(HX)+ H(Y) - H(X, Y))
= HX|Y) + HY|X) + (X, Y).

The conditional mutual informationis I(X; Y|Z) = H(X|Z)—H(X|Y; Z).

5.9 Entropy rate

Let f be a discrete random variable on the probability space (2; F, P), and
let T:Q — Q be a one-to-one measurable transform of Q. Denote ' =

(f. ST, ... fT"""), and let H,(f") be the joint entropy of f, fT, ..., fT"~'. The
nth-order entropy of f with respect to T is defined as H}E”) ) =1H,("). Let
Qj, ={weQ, f(w) =a;}. Then {® (T 'w) = ) ={we: T w e
Q.}= TR+l Q. From this, we get

.....

=P(()T*'Qy

k=1
and
H"()=n" Y P, (ﬂ Tk“Qik) log Py, __i, (ﬂ Tk+1Qik).
1 yeees in=1 k=1 k=1

The entropy rate of f with respect to T is the upper limit of the nth-order
entropy of f, that is,

j:Ip(f) = EH;(J-)

For a dynamical system (2; B, P, T), the entropy H(P, T') of the measure
P with respect to T is defined as

H(PP, T) = sn;pfipo‘),
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where the supremum is over all finite alphabet random variables. For a finite
random process {Xe}e=0.1,...n—1, let

iw(Xoy oo, Xym1) =Pl € Q: Xo(w) =ay, ..., X1 (@) = ;).

,,,,,

Then

(X0, ooy Xi—1)-

..... .

Iyeees in=1

First, similar to the case of two random variables, we have
H(Xo, ..., Xu—1) < H(Xo, ..., Xp—1) + H Xy, ..o, Xi—1).

In the case of stationary, the distribution of the random vector X} =
(Xg, s Xptn—1) do not depend on k. The entropy rate of X = {Xp}e=0.1,..n-1
1s

— 1
H,(X) = lim H,(X") = inf ~ H,(X").
n—00 n=1n

5.10 Entropy-based climate network

For an entropy-based climate network [44], its vertices are geographic sites,
which are arranged on grid latitude-longitude with a given resolution. The
joint entropy is used to determine the connections between vertices. The
joint entropy between the climatic time series between vertex v; and vertex
v; is denoted by Hj. Determine a threshold value Hy. The small joint
entropy means the strong link between two climate states. If H; < Hr, there
is an edge (vj, vj) between vertex v; and v;. In this way, the entropy-based
climate network is constructed.

In the weighted climate network, the weight of edge (v;, 1)) is w; =
HLU When the joint entropy Hj; is small, it means that a strong link exists
between two vertices. Then the weight of the corresponding edge is large.
If a threshold value w is given, then there exists an edge (v;, vj) with weight
wij if wij > w.

The directed climate network is based on the conditional entropy
H;j(S]S)) of climate states S; and S; on vertices v; and v;, respectively. If
H;i(Si1S) > H;i(§;]S)), then there exists a direct edge between v; and v},
pointing from v; to v;. In this way, the directed climate network is con-
structed.
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5.11 Entropy-based decision tree

Different climate/weather conditions can lead to different climate decision-
making. Given large-scale datasets on the empirical link between cli-
mate/weather conditions and climate decision-making, how to generate
an optimal decision tree for quick climate decision-making? Here the en-
tropy will play a key role since it can estimate the information gain between
different levels of the decision tree. In this section, we will use Table 5.11.1
as a simplified example to show how to construct an optimal decision
tree.

Table 5.11.1 A weather dataset.
Outlook Humidity Temperature Action

sunny high hot no
sunny high cool no
overcast | high hot yes
rainy high hot yes
rainy normal hot yes
rainy normal cool no
overcast | normal cool yes
sunny high hot no
sunny normal hot yes
rainy normal hot yes
sunny normal cool yes
overcast | high cool yes
overcast | normal hot yes
rainy high cool no

Step 1. Select an attribute to place at the root node, and make one
branch for each possible value.

The given weather dataset comprises three attributes: outlook, humidity,
and temperature. Each attribute produces one simplified tree, in which the
number of yes and no classes is shown at the leaves (see Fig. 5.11.1(A-C)).
Now we decide which attribute should be placed at the root node in opti-
mal decision tree.

The information values of the leaf nodes are computed according to
three cases:

Case 1. When the number of either yes’s or no’s is zero, the information
value is zero.

Case 2. When the number of either yes’s or no’s is equal, the information
value reaches a maximal value.
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outlook sunny yes yes 1o 1o 1o
—
overcast yes yes yes yes
- @A)
rainy yes yes yes no no
—
humidity high yes yes yes 110 no no 1o
o — O (¢5))
normal yes yes yes yes yes yes 1o
—
temperature hot yes yes yes yes yes yes no no
©
cool yes yes yes no no no
—

Figure 5.11.1 Three stumps: (A) outlook, (B) humidity, and (C) temperature.

Case 3. When neither Case 1 nor Case 2, the information value is
measured by entropy:

) 1 1
info([m1, my]) = entropy(p1, p2) = p1 logp—1 +po logp—z,

i o

where pi= my+my 2= mi+nn
In general,

. Clearly, p1 +po =1.

n

. 1
info([my, ..., m,]) = entropy(p1, ..., pu) = Zpk logp—k,
k=1 ¢

mj

where p; = PTE— (j=1,...,n). Clearly, py + -+ p, = 1.

The information gain for each attribute in Fig. 5.11.1 is computed as
follows:

First, we consider Fig. 5.11.1(A).

The number of yes’s and no’s at the leaf nodes are {2, 3}, {4, 0}, and {3, 2},
respectively, and the information values of these leaf nodes are, respectively:

info ({2, 3}) = 0.971 bits,
info ({4, 0}) = Obits,
info ({3, 2}) = 0.971 bits.
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Since the number of instances in the first, second, and third branch are
5 “sunny”, 4 “overcast”, and 5 “rain”, respectively. The total number of
instances is 14, so the average information value is

— 5 4 5
info (2. 3. (4.0}, 3.2)) = 17 x 0.971 4+ 2 x 0 =7 x 0.971 = 0.693 bits.

The instances at the root node comprise 9 yes’s and 5 no nodes, and the
total number of instances is 14. So the information value is

info ({9, 5}) = 0.940 bits.

The information gain is the difference between the information values of
attribute node and the average information values of leaf node. The at-
tribute that gains the most information is the best choice. The information
gain for outlook is

gain (outlook) = info ({9, 5}) — info ({2, 3}, {4, 0}, {3, 2}) = 0.247 bits.

Secondly, we consider Fig. 5.11.1(B).

The number of yes and no classes at the leaf nodes is {3, 4} and {6, 1},
respectively. Since the number of instances in the first and second branches
are 7 “high” and 7 “normal”, respectively. The average information value
is

info ({3, 4}, {6, 1}) = 0.788 bits.

The instances at the root node comprise 9 yes and 5 no nodes, and the total
number of instances is 14. So the information value is

info ({9, 5}) = 0.940 bits,
and then the information gain for humidity is
gain (humidity) = info ({9, 5}) — info ({3, 4}, {6, 1}) = 0.152 bits.

Third, we consider Fig. 5.11.1(C).

The number of yes and no classes at the leaf nodes is {6, 2} and {3, 3},
respectively. Since the number of instances in the first and second branch
are 8 “hot” and 6 “cool”, respectively. The average information value is

info ({6, 2}, {3, 3}) = 0.892 bits.
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So the information gain for temperature is
gain (femperature) = info ({9, 5}) — info ({6, 2}, {3, 3}) = 0.048 bits.

From the above computations, we see that outlook gains the most infor-
mation among three attributes. So we select outlook as the splitting attribute
and place at the root node of the decision tree, and then we make three
branches (sunny, overcast, and rainy). That is, we select Fig. 5.11.1(A) and
delete Figs. 5.11.1(B) and (C).

The leaf with only yes class or no class has not to be split further. Then
the recursive process down that branch terminates because the information
gain is zero. Acknowledging that the leaves in the second branch “overcast”
in Fig. 5.11.1(A) consist of only yes class, there is no need to split further.

Step 2. Recursively select one from the rest attributes to be split at the
next node, and make one branch for each possible value. Here we only
consider that the outlook is sunny or rainy.

Fig. 5.11.2 shows the expanded two stumps when the outlook is sunny.

outlook  sunny humidity high no 1o no
— O — O &)
normal yes yes
—

outlook  sunny temperature hot yes no no
N 2

®)

yes no

©)

cool
—

Figure 5.11.2 Two stumps in the “sunny” branch: (A) humidity and (B) temperature.

In Fig. 5.11.2(A), the number of yes and no classes at the leat nodes are
{0, 3} and {2, 0}, respectively. Since

info ({0, 3}) = Obits,
info ({2, 0}) = Obits,

the average information value is

info ({0, 3}, {2, 0}) = Obits.
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Since the instances at the node comprise 2 yes’s and 3 no nodes, the corre-
sponding information value is

2
info ({2, 3}) = entropy (E, g) = (0.971 bits.

Then the information gain for humidity is
gain (humidity) = info ({2, 3}) — info ({0, 3}, {2, 0}) = 0.971 bits.

In Fig. 5.11.2(B), the number of yes and no classes at the leaf nodes is
{1, 2} and {1, 1}, respectively. Since

12
info ({1, 2}) = entropy <3, 5) =0.9183 bits,
. 11 .
info ({1, 1}) = entropy <—, —> =1 bits,
2°2
the average information value is
— 3 . 2 . .
info ({1,2},{1,1}) = 5 x info({1, 2}) + 5 x info({1, 1}) = 0.951 bits.
Furthermore, the information gain for temperature is
gain (temperature) = info ({2, 3}) — info ({1, 2}, {1, 1}) = 0.020 bits.

When the outlook is sunny, the above computations show that humidity
gains significantly more information than temperature. Hence we select hu-
midity as the splitting attribute at the next node of the decision tree. That is,
we select Fig. 5.11.2(A) and delete Fig. 5.11.2(B). Since two leaves com-
prise only yes class or no class in Fig. 5.11.2(A), there is no need to be split
further, and the recursive process terminates.

The possible expanded tree stumps are shown in Fig. 5.11.3 when the
outlook is rainy.

The information gains for humidity and temperature are

gain (humidity) = 0.020 bits, gain (femperature) = 0.971 bits.

When outlook is rainy, the above computations show that femperature gains
significantly more information than humidity. So we select temperature as



Random climate networks and entropy

outlook painy ~ humidity high yes 1o
O —

169

~ )
normal V&S Y¢S 1o
—
outlook  jainy ~temperature hot yes yes yes
> (€5))
cool no_no
—

Figure 5.11.3 Two stumps in the branch “rainy”: (A) humidity and (B) temperature.

high 1o
—>

humidity 501 Y6
| —

sunny

outlook  opercast V&S
() —

rainy
N

temperature hot yes

cool M0
—

Figure 5.11.4 Optimal decision tree for given weather dataset in Table 5.11.1.

the splitting attribute at the next node of the decision tree. That is, we
select Fig. 5.11.3(B) and delete Fig. 5.11.3(A). Because two leaves in
Fig. 5.11.3(B) comprise only yes class or no class, there is no need to be
split further, and the recursive process terminates.

Finally, the optimal decision tree for given weather dataset in Ta-
ble 5.11.1 is generated as shown in Fig. 5.11.4.
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CHAPTER 6

Spectra of climate networks

Spectra of climate networks are closely related with dynamics of climate
system. Surprisingly, the largest and the second smallest spectra play key
roles in determining structure and evolution of climate networks. There-
fore spectral analysis of complex climate networks can provide a cost-
effective approach to diagnose dynamic mechanisms of large-scale climate
system, and then predict future evolutions. In this chapter, we will intro-
duce spectrum-based estimates for fundamental measurements of large-scale
climate networks, including vertex degree, path length, diameter, connec-

tivity, spanning tree, centrality and partition.

6.1 Understanding atmospheric motions via network
spectra

The atmosphere is always in motion from high density to low density. This
process can be modeled well by spectra of climate networks G. In this
section, we only deal with a simplified case. Each geographical site is a
vertex of G. Air flows along an edge from a vertex to an adjacent one
Vertex.

Let pi(f) be the density at vertex v;, where ¢ is time, flowing from an
adjacent vertex v; to the vertex v; at a rate C(p;(t) — p;(t)), where C is the

diffusion constant. Hence the total rate is

dp; N
o= C;aij(pj(t) — pi(1),

where «;; is the element of the adjacency matrix A = (ajj)nxn of given

climate network G. It follows that

d N N
Pi
T C E a;ip;(f) — Cp;(t) E ajj.
i=1 j=1
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By ZJ]\:1 ajj = k;, where k; is the degree of vertex v;, we get

dp; al al
e C;(%R/(f) — pi(Hk) = CZ(%’ — 8ijki) pi (1),

J=1

where §;; is the Kronecker delta. Note that D is the diagonal matrix, that

1s,

kyk O - 0
0 ky - 0
D= . .
0 0 - ky

The Laplacian matrix is defined as L = D — A. As that in Chapter 4, L =
(Lij) NxN, Where

ki ifi=],
Lj=1{ —1 if v; and v; are adjacent,

0 otherwise.

The matrix L is also called the network Laplacian. Alternatively, L; =
Sijki — ajj. Let p(t) = (p1(1), ..., on())T, where T denotes transpose. Then
dp
— =—CLp(1).
i p ()

Let 0 <Ay <--- <Ay be the eigenvalues of the network Laplacian L,
and let V1, ..., Vy be the corresponding eigenvectors that form a normal
orthogonal basis in the space RYN. Therefore the vector p(f) can be ex-
panded as a linear combination of Vi, ..., V, i.e., p(f) = 25\21 Bi(HV;. Its
matrix form is p(f) = VB(f), where 17 is the orthogonal matrix of eigen-
vectors, and

V= (MVilVal---[VN), B(t) = (B1(D), B2(1), ..., B ().

This implies that 1/ % = —CLVB(t). From LV; = A, V|, it follows that LV =
VA, where

A - 0

0 - An
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So Vi]—lf = —CV AB(f). Multiplying both sides by "1, ”S—f = —CAB().

That is, % + CrBi(H) =0 (i=1, ..., N). Solving this system of difterential
equations, we get Bi(f) = B;(0) e~ “** (i=1, ..., N). So

p1(1) B1(1)

02(1) Ba(t)
N B AR .

PN (D) BN (D)

That 1s,

N N
p( =) BOV=) Bi(0)e 'V,

=1 =1

where {Aj}j—1,.. v and {V;};—1  n are the eigenvalues and the corresponding

normal eigenvectors of the network Laplacian, respectively.

6.2 Adjacency spectra

Adjacency spectra of a climate network G are the eigenvalues of the adjacency
matrix A for the network G. Adjacency spectra can provide a nice estimate
for topology and dynamics measures of the climate system.

The characteristic polynomial of adjacency matrix A = (a;)nxN 15
det(A — AI), where I is the unit matrix:

—A ap -+ AN
—A
det(A - =| ™
aAN—1,N
aNit  anz - —A

The roots of the characteristic polynomial of A are called eigenvalues of A.
Since the adjacency matrix A is real symmetric, A has N real eigenvalues,
denoted by A1 <Ay <--- < An. The set of eigenvalues is unique. If we
relabel vertices in the network, the eigenvalues of the network do not alter,
because if the ith row and the j row are interchanged, or the ith column
and the jth column are interchanged in the adjacency matrix A, the value
of the corresponding determinant det(Al — A) does not alter.
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The coefticients of the characteristic polynomial of A,

N

N
det(A—aD =Y Bk =T]0w—n

k=0 k=1

satisfy

Bu=(=DN,  Be=(=D'Y My, (k=1,..N-=1). (62.1)
all

Here M is a principal minor, which is the determinant of principal k x k
submatrix M, , obtained by deleting the same N — k rows and columns
in A. Hence the main diagonal elements (M, ,); are k elements of main
diagonal elements {a;}1<i<N-

When k=1, each Mj , is an element in the main diagonal. So

N
Bn-1= (=N ZMfX1 =(=DHN"! Zaiiv
all i=1
buta; =0 (i=1,...,N). So Bn_1 = 0. Furthermore, Zﬁﬁ Ap=0.

When k=2, each principal submatrix M;_, is of the form

ng2=<2 g) with x=0or 1.

Since, for each pair of adjacency vertices, there is a nonzero minor, by
(6.2.1), we get

Bnoa=(=DNY My =(—1)N"'M,
all

where M is the number of edges of A. Furthermore, Zi; A2 =2M.
When k=3, each principal submatrix Mj_; is of the form

s —
M3><3 -

nor O
= O R
O= N

So M3 = detMj, ; = 2xyz, and so Mj is nonzero ifand only if x = y =2 =1.
That form of Mj, 5 corresponds with a subnetwork of three vertices that



Spectra of climate networks 177

are fully connected. Hence ZkN:I A2 = 6A¢, where Ag is the number of
triangles in G. ‘
Let z; = Z,?; X, (1 <j < N). By the Newton identities,

i1
1. .
zj=— B JBN= + Z Bt N—jZk
‘ k=1

This implies that

I\‘Y
BN-1
D Y. =y
k=1

BN
[\T
2= ZAZ = —21/83]\;2 =2(-D)N""Bnos, (6.2.2)
k=1 !

N

=) A =3By

k=1

6.2.1 Maximum degree

Since A is a nonnegative matrix, by Perron Frobenius theorem, the maxi-
mum eigenvalue Ay is nonnegative and is a simple zero of the characteristic
polynomial. The eigenvector corresponding to Ay has nonnegative com-
ponents. The modulus of any other eigenvalue does not exceed An. That
18, |Ap] < AN (]62 1,...N— 1)

If A has other N — 1 eigenvalues Aq,...,An—1 with || = An (k=
1,..., N = 1), then {Ap}r=1
That is,

N are roots of the polynomial AN — A% = 0.

.....

2mi(k—1)

AM=ANE N (k=1,,N)

The maximum eigenvalue Ax = Amax 18 also called the spectral radius of the
network G.

Any eigenvalue of the adjacency matrix A lies in the interval
[—dmax, dmax]- That is,

_dmaxf)\l <. S)\Nfdmaxv

where dax 1s the maximum degree of the network. In fact, if the rth com-
ponent of eigenvector x of A corresponding to an eigenvalue A has the
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maximum modulus, then we normalize x so that
T
X = (x19 ey X—1, 15 X1y eees XAV)7

where |xj| <1 for all j. From Ax = Ax, it follows that Zi\zl X = Ax, = A.
So

]\Y [\7
|arr - )"| =< Z |arr-xk| =< Z |ark|-
k=1 k=1

le;_é r k;ér

Considering that a,, =0, ay > 0, and Zf\\=1 ay, = k,, we get

N N
MY lanl =D ap=k  (k=1,.,N),
k=1 k=1

and s0 —dmax < A < dmax (=1, ..., N). In other words, the adjacency spec-
tra of climate network are bounded by maximum degree

6.2.2 Diameter

The eigenvalue decomposition of a symmetric matrix A is A = XAXT,
where A = diag(X))1<j<n and X = (x1, ..., Xy), is an orthogonal matrix of
A corresponding eigenvalues A1 <Ay <--- < Ap, l.e.,

A X1T N
A= (x1,....,XN) - D | =) mE (6.2.3)
AN xI k=1
where
X% XWXk cc o Xk XN
XppXel  Xpp ot XRXEN

T
Ep =xpx;, = (XpiXk)) i j=1,...N =

2
XeNXRl  XENXR2 o Xy

is called the outer product of x;, and TrE;, = Zf; a7, = 1. By (6.2.3) and
a; =0, we get

N N
O=a;=Y M(Ej=) hxy  (=1,..N), (6.2.4)
k=1 k=1
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where x;; is the jth component of the kth eigenvector of A corresponding
to Ap. That is, the inner product of the eigenvalue vector (A1, A2, ..., AN)
and the vectors y; = (x%j, ...,xlz\[j)T is zero. Denote Y = (yy,...,yn) and
A=(A1,..., AN). (6.2.4) can be rewritten into the matrix form yTAT = 0.
If this equation has a nonzero solution, then detY = 0.

Let

by = ((f(A)11. (f(A)22, ... (F(A))NN)s A= (A1), ..o, f(AN)).
Then it can be proved that YTXj[T = bfT By normalization of eigenvectors,
N
(Yu);=) xp=1.
=1
That is, Yu=u, where u= (1, ..., 1)T. Let f(f) = >. Then
YT()\.Z)T — dT’

where A2 = (A2, ..., A?\,), and d = (ky, ..., kn) is the degree vector. Consid-
ering that a; =0 or 1 and Z;\:l a;j = k;, and using the Hadamard inequality,
we get

o=

N

N N % N N
decAl <[ T Xar ] =TT{> | =1k
=1

i=1 \ j=1 i=1 \ j=1

From this and detA = By = ]_[D:1 A, we get |detA|> = I—[,i\zl )\i, and so

N N
[T <11k

k=1 j=1

that is, a lower bound of the product of vertex degrees is given.

Since the number of paths of length k from vertex v; to vertex v; is
equal to the element (Ak),j, we see that (Ak)i,' # 0 if and only if vertex v;
and vertex v; are jointed in the network by a path of length k. Hence if the
distance between vertex v; and vertex v; is h, then

(A" #0, A";=0 (k < h).

This implies that A" cannot be written as a linear combination of
1A A%, ... AL, especially for the diameter D of the network G, the ma-
trices I, A, A%, ..., AP are linearly independent.
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It 1s easy to verify that Ei = Eg, and that E,E,, =0 (k# m), where E}, is
stated in (6.2.3). From this, we deduce that

N
A'=>"aME.  (=0.1,..D). (6.2.5)
k=1

Acknowledging that I, A, ..., AP are linearly independent and for different
eigenvalues, {Ep} are linearly independent. If E,, Eg,, ..., Exp,, correspond
to different eigenvalues Ag,, Ak,, ..., Agp,, - Then (6.2.5) shows that the sys-
tem of equations

D+1

A=3"giE,  (=0.1,..D)
=1

has a solution B; = AIE,Q} = )LLJ G=1,...D+1; 1=0,1,..., D). Hence
I, A, ..., AP are linearly independent only if A has D+ 1 different eigenval-
ues. Therefore the number of distinct eigenvalues of the adjacency matrix
A is at least equal to D+ 1, where D is the diameter of the network. In
other words, the number of the distinct adjacency spectrum can measure
the diameter of the network

6.2.3 Paths of length k

For an N x N real symmetric matrix C, let x, and x,, be its normal-
ized eigenvectors corresponding to eigenvalues A, and A, respectively. If
k # m, then x; and x,, are orthogonal, and x! Cx,, = 1, x/x,, = 0. If k= m,
then x/ Cx,, = Ax[x; = A¢. Let an N-dimensional vector w = Y/_, a/x
(j < N). Then

J J
Cw = Zalel = Zal)wxl.
=1 =1

From this and considering that ij=1 akkaxl =y, we get

J J J J
w!lCw= Z ahw ! x; = Z oA Z oz;ekaxl = Z ot,z)»l.
I=1 I=1 k=1 I=1

Let A\{ <Ay <.---<An. Then

J J
M Za,f <w!lCw< )\/Za,f.
k=1 k=1
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Considering that ) _, af =w'w, we get

w!Cw

)Ll <
wlw

< )\.j.

Ifw= Z};\]:].H Xp, then

w!Cw

Ajp1 =
J — WTW

<An. (6.2.6)

Generally, for any N-dimensional vector w, we have “;VTTAL;” < AN
(Rayleigh inequality). Particularly, we take w=u=(1,1,...,1)T. Consid-
ering that u’u = N, we get

N (N N
uTAuzz Za,-j :Zki:2M,
i=1

i=1 \ j=1

where k; is the degree of the vertex v;, and M is the number of edges of the

network. So Ay > ZM

By the decomposulon formula A = XAXT, where X is the eigenvector
matrix and A is the eigenvalue matrix, we get X7 A*X = A¥, where A =
diag(A¥, ..., Ak). By the Rayleigh inequality, we have % < k.. Since
(Ak)l-,v is the number of paths of length k from vertex v; to vertex v;, the
total number N of paths of length k in the network is equal to

N N
Ne=) "> (AY;=u"Aa
i=1 j=1

This implies that A%, > J\—\}, that is, An > (%)“k. By the Cauchy—Schwarz
inequality,

2 T gk 12 T2y Ak 12
Ny =lu" A%ul” < [lu” |7 A a]".

But |[u”|?= N, and
|A%u)? = (A*fu) T Afu = u”(AY T A*u = u? A% u = Ny,

So N2 < NN, that is, ( k)2 < 1\2‘ , and so

1
N Nop \ %
_k < 2k <AN-
N N
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Nogy A . . . . L.
The sequence {(3*)%}rcz, is monotone increasing, and its limit is Ax.

That is,
1
Np\*
lim (—k) — AN
k—>oo \ N

For large k, we have (%)1/’e ~ An. That 15, N, = )\ﬁ,N, where N is the
number of paths of length k, and N is the number of vertices in the net-
work. It means that the maximum adjacency spectrum can measure the
number of paths of length k.

6.3 Laplacian spectra

Let G be a network with N vertices. Its Laplacian matrix is L=D — A,
where D = diag(ky, ..., ky) is the diagonal matrix, and A is the adjacency
matrix of G. The Laplacian spectra are defined as eigenvalues of Laplace
matrix of climate networks.

Let L= (lr'j)NxN- Then

—1 if v; and v; are connected (i # ),
li=1q 0 ifv;and v; are not connected (i # ),
ki ifi=].

For the adjacency matrix A = (a;)NxN, 2]1\21 a;j = k;, and so

N N
1 =1

j=

That is, each row sum of L is zero. So the Laplace matrix is singular, and
detL =0.

Let G be a network with N vertices and M edges. The incidence matrix
is an N x M matrix, denoted by B = (b;j) Nxar, Where

1 ifedge ¢ = (v, 1),
bij=14 —1 ifedge¢=(v,v),

0 otherwise,

and (v, v;) denotes an edge from vertex v, to vertex v,. This implies L =
BBT.
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For any N-dimensional vector y, the quadratic form
y'Ly=y"BB'y=G"B" B =y BI>= 0

is positive semidefinite, where || - || is the norm of the N-dimensional vector
space. Thus all eigenvalues of L are nonnegative. Since detL =0, zero is the
minimal eigenvalue, and 0 =1 <po <--- < un.

For the Laplacian matrix L, since 21]::1 lp =0, the vectoru= (1, ..., )T
is an eigenvector corresponding eigenvalue 0. That is, Lu = Ou. Since L is
a symmetric matrix, all eigenvectors X1, ..., Xy are orthogonal and uij =
0. That is, 22;1(xj)k =0 (j=1,2,...,N). This shows that the sum of all
components of any eigenvector, difterent from wu, is zero.

6.3.1 Maximum degree

Suppose that the rth component of eigenvector x of L corresponding to the
eigenvalue p has the largest modulus. The eigenvector can always be scaled
such that xT = (x1, ..., 6,1, 1, X,41, ..., XN), Where |xj| <1 for all. From this
and Lx = ux, we have ZL\=1 Lixr = ux, = p. So

“’L - lrrl = Z |lr1<xk| =< Z |lrk| = kr-

k#r k£r

That is, |u — k,| < k,, and so 0 < u < 2k,. It means that each eigenvalue of a
matrix L lies in at least one of the circular discs with center k, and radius k,.
Then the maximum eigenvalue

UN = deaXa (631)

where dp. = max{ky, ..., kn}.

The complement G of G is the network with the same vertex set as G,
where two distinct vertices are adjacent whenever they are nonadjacent
in G. The adjacency matrix of the complement network Gis A =] —I1— A,
and the Laplacian matrix of the complement G is

L=(N-1)I-D-A=NI—-]—L, (6.3.2)
where | is all 1 matrix. Let x1, ..., Xy denote the eigenvectors of L corre-
sponding to the eigenvalues w1, ..., un, where xy =u and uny = 0. We find

the eigenvalues of L.
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First, we find the eigenvalues of J. Since

T
det(J — D) = det(uu” — AI) = (—1)Vdet (1 _ %) — (=)NAN-T = N,

the eigenvalues of J are N and [0]N~!

multiplicity N — 1. By (6.3.2), we get

, which means the eigenvalue 0 with

Lu=NIlu—Ju—Lu=0, ij:(N—uj)va G=2,..,N).

Thus, the set of eigenvectors of L and the set of the complement L are
same, whereas the ordered eigenvalues are

(M =N—punia (L) (=2,..,N).

Since all eigenvalues of a Laplacian matrix are nonnegative, u;(L) > 0. This
implies that u; < N (j=1, ..., N). Combining this and (6.3.1), we get un <
min{N, 2dn.x}.

6.3.2 Connectivity

A network G has k components Gy, ..., G if there exists a relabeling of the
vertices:

Gl Z{Vl,,.,,llm}, G2:{Vﬂ1+1,...,1/”2}, seey Gk’:{vﬂk,1+15--'yvﬂk}

such that the adjacency matrix of G has the structure

Ay O O
O A O
A == ’
O . O
O O A

where the square submatrix A, is the adjacency matrix of the mth con-
nected component G,,.
The corresponding Laplacian is

Ly O O

O L O
L=

O O

O O L,



Spectra of climate networks 185

So det(L — ul) = ]_[f;:1 det(L,, — pI). Since each L, is a Laplacian and
detL,, = 0, the characteristic polynomial of L has at least a k fold zero
eigenvalue. This implies that a network G is connected if u; is a simple
zero of the characteristic polynomial of det(L — pI), that is, ua > 0. So the
second smallest Laplacian spectrum pu is often called algebraic connectivity of
a network.

Now we prove that pup > 0 is the necessary condition that G is con-
nected.

A matrix A is reducible if there is a relabeling such that

(A B
Lo 4 )

where Ay and A, are square matrices. Otherwise A is irreducible. The

N

Perron—Frobenius theorem shows that an irreducible nonnegative N x N
matrix A always has a real positive eigenvalue

AN = Amax (A), (A < Amax(A)  (k=1,..,N—1).

Moreover, A N(;l) is a simple zero of characteristic polynomial det(;‘i —AD).
The eigenvector corresponding to A ~(A) has positive components.

Let W =al — L, where « > dy,x. Then W is a nonnegative matrix.
If G is connected, W is irreducible. By the Perron—Frobenius theorem
the largest eigenvalue 7, of «l — L is positive and simple, and the corre-
sponding eigenvector y, has positive component. So (¢l — L)y, = 1,y,, i.e.,
Ly, = (¢ — 1,)y,. From this, we see that « — 7, is an eigenvalue of L, and
y, is the corresponding eigenvector. Since 7, 1s the maximum eigenvalue,
a — 7, is the minimum eigenvalue, that is, @ — 7, = un = 0. Since 7, is sim-
ple, the eigenvector space of W corresponding to t, is 1-dimensional, the
eigenvector space of L corresponding to py =0 is also 1-dimensional. So
w1 1s simple, that is, @y > 0.

Generally, the multiplicity of the smallest eigenvalue u = 0 of the Lapla-
cian matrix L is equal to the number of components in the network G.
Indeed, let G have k components. If there is a relabeling of the nodes such
that

O
L,

0o ofr
© OO0
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then the determinant of the characteristic polynomial det(L — pl) has at
least a k fold zero eigenvalue. This because that if the mth component is
connected, then L, has only one zero eigenvalue.

The edge connectivity C,(G) is the minimum number of edges, whose
removal disconnects the network G. There is a close relationship between
the second smallest Laplacian spectrum g, and the edge connectivity C,(G)
of a network G with N vertices u, > 2C,(G) (1 — Cos %)

6.3.3 Spanning tree

It is well known that each connected network has spanning trees, each of
which contains all vertices of the network. The coefficients ¢, (L) of the
characteristic polynomial of the Laplacian matrix L satisfy

]\T
Py =det(L—AD) =) a(L)r",
k=0

where

(=N ey (L) =Y _det(L), = Y det((BB"),),

all all

and (L),, = (BBT),, denotes an m x m submatrix of L obtained by delet-
ing the same set of N — m rows and columns. Let B = (bj)nxnm. By the
Binet—Cauchy theorem,

2
M big, -+ b,

M M
det(BBT)mzz Z Z

ki=1ko=ki+1 =k 141 bmk1 bmk,,,

This shows that det(BBT) > 0. Note that only if the subnetwork formed by
the m edges is a spanning tree, the corresponding determinant is nonzero.
This implies the following result:

For a network G with N vertices, the coefficients of the characteristic
polynomial of the Laplacian matrix (—1)N""cx_,, (L) is the number of all
spanning trees with m edges in all subnetwork of G that are obtained after
deleting N — m vertices.
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6.3.4 Degree sequence

Let G be a network with N vertices: vq,...,vy and degree sequence

{ki, ..., kn}. Then
ki — An(A) < ui(L) < ki—2i(A)  (i=1,..,N).
In fact, for any two symmetric N x N matrices B and C, we have
711(C) + 1 (B) < (B + C) < n(B) + v (O, (6.3.3)

where {t,(E)} are the eigenvalues of a matrix E, and 71(E) < 1p(E) < --- <
‘L’N(E).

In (6.3.3), let B=L, and let C = A. Note that B+ C=L+A=D=
diag(dy,, ..., dry), and 7;(D) = k;. Then

A (A) + wi(L) < ki < (L) +An(A),  thatis,
ki — An(A) < pui(L) < ki — A1 (A),

and the second equality holds only if G is a regular network.

The normal eigenvector corresponding to the smallest Laplacian spec-
trum pq = 0 is u, whose components are all 1. Consider the quadratic form
xTLx = || BTx|]>. The Ith component of (BTx); = x; — x;, where the edge
[ is from v; to vj. Denote i = [ and j=1". We may consider any vector
x as a real function f(k) acting on a vertex v,. So x; = xp = f(I"), and

x;=x- =f(I"), and then
x"Lx = ||B"x|> =) _(f(") — (")),
lel’

where L’ is the set of all edges. On the other hand,
Ty Ty _ -
x Lx=(ILx)'x=(Lx,x) = (Lf, f),
where (-, -) is the inner product in the N-dimensional space. So

(LED =Y (FUH) —fU))
lel’
Take x1x;. Then by (6.2.6), usx"x <xTLx < unx"x. So (Lf, f) > us(f, f),
that 1s,
(Lf, )
(635))

2 < : (6.3.4)
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If x = xo, then puy =x"Lx. It is clear that

N N N N
Y = x)P= Y (F +ad) +2 (Z x) (Z x]) =2Nx"x+2(u"%)?,
i=1

ij=1 ij=1 Jj=1

where u is an N-dimensional vector whose components are all 1.
For any eigenvector x; (k # 1), (xp, u) = 0, that is, u’x, = 0. Taking
k=2, we get
N

1
X, X) = N Z(Xz,i - x2,j)27

ij=1

where x5, is the kth component of the vector x,. Let f(k) = xz (k=
1,...,N). Then

1 &L o
€D =55 ;(f@ — (N>

From (Lf, f) = (uof, ) = uo (£, ), it follows that

2N Y (F() —f())?
Cw£h IEXL:/(f( )—fU7)

O -
0 S go-ror

i,j=

1%)

From (6.3.4), if g is orthogonal to the constant C, that is, (g, C) =0,
then

2N Y (g(I) — g(17))?
po < —=F , (6.3.5)
> (gD — g())?

i,j=1

where L’ is the set of all edges. When (g, C) # 0, (6.3.5) is still valid.
Indeed, if (g, C) = (g, Cu) = d, then

( 4 Cu)— 3 ((')—i)c—d—d—o
8o N )T T Ne) T
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Letg(l) = 1\% (I=1,..,N),and let h=g—g. Then h is orthogonal to the
constant function C, and

2N - (h(I*) — h())?

lel’

N
> (h(i) — h()?

ij=1

Mo =

But
h(I") — h(I7) = g(I") — g(I7), h(i) — h(j) = g(i) — g()).

Hence for any g # C, formula (6.3.5) is still valid.
Now we let g(x) = xyzuw, 1.€., g() =1 (i=w), and ¢(i) =0 (i # w). Note
that

(@) — 2> = &) + & () — 2¢(Dg() = Xemi + Xe=p (i #))-

Then

N

N N N
D @i =g =D X + Y| Y K=y =2(N = 1).

ij=1 i=1 ,;; j=1 ;;Jl
On the other hand, if I" = w, then g(I") =1, ¢(I") =0 (" £ w); if T =w,
then g(I") =1, ¢g(I") =0 (I #w). So

1, I"=w,
@M —gH)>*=1 1, I"=w,
0, I"#wand [ #w.

This implies that
Y (@) = g(17))* = k.

lel’
By (6.3.5), we get us < %ku to hold for any vertex w, where k, is

T

the degree of vertex w. So puy < ﬁ dmin, Where dp, 1s the minimum de-
gree.
Consider the complement G° of the network G. For the corresponding

Laplacian matrix L,

N
pa (L) < pin(G) = (N =1 = dnax (G)) = N —

SN N-1 N1 O
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Note that u;(L) = N — uny2-;j(L). Particularly, u>(L) = N — un(L), and
so un(L) > % dmax- Combining this with un < min{N, 2dn.} (see Sub-
section 6.3.1), we get

N

m dmax < MN < min(N’ deax)-

Grone and Merris showed the lower bound pyn > diax + 1. This implies an
estimate for the maximum degree:

UN
7 =< dmax S UN— 1.

Noting that un (L) = dimax(G) +1 = N — dinin(G), by un (L) = N — pa(L),
we get
p2(L) < duin(G). (6.3.6)

From pun < 2dnax, we get
MN(L[) < deax(c[) = 2(N -1- dmin(G))‘

By un(L) = N — pa(L), we get uo = pa(L) = =N + 2 + 2dyin (G). From
this and from (6.3.6),

1
Mo = dmin(G) < E(N — 24 o).

6.3.5 Diameter

If G is a connected network with a Laplacian spectrum satisfying 0 < pu < 1,
then the diameter of G is at least 3. In fact, denote by x the eigenvector
corresponding to u. Then Lx = ux. Denote L = ([x)nxn. The equation
for the jth component is px; = Z,i\:l lix.. Noting that L = D — A, that
D = diag(ky, ..., ky), and

1, ke neighbor()),

dje = .
0 otherwise,
SO
N N
pxj=lixi+ Y hwa=kix— ) apx
k=1 (k) k=1 (k)

(6.3.7)

[\7
= kjxj — Z Ay = kjxj — Z Xk,

k=1 keneighbor())
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where v}, € neighbor(v;) is rewritten as k € neighbor(j). Denote the largest
component of eigenvector X by Xmax, and let x; = maxj <<y X = Xmax- Let
Xmin,j = MiNkeneighbor(j) Xk, aNd let Xmin j = x7;. Then

Xmin,j = (kj — p)x; — Z Xk

keneighbor(j)\;
Noting that Z,\,Eneighbor@\rj X < (ki — Dxmax = (kj — 1)x;, we have
Xminj > (1 — p)x;. (6.3.8)

On the other hand, denote the minimal component of the eigenvector
X by Xmin, and let x; = minj<p<n Xt = Xmin and Xax 7 = MaXgencighbor(7) Xk»
and Xmax j = X, . Then

Xmax,j = (k/ - ,LL)X]/ - Z X-

keneighbor(j)\z;
Noting that Zkeneighbor(j,)\?/, xi > (ky — Dxmin = (ky — D)y, we get
Xmax,j = (1- ,LL)X]'/. (6.3.9)

For p # 0, the largest and smallest eigenvector components have a different
sign. That is, x; and x; have different signs, and x; > 0, x; < 0. This implies
that if vy is the neighbor of v;, then by (6.3.8), we have

Xy > Xminj > (1 — p)x; > 0.

Note that x; > 0. This is contrary to x; and x; having a different sign. If
v; and v; have a common neighbor, v;, then by (6.3.8), (6.3.9), and x; > 0,
xp <0, we get

x1z (1= x>0, x = (1= wxy <0.

This is a contradiction. Hence there exists two vertices v; and v, such that
vj, v1, Vi, vy form a path. Note that the diameter is equal to the largest short-
est path. Hence the diameter of the network G is 3.

Assume that f is the eigenfunction of L corresponding to u». For pa,
the following formula holds:

() —f))?
o = lel

N
;fz(r)
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Let vertex v, be such that |f (m)| = max,cn |f ()| > 0. Clearly, ZreNfz(r) <
NF?(m). Since f is the eigenfunction, Z;\;f(r) = 0. From

N
o=(zf(r>) Zf(r)JrZ Z fam)f (),

=1 m' =1

m'#n'

it follows that there exists a vector v, such that f (m)f (n) < 0.

If p > 0, then the network is connected (see Section 6.3.2). So there
is a shortest path p(m, n) from v, to v, with hopcount h(p). The minimum
number of edges to connect a network occurs in a minimum spanning
tree (MST) that consists of N — 1 edges. Noticing that if [ € p(m, ), then
le MST, we get

YA —fUNDP = Y (A=A = Y (AN —FU))

lel’ leMST lep(m,n)

Applying the Schwarz inequality gives

2
( Yo Irah —f(l)l) s( > 1) ( > (fah —f(l))Z)
lep(m,n) lep(m,n) lep(m,n)

=h(p) Y [fUIH—fUHP.

lep(m,n)

On the other hand, we have

(f (m) —f(n))2=( Y (fah —f(l))) s( Yo A —f(l)|2) h(p).

lep(m,n) lep(m,n)

(6.3.10)

Noting that f(m)f(n) < 0, we have (f(m) — f(n)> = f>(m) + f*(n) —
2f(m)f (n) > f?(m). The combination of these inequalities gives

Lo0m)

Ias 7)) >
Y (a) = £ TR

lel’
Denote by D the diameter of the network. Noting that the length of all
shortest paths are always less than the diameter D, we get

S — iy 2 L2 (’”)

lel’
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Yl (f(l*) —fU7)?

B Ve finally obtain that
11—1

By o =

L2 1
e ZND
217:1f2(”) ND

This inequality can be improved as follows: From (6.3.10), we get

M2 =

N N
Y —f@)? <D Y Y (fm) —f(m)?

m,n=1 m,n=1lep(m,n)

N
= DZU(I+) _f(l_))2 Z Xdlep(m,n))-

lel’ m,n=1

The betweenness of an edge [ is B; = ;Zm neN X(epimny» wWhere p(m, n)

are all shortest hop paths from v, to v,. Acknowledgmg that 2B, =
N

Zm et X(epmmy) < P 1, it follows that > > g5

6.4 Spectrum centrality

Spectrum centrality is an improvement of network centralities (in Chap-
ter 4), which includes eigenvector centrality, Katz centrality, pagerank cen-
trality, authority, and hub centrality.

6.4.1 Eigenvector centrality

Each vertex in the network is assigned to a score: y(O) = ygo) =...=)y0=1

corresponding to vertices vy, v, ..., VN, respectively. Let

(1> (O
Zaz,y, ’

where A = (aj)nxn 1s the adjacency matrix. So y; - =k (i=1,..,N),
where k; is the degree of vertex v;, and so ygl), ygl),. ,yf\l) is the original
degree centrality. Rewrite in the matrix form y = Ay, where

0 0 1 1 1
=@ Y,y DT, =y y DT

Again let y® = A%y That is,

y? Za;%;m (=1, N),
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where A2 = (alg-z))NxN. The y%z), e yf\z,) give a better centrality of the ver-
tices vy, ..., v, respectively. Continuing this procedure, we get y® = Aky©®
(keZy).

Let Vi, ..., Vy be the normal orthogonal eigenvectors of adjacency ma-
trix A corresponding to the eigenvalues A1 <Xty <--- < An. Write y(o> as
the linear combination of V1, ..., V:

]\T
y(O) = Z IBIVI,
=1

where B; (t =1, ..., N) are constants. This implies that

N N
Yy =43 "BV =) Ak
=1

=1

Since A, is the eigenvalue corresponding to the eigenvector V,, A*V, =
AV, (ke Zy), so

N N )\ b
YO =Y BV =0 B (K) V..
=1 '

=1

Note that A, < An. For a large enough k, (Ae/2)* 20 (r #£ N). So y(k) ~
BnANV . Noting that both y*® only have nonnegative components, the
normal eigenvector Vy of A corresponding to the largest eigenvalue, Ay
is the eigenvector centrality, and the ith component of Vy is the score of
eigenvector centrality for the vertex v;.

A directed network has an asymmetric adjacency matrix A that has two
eigenvectors corresponding to maximal eigenvalue: left and right eigen-
vectors. The centrality in directed networks is usually bestowed on other
vertices pointing to given vertex, so the right eigenvectors are used. The
eigenvector centrality for a vertex v; in a directed network is

N
X = }\;\;1 Z(XU’XJ‘. (641)
j=1

Write in the matrix form Ax = AnX, where Ay is the maximal eigenvalue,
and x is the right leading eigenvector. If a vertex v; has only outgoing edges
and no incoming edges, then oy =0 (j=1, ..., N). This implies that x; = 0.
That is, the vertex v; has the centrality 0. If there is an edge from v; pointing
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to v,, and v, has not other ingoing edges, then by (6.4.1), x, = 0. That is,
the centrality of v, is also zero. From this, we see that v, has an ingoing edge,
but its centrality is still zero. This is a shortcoming of eigenvector centrality.
Katz centrality is introduced to solve this issue.

6.4.2 Katz centrality

Katz centrality is x; = « Zfe\=1 X, + 1, where « is a positive constant, and
A = (i) Nxn 1s the adjacency matrix. Its matrix form is x = e Ax+]J, where
X=(x1,....,xn) ,andJ = (1, ..., )T, Ifdet (A —a~'I) # 0, then the solution
of the above system of linear equations is x = (I — «A)~'J, where I is the
unit matrix. Note that det (A —a~'I) =0 if and only if @' is some eigen-

value of A. Hence we need to choose !, a noneigenvalue of A. One

often chooses a close to Ay', where Ay is the maximal eigenvalue of A.

6.4.3 Pagerank centrality

The eigenvector centrality x for a vertex v; in a directed network is
1 .
xI:KXJ:O{”xj (lzl,...,N),

which gives Ax = Axx in the matrix form, where x = (x1, ..., xx) !, and
A is the adjacency matrix of the directed network. The pagerank centrality is

N
xj

Xi=T E OlU’W+1,
j=1 7

where k"' is the out-degree of the vertex vj, and 7 is a positive constant.
If lej-’“t =0, then A;; =0. In this case, we let Ai,-/KJf’“’ = 0. Its matrix form
is x = tAD !x + u, where D is the diagonal matrix with elements D; =
max{k, 1} (i=1,..,N)andu= (1,1, ..., 1)T. Denote by I the unit matrix.
Then

x=I—-1tAD Y lu=DD-1A4) 'u.

6.4.4 Authority and hub centralities

The authority centrality x; and the hub centrality y; of a vertex v; satisty

N N
xi=a) gy, yi=B8)_ e,
j=1 =1
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where @ and B are constants, and the matrix (Aj)nxn is the transposed
adjacency matrix of (etj)nxxn. Their matrix forms are x = aAy and y =
BATx. This implies that

AATx = ax, AT Ay = ay,

where A = (¢B8)~'. Hence the authority centrality x and the hub central-
ity y are, respectively, eigenvectors of AAT and AT A with same eigen-
value, because eigenvalues are invariant for the transposed matrix. We
should take the eigenvector corresponding to the maximal eigenvalue.
Since ATA(ATx) = A(ATx), it follows that ATx is an eigenvector of AT A
with same eigenvalue A. Then y = ATx.

6.5 Network eigenmodes

Suppose that G is a network with N vertices (v1, v, ..., vN) and its Laplacian
spectrum is 0 = g < pp < -+ < un. The corresponding normal eigen-
vectors are Xi,Xp, ..., XN, which are called network eigenmodes. For each
k=1,...,N, let y,(¢f) be a function of the time f at vertex v} of the net-
work G. Any given climate state Y(£) = (y1(£), y2(f), ..., yn(0)T in the
climate network can be represented as a linear combination of network
eigenmodes X1, X2, ..., XN

N

Y(1) =) a(tx, (6.5.1)
i=1
where the coefficients ¢(f) = (Y(¢),x;) (i=1,...,N), and (-,-) is the in-
ner product of the N-dimensional vector space. Denote x; = (xi1, ..., Xin) © .
Then

N
Q=Y Y  (i=1,..,N).
k=1
In (6.5.1), the coefticients ¢ (f), ..., ey (f) depend on the time ¢, which reveals
temporal evolution of a given climate state. x1, ..., Xy only depend on the
vertices and edges the network G, which reveal spatial evolution of given
climate state. Formula (6.5.1) gives a spatiotemporal structure of any climate
state on the network G. Noticing that the minimum Laplacian spectrum
w1 =0, the corresponding eigenmode is

1 1

x| = 1,1,.,1) = —u,
=N '=UR
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where u is the N-dimensional vector whose elements are all 1. This implies
that

1 N
a) = (Y1), x) = — D .
k=1

So expansion (6.5.1) can be rewritten as

1 N N
Y(1) = (N Zyk(o) ut >y a(nx;,

k=1 i=2

where u= (1, ..., DT,

Noting that x; and x; satisty (x;,u) =0, and (x;,x;) =0 for i,j# 1, it
means that all eigenmodes, except the first one, have a wave-like structure,
which can help to reveal spatial evolution of climate networks at difterent
scales.

6.6 Spectra of complete networks

Let G be a complete network with N vertices. Then its adjacency spectra
are

AM==Anog=—1, An=N-1. (6.6.1)

In fact, the adjacency matrix Ag = Jy — Iy, where Jy is an N x N
matrix, has elements that are all 1. Note that [y = uNuK,, where uy 1s an
N-order vector, and whose elements are all 1. The adjacency matrix of G
has the characteristic polynomial

det(Ag — AIN) = det(]N — Iy —AIN) = det(JN — A+ DIN)

= det(unul, — —(— N ,_“1\"“17\7‘
= Nuy — (+ DIy) = (= + 1D)Ndet [ Iy ).

(6.6.2)

Using Schur identity and noting that

IN 0 IN % N
ul, 1| 7 01— T A+
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we get

By (6.6.2), we get

; N
det(Ag — AIn) = (~(+ D) (1 - m)

==DNO+ DN T+ 1 = N). (6.6.3)

From det(Ag — Aln) = 0, we obtain adjacency spectra in (6.6.1).

The complete bipartite network, denoted by G, ,, consists of vertices
E={v,...,v,} and F ={v}, ..., v}, where each vertex of E is connected to
all other vertices of F. There are no edges between vertices of a same set.
The adjacency matrix of G, , is

A Oﬂl Xm J mxn
Gm,u = )
JﬂX m Oi’lX n

where O are all zeros matrix, and J constitute one matrix. The number of
vertices in the complete bipartite network is N = m 4 n. The characteristic
polynomial is

_)\Imxm _]mxn

nxm _)‘Inxn

dCt(ACm_n — )LINXN) = ‘

Using the Schur identity,

A, B/ / / / n—1
det ( oD ) =detA'det(D' — C'(A)™ B),
and then noting that [,y Jiuxn = MJuxu, We get

det(Ag,, — M) = (—2)"det (% J- M)

nxn

= (=" (%) det (j — §I>
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)\'2 )\21172 )\'2
det(j——]) =(-1" - (——n>
m nxn m= m

det(ACm_,, _ )LINXN) — (_1)m+n)hm+n—2()¥2 _ mn)

and

Furthermore,

Finally, the adjacency spectra of complete bipartite network are —./mn,
[0]1V=2, /mn, where [0]N~2 means that the multiplicity of the spectrum 0
is N —2. When m =1, Gy, is reduced into a star network, and the corre-

sponding spectra are —/N — 1, [0]V72, /N — 1.

The Laplacian matrix of complete bipartite network G, , is

. Oﬂl Xm _Lﬂx n nlm Xm __Lﬂx n
Lg,,, = diag(n, ...,n,m, ..., m) — = .
JﬂXHI Oi’lXVl __]leﬂi MIHXVI

The characteristic polynomial is

n— Imxm “Jmxn
det(LGM — ulnxN) = det ( ( " J ) .

_Jnxm (m - M)Inxrz
By the Schur identity, it becomes
det(Lg,,, — uInxN)

= —(n— w)"det (LJ —(m— ) I)
n—p nxn

= (=" (—m ) det(J—wl>
n_u m nxn
" R e _ .
=—(n—u)'”(—m )(—1)”(”1 W) <(m 1) (n M)_n>

mr=1 m
=—(n— " (=1D)"m— )" ((m— @) (n— p) — mn).

n—u

Clearly, [m]""!, [n]"~! are the eigenvalues of Lg,,,- Again, from w>—(n+
m)pu = 0, it follows that © =0, and u = N (N = m + n) are the eigenvalues
of Lg, ,- When m = 1, the star G, has eigenvalues 0, [1]"~!, N.

Next, we consider a complete m-partite network, that is, a complete
multipartite network.

myn *

Denote by 17 the set of vertices. Let Ay,...,A, be a partition

of V, where A; = {V%D,...,Vg)} (j=1,..,m). That is, U= UJ";lA, and
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Aj(NAj =9. Each A; is internally not connected but fully connected to
any other partition. The corresponding adjacency matrix is

Ot Jrixks 0 Jerxkn
Jeoxkr Ok o Jraxk
Amfpartite = . . . .
kaXkl kaXIQ e Okm

If all kj =k and N = km, its eigenvalues are (m — 1)k, [0]V™", and [—k]"~.

6.7 Spectra of small-world networks

In the ring-shaped network S, of order k, every vertex, placed on a ring,
has edges to k subsequent and k previous neighbors. The corresponding
adjacency matrix Agyy, is a symmetric circulant matrix:

4} (N-1 (N-2 -+ (O
a o (N-1 ' &

Asw, = o ol o N
(N—-1 (N—2 (N-3 -

where (n_j=¢ (j=1,..,N),and =0, =1 (j=1, ..., k). Each column
is precisely the same as the previous one, but the elements are shifted one
position down and wrapped around at the bottom. The matrix Agy, can
be expressed as the linear combination of shift relabeling matrices E* (k=
0,...,N—=1):

N-1
Aswy=Y aE*=al+aE+ -+ BN, (6.7.1)
k=1
where E° =1,
00 0 0 1 0 0 0 10
10 0 0 0 0 0 0 0 1
1 01 0 0 0 , 1 0 0 0 0
E=|¢o 0 1 ool E=lo 1 o B E

[e]
[«]
[«]
—
[«]
[«]
[«]
—
[«]
[e]
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and so on. Let the polynomial be

N—1
plx) = Z xt. (6.7.2)
k=0

Then the matrix Agyy, can be written simply in the form Agy, = p(E).
First, we find the eigenvalues A of the matrix E, where Ex = Ax.
Let x = (x1,...,xn)%. Then E(x1,....xn)% = A(xy, ..., xn)L. Since
E(X1, X2,y eeny XN)T = (XN, X1y ooy XN_1)T, we have (.’)CN, X1y eeny .’XN_1)T =
A(x1, %2, ..., xn) T. This implies that

XN = AX1, X1 = AX2, ceny XN—1 = AXN- (673)
2mik

This implies that ]_[J]\:T1 Xj = AN Hf; Xj, SO AW =1, and i =eN (k=
0, ..., N —1). Hence the eigenvalue polynomial of E is

N-1
DNON =1 =0,  detE=[]rm=(=D""
k=0

By (6.7.3), any eigenvector is only determined apart from a scaling fac-
tor:

xe=A"lxp g = A 2K == AR 2y = AR

Let xik) = «/LN Then

| 3! O
= AP =Tk N (k=1,..,N)

form the eigenvector corresponding to the eigenvalue A, (k=1, ..., N). The

matrix X consisting of these eigenvectors as column vector is

1 o
X=—=(Xy), where X = ¢~ R *k=DG=D)

i

The matrix X is called the Fourier matrix. So XTEX = diag(1, A, ..., AN7),
where A =% . Using the unitary property gives

XTE*X = diag(1, 2*, ..., A0N=Dk),
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By (6.7.1),
N-1 N-1 N-1

XI ASWk,X = diag ( Z Cl,s Z Ck}\k, ceey Z Ck)»(N_I)k>
k=0 k=0 k=0

= diag (p(1), p(1). ... pANT) .

Since the degree of each vertex is 2k, and the maximum possible degree is
N—-1,weget2k+1<N.Bycnr=a co=0,and g=1(=1,..,k), it
follows that

k N-1
P =Y g8 + Y o = 1) + 1P (.
=1 j=N—k
where
k k 1— Xk
=Y =Y V="
=1 j=1

Since the degree of each vertex is 2k, and the maximum possible degree is
N-1,2k+1=<N,so

2 7 k . 7 1—x7k
I,i ) (x) = &N chx_f =N

1 —xt
=

Hence p(x) = o7 Let x ="~ 1 where A =e¢ ¥ Then
b( 2mik(m—1) . -1k
_ _ 1 - )\,k(”l 1) 2mi(m—1) 1 — e N mi(m—1)(k+1) Sin M
1(1)()\'m 1) — " 1 — N — N N
k - 1 — pm—1 =e 2mi(m—1) =¢ gin Zn=1 w(m—1) ’

1 —e N N

Iliz) ()»’11_1) — E(kw—I ).
So

. (m—1)k
POy = Ii“(k’””) n l,iz)(k""1) % cos m(m—1)(k+ 1) sin =552

. w(m—1)
N sin -~
sin 7r(m—1)$2k+1)
N\ S—
© sinZb
N

are spectra of the ring-shaped network Agyy, .
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Noting that the small-world network is to add relatively few shortcut

edges to the ring-shaped network, by the continuity of the network spectra,
i J'r(m—])SZk-H)
the spectra of small-world network are approximately smqmﬁ -

6.8 Spectra of circuit and wheel network

A circuit C is a ring-shaped network, where each vertex on a circle is
connected to its previous and subsequent neighbor on the ring. Since the
circuit is a special case of the ring-shaped network for k=1, the spectra of
the circuit are

: 3r(m—1)
sin =—— 27(m—1)
— N 1=
A= — o) 1 =2cos N .
sin = —

From this, we see that (A),, = (A)N—m+2, and —2 < (A,),, < 2. Note that
the line network of the circuit C is the circuit itself /(C) = C. The corre-
sponding Laplace spectrum is

27 (m—1)
(:u/c)Nlefm =2—-2c0s ——~.

The characteristic polynomial of the circuit C is

N

I\‘Y
C() = H <200827T(M7N_1) —K) = 1_[200s (ZWTWL —A).

m=1 m=1

Note that T (x) = cos(Narccos x) is the Chebyshev polynomial of the first
kind, whose product form is

N N T(2m—1)
TN(.X‘) = 2N71 H(x - x,,,) = 22\71 1_[ (.X' — COS T) s
m=1 m=1
where x,, = cos % (m=1,...,N). So the characteristic polynomial be-
comes

I\T
e (2 3) et (2)

m=1

The wheel network Wy is the network obtained by adding to the
circuit network one central vertex with edges to each vertex of the cir-
cuit. That is, the wheel network is the cone of the circuit network. The
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A uN.
AW:< Tr N+1 )’
Un41 0

where A, is the circuit with N vertices, and uy is all one vector of

adjacency matrix is

N-dimensional space. Let A. = (a;)nxn, Where a;_1; = a1, =1, and
aiyNj = ain. Then Acun = 2uy, and so A, =2 is the maximum eigenvalue
Other N eigenvalues are —v/N + 1+ 1, {2cos 2”('" DY) ens 14+ VN

The Laplacian spectrum is

2m(m—1)
()1 =0, (MW)m:3_ZCOSTa ()Nt =N+1

(m=2,...,N).

6.9 Spectral density

For large networks, the spectral density function is more suitable to be
analyzed than the list of spectra.
The density function for spectra {,,},=1,... ~ 1s defined as

......

1 &
=12 00— hn)

m=1

where §(¢) is the Dirac function. That is, f,(f) = % (t=rn(m=1,..,N));
otherwise, f; (f) =
The generatmg functlon of the density function of spectra {A,,}=1...N
is
1Y
(28 (.’X,’) = N ; eXp(_X)"m)»
and
1 +ioco .
)= — o d=z.
Si(0) 5 /C_ioo e (2)dz
In the adjacency matrix A = (a;)nxn, and a; =0 (=1,..,N), so
SN A = Tr(A) = 0. Noting that ¢~ is convex of the real x, by the Jensen

m= 1
inequahty, we get

i (x) = Z exp(—xi,) > exp (—— ka) =1.

m 1
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Applying the Titchmarch summation formula gives

e—xL(N) —xL(0)

— €

1N L(1)
(%) = N/O e* dt_YN(x)‘f' T,

where L(f) is the Lagrange interpolation function such that L(m) = 1,, (1 <
m < N) and

x [N 1 L
(x) = — t—[f] — 2)e L (pHdt.
YN (x) N/o (t—1[1] 2)6 ()
Noticing that |t — [f] — %l % and L'(f) <0, we get

L(N)

N
: - —xL() [/ N / —xL( g]
|YAV(X)|§'2N[0 e (t)dt‘ ‘21\7 i e dL(1)

(0)
e—xL(()) _ e—xL(N)

2N

-0 (N— 00).

From this, it follows that

1 N
hm 0 (x) = hm — e O gy, (6.9.1)
N—oo N

Let G be a path with N — 1 hops. The spectra are }\m =2cos & (m =

N+
1, ..., N). The interpolation function is L(x) = 2cos {5 . By the generating

function formula,

wk
i (x) = ZeXp< 2xcos +1>.

By (6.9.1), it follows that

N
1\121100 on(x) = hm % e2%c0s §T g
N+1

— T 672xcosad
N—oo JTN 0

1 k4
— _f e—2xcosrxda — 10(29(),

T Jo

where I is the modified Bessel function, that is, ¢, (x) & Iy(x) (for large N).
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For the small-world network SI¥,, the spectra and the generating func-
tion are, respectively,

sin n(11171[)\$2k+1)
= pTT) -1 (m=1,..,N),
N
sin 7 (m— 1)(2k+l)
(p}‘(x) ZCXP BT 7r(m 1) :
sin 5
) ) ) ) sin 7(x—1)(2k+1) )
The interpolation function is L(x) = T 1. By (6.9.1) and

1+ 22;?:1 cos(2jt) = SCREL! e get

sin t

& N sin ZE=DCk+D
i = lim — xy— N
I\lgnoogox(x)_]\llm N/o exp - n(x 5 dx

=0 sSIn —-—

( sin(2/e+1)t)
exp | —x——— | d

sin ¢

a(N=1)

) & N
= lim —
N—oo T 7%

k
1 T
=— -2 E 2jt) | dt.
Tf/o exp X cos(2jt)

J=1

6.10 Spectrum-based partition of networks

A network partition is to decompose climate network into relatively in-
dependent subsets. It can be used to find relative independent patterns in
climate systems.

Let G be a network with N vertices: V' = {vq, ...,vn}. If the set IV of
vertices is divided into [ disjoint subsets: Dy, ..., Dy, i.e., V' = U][.=1 D;, and
D D;=¥. By |Dj| we denote the number of vertices in the set D;. The
partitioned and rearranged adjacency matrix is

A - Ag
A= e ,
Ap -+ Ay

where the block matrix Aj is the submatrix of A formed by the rows in
D; and the columns in D;. The characteristic matrix C of the partition is
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defined as an N x [ matrix, where

1 ifveD,

Clj = i
0 otherwise.

This implies that CT C = diag(| Dy, ..., |Dn|), and Tr(CT C) = N. The quo-
tient matrix corresponding to the partition specified by {D, ..., Dy} is
defined as the [ x [ matrix

A" =CCToO'ctrA)C,

where (A™);; is the average row sum of the partitional matrix (7w A);. If the
row sum of each block matrix Aj; is constant, that is, the partition 7 is
regular, then 7 AC = CA™. A partition 7 is regular if, for any i and j, the
number of neighbors that a vertex in D; has in D; does not depend on the
choice of a vertex in D;. If I/ is an eigenvector of the quotient matrix A"
corresponding to eigenvalue A, then

ACV =CA"V =(mA)CV.

For the complete bipartite network K, its adjacency matrix has a reg-
. . . . 0 m

ular partition with [ =2. The quotient matrix is A" = 0 | whose
eigenvalue are +./mn, which are the nonzero eigenvalue of K,,,,.

A tree that is centrally symmetric with respect to vertex u if there ex-
ists a one-to-one map from vertices to vertices such that they have same
distance from u. Any tree with maximum degree dy.x is a subnetwork of
a centrally symmetric tree Ty, , whose all vertices have degree 1 or dpax.
For a centrally symmetric tree Ty, , the corresponding quotient matrix A"
1s

0 dmax 0 -0 0 0

1 0 dpx—1 0 0 0
A" =

0 O 0 1 0 dpax—1

(@)
(@)
—_
o
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Consider a network G partitioning into two disjoint subsets: Gy and G,.
Define an index vector y as

l, jG G1,

)/j= —1, jE Gg.

The number M, of edges between G; and G is

1
My =7 > =)

leL

where [T is the starting vertex, and [~ is the ending vertex of an edge L.
Clearly, > ,.; (yi+ — y-)> = y 'Ly, where L is the Laplacian matrix. So
M, =1y TLy. Hence the minimum cut size is

1o
Mmm=r;1€1g117 Ly,

where S is the set of all N-dimensional vectors with components —1
or 1. Let {x/}1<i<nv be eigenvectors of the Laplacian matrix L. Then
y= Z —; a/x;, and so

N
1
= 1 Z OthllijLxl.

=1

By Lx; = ux;, we have M, = %Zf\zl wie?, which is a sum of positive real
numbers. So the minimum cut size is

The minimum cut size is completely determined by the eigenvalues of
Laplacian matrix L.

Let G be a network with N vertices IV = {vy, ..., vn}. Divide V into 2
disjoint subsets E and F. The distance of E and F is denoted by #, that is,
dist(E, F) = h. Let

e

Ol(u)=%— (1 +}> w

where e = NE f

N Ne (Ng and Nr are the numbers of vertices of E and F,
respectively), a

N
h(u, E) is the shortest distance of the vertex u to the

nd
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set E. If u e E, h(u, E) =0, then min(h, h(u, E)) =0, and so a(u) = % If
ueF, h(u, E) > h, then min(h, h(u, E)) = h, and so a(u) = —%. If u and v are
adjacent, then ‘

1/1 1
la(u) —a@)] < 7 (; +]7> . (6.10.1)

Now we demonstrate (6.10.1). If ue E, and ve E, a(u) =a(v) = %, SO
a(u) —a(v) =0. Clearly, (6.10.1) holds. If u € E, and v € F, then h(u, E) = 0.
Since v ¢ E, u € E, and u, v are adjacent, dist(u,v) =1, so h(v, E) = 1. This
implies that

1 1 1 1\1

a(w)=z, a(v)zz— (; +]7)E. (6.10.2)
So la(u) —a () =31 + }). Ifu¢ E, and v ¢ E, then |h(v, E) — h(u, E)| <1
and ’

1/1 1 , .
loe(u) —a(v)] < 7 (Z +f) | min(h, h(u, E)) — min(h, h(v, E))| = 0.
Clearly, (6.10.1) holds.
1

Let f(n) = a(n) — a, where a = ; 251\7:1 a(n). Then, for a constant vec-
tor C, (f, C) =0. By (6.3.5),

S —f))?

leL
M2 =

N
;f 2(n)

From f(I*) — f(I") = (a(I") —a) — (@(I") —a) = (") —a(I") =0 (I €
(Le|J Lp)), it follows that

DA =) =D @) —a@)’= Y (@) —al)),

leL leL le(L\Lg U LFr)

where Lg and Ly are the set of edges in the sets E and F, respectively. Since
I" and I~ are adjacent, it follows from (6.10.1) that

 _FY)? < 11y
Y —fanis Y h2(6+f)

leL le(L\LE U LF)

1 /1 1\>
= <; +J7> (IL| — |Lg| — |LFl).
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Note that
Y =Y =) (am)—a)+ ) (amn)—a).
neN ne(EF) nekE neF

Since a(n) = % (neE), and a(n) = —% (n € F), therefore

5 1 1 2
> = NE(——a> +NF([ )
neN

1 2 Za 1 200
ZNE —2+Ol +NF +Ol + —
e e f
From Ngp+ N =N, e¢= N—Vb, and f = %, it follows that Z%Nfz(n) >

N(%%—}).So

(LN e L LN
Fe=\eT7 Ni2 " 2\Ng ' Np e

called the Alon—Milman inequality. Noting that |L| — |Lg| — |Lp| is equal to
the number of edges between two sets E and F, we see that a large algebraic
connectivity u, implies a large number of edges between E and F.

Let E and F be two sets of vertices with the distance 5, and let the sep-
arator S be the set of vertices at a distance less than h from E and S(E=0
(clearly, SO F =), and E{JF|JS =V, where I is the set of all vertices.
If h=1, the separator S is called the cuf set. Define

NE NF NS
e=—, f = 7 S=—,
N N N
where N¢ is the number of vertices in the network C. By (6.3.7), the
second smallest spectrum p, satisfies

2N Y (f(H) —f(7))?
Mo = IGL ,

Z (f (m) — f (m))?

m, n=1

where [T and [™ are, respectively, starting point and ending point of an edge,
and f is any function defined on vertices vy, ..., Vn.

Let f(k)=1— % mln(h h(k, E)), where h(k, E) is the distance of vertices
vy, to the set E.
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If v, € E, then h(k, E) =0, min(h, h(k, E)) =0, and so f(k) = 1.
If v, € F, then h(k, E) > h, min(h, h(k, E)) = h, and so f(k) = —1.
If v, €S, then h(k, E) < h, min(h, h(k, E)) = h(k, E), and so f(k) =
1— 3h(k, E).
From v, € S, h(k, E) <h—1, and h(k, E) > 1, it follows that
2(h—1) 2

2
f(k)gl—ﬁ, f(R) =1~ 7 =E—1.

Similar to (6.10.2), we get |f(m) — f(n)| < %. So
4
YA —faH? = DY (U —fU)? < (LI = |Lgl — |Lg).
h
leL le(L\(LE U Lr))

When h > 1, each edge in L — Lg — L has at least an ending point belong-
ing to Ns. So

|L| - |LE| - |LF| < NSdmax = NSdmax’

where dpx 1s the maximum degree of vertices. So

2 2
ST —fU) < (z) N

leL
Note that
N
I:= % > (Fm) —f(m)* = (Z Z+ZZ+ZZ) (f (m) — f(m))>.
m,n=1 meE neS meE neF  meF neS

IfhzZ,thenl—%>O, and

2 2
1> (1 - (1 — %)) N2es+ (1 — (=1)*N?ef + (—1 + (1 - %)) N*fs
2\? 2\? 2\?
= <ﬁ> NZes 4+ 4N%ef + <ﬁ> N*fs = (ﬁ) N?(es + efi” + es)
) 2
= (E) N2((e+f)s + eft®).

From this, it follows that

S Onax

s(1—=s)4+e(l—e—s)h2

M2 =
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CHAPTER 7

Monte Carlo simulation of climate
systems

The uncertainty in future climate change is large. Monte Carlo simulation
has been widely used in measuring uncertainty in climate change predic-
tions and examining the relative contributions of climate parameters. The
core idea is to force climate models by Monte Carlo simulations of uncer-
tain climate parameters and scenarios. Incorporating to known integrated
assessment models, Monte Carlo simulation can also help to find ways to
balance the expected marginal costs with the expected marginal benefits in

climate policy decisions.

7.1 Random sampling

Monte Carlo method use random samples to make statistical inference or
determine numerical results, so as to implement the Monte Carlo method,

for which it is necessary to have a source of random numbers.

7.1.1 Uniform distribution

Sampling of a random variable with uniform distribution can be done
through various known generators:

Generator of modulus of congruence. It is defined as

X1

Xp41 = ax, modm, Uyl = (n=0,1,..),

where the modulus m is a prime number, and the multiplier a is a very large

integer such that ¢"~' — 1 is a multiple of m, but a* — 1 (k=1,...,m — 2) is

not.
Consider L generators with parameters a;, m; (G=1,..,L):
X
j,i+1 .
Dc‘]',l‘+1 = Clj.’Xf/’,' mod le, I/lj,,#l = (] = ], ceey L)
' mj
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Wichmann—Hill combined generator is

L L
k=1 k=1

where [] is the integral part.
L’Ecuyer combined generator is

L
Xip1 = Z(_l)i+1xj,i+l mod (my — 1),

=1
Xit1
ﬁs xi+1 > 09
Uiy =
mp—1 _
my Xit1 =0,
where my is the maximal value of {m;}j—y 1.

7.1.2 Nonuniform distribution

The inverse transform method and acceptance—rejection method are the
main Monte Carlo methods of sampling of random variables with nonuni-
form distribution.

(1) Inverse transform method

For a discrete random variable X, let P(X =¢.) =pr (k=1, ..., n), with
a4 <eo<--<g¢. Let g;= Zle pj- Then the cumulated probability of X
is F(c) = qr. To generate samples (or observations) from X, the algorithm
proceeds by generating a uniform distribution U ~ unif[0, 1] and chooses
k=1, ...,n such that q,—1 < U < qi, and then we take ¢, as a sample of the
discrete random variable X.

Consider a continuous random variable X with cumulative distribution
function F(x) = P(X < x). Since F is a monotone increasing function, its
inverse function F~! exists and is also a monotone increasing function.

First, we generate a uniform distribution U on [0, 1]. Then the sampling

formula is

X=FY(U), U~unifl0,1].
For i=1,...,n, if u; are samples of U, then x; = F~!(1;) are samples of X.
In fact,

P(X <x)=P(F ' (U) <x) = P(U < F(x)) = F(x).
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The last equality holds because

0, u<O,
PU<u=13 u, 0=<uc<l,
1, wu>1.

We can also find the samples of X satistying the condition a < X < b.
If U~ unif]0, 1], define IV = F(a) + (F(b) — F(a))U, which is a uniform
distribution between F(a) and F(b). Then F~' (1) is the desired conditional
distribution because

P(F~'(V) < x) = P(F(a) + (F(b) — F(a)) U < F(x))

_p (U - F(x) — F(a)) _ F(x) — F(a)’
F(b) — F(a) F(b) — F(a)

which is just the distribution of X under the condition a < X <b.

(i1) Acceptance—rejection method

The acceptance—rejection method is sampling a random variable X with
density function f, which is difficult by the method of inverse transforma-
tions. We choose another random variable Y with density function g, which
is easy to sample by the method of inverse transformations and satisfies
f(x) < Ag(x) (x € R), where A > 1 is a constant. In the acceptance—rejection
method, we generate a sample x from g, and a sample u from U ~ unif]0, 1].

Ifu< {(( )) , then we accept the sample x. Otherwise, we reject X and again
repeat the above process till some sample is accepted.

Below we show that the obtained samples in the acceptance—rejection
method are from the density function f. Let Z be the distribution of X
under the condition U < I((XX)) Then, for any A C R,

S
P(Xea Us{%)

P(ZeA) = (U {(f(x)))
- A

where the denominator is equal to

P(U_f(X)) S &)
2g(X) Ri Ag(X)

1 1
g(x)dx = 5 /l;df(x)dxz T (7.1.1)

and so

_ S0 S B
P(Z e A) =AP <XeA U_Ag(X)) ]}\g( )g( x)dx = ]f(x)dx



218  Big Data Mining for Climate Change

Since A is arbitrary set for R, the above formula shows that Z has the
density function f(x). By (7.1.1), it is seen that one sample is chosen in A
sample candidates. Therefore the best choice is A &~ 1.

7.1.3 Normal distribution

We start from the generation of univariate normal variables.

Box—Muller method is a classic method to generate pairs of inde-
pendent, standard, normally distributed (zero expectation, unit variance)
random numbers.

Let Z; ~ N(0, L), and let Z, ~ N(0, ). Then their square sum R =
72 + 73 follows the exponential distribution with mean 2,

P(R<x)=1—¢2.

For given R, the point (21, 2) is distributed uniformly in the circle C 5z
with center 0 and radius +/R.

We first generate the samples of R by the method of inverse transform;
we may take R = —2log U; or R = —2log(1 — U,), where U; ~ unif]0, 1].
To generate a random point on the circle, the random angle may be
generated from o =27 U; and U; ~ unifl[0, 1]. The corresponding point
on the circle C  is (v/Rcosa, v/Rsina). Therefore Z; = v/Rcosa and
Z5 = ~/Rsina are samples of univariate standard normal distribution.

Marsaglia—Bray algorithm is an improvement of the Box—Muller
method, which avoids the computations of sine function and cosine func-
tion. We generate U; and U, from unif[0, 1]. Let 1/} =2U; — 1, and let
1/, =2U, — 1. Then (V4, V5) follows the uniform distribution on [—1, 1]2.
We only accept samples (17, V2) such that X = 12 + 1’7 < 1. This gen-
erates uniform distributed points in the unit dist. So the random variable
X follows the uniform distribution on [0, 1]. Again, let Y = /—2log U,
where U ~ unif|0, 1]. Then

Y 7%
z =L g -2r
'TUX *TUX

are the desired univariate standard normal distribution.

A d-dimensional normal distribution X with mean u and covariance
matrix ¥ is denoted by X ~ N(u, X), where the covariance matrix X
must be symmetric and semipositive definite. The density function of
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d-dimensional normal distribution is

l Tv -1 d
Yp, z(X) = eq«EEQ—M)E @—MO (x e RY),

Qm) |32
where |X| is the determinant of X. If Z, ~ N(0,1) (k=1,...,d), and X =
w+AZ, where A isa d x d matrix, g = (i1, ..., uag) ', and Z = (Zy, ..., Zp ',
then X ~ N(p, AAT). Therefore the problem of taking samples from mul-
tivariate normal distribution is reduced to finding a matrix A such that
AAT =%,

(a) Cholesky factoring

Cholesky factoring is to construct a lower triangular matrix A such that
AAT = ¥. That is, we need to solve the matrix equation with unknown a;
(i=j,i,j=1,..4d):

T
a1 ai
daz1  a» a1 a»
=¥,
dd1 dd2 - Add dqg1 dd2 - Add
which is equivalent to the following equalities:
2
ai; = 211, amray = Xo1, ..., 4gdi1 = L4

2 2 5 5
a5+ a5 =%, .., dy+---+ay=X4y.
After that, let

Xy =py +an4y,
Xo = o+ a1y + ands,

Xi=mg+tandi+apZs+ -+ a,.

(b) Eigenvector decomposition

The equation AAT = ¥ may be solved through diagonalization of X.
Since ¥ must be positive definite or semipositive definite, its d eigenvalues
A1 > Az >---> Xy >0 and the corresponding normal orthogonal eigenvec-
tors Vi, ..., Vysatisfy >V, =A;V; (i=1, ..., d). Its matrix form is

YV =VA,
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where V= (Vy, ..., V)T, and

Since V is an orthogonal matrix, ¥ = VAV~ = VAVT. Let A = VA?,
where

SI o0

0 - Jis
Then AAT = VA3 A3VT =VAVT = . That is, A4 is the solution of the
equation AAT = X.

Let Z ~ N(0,1),andlet Z = (21, ..., 24) L. Then X = AZ can be written
in the form

X=AZ =aiz1 +arz +---+ayzy4,

where ay, is the kth column of A. We explain z, as independent factor, and
Ay as factor loading of X on z;.

7.2 Variance reduction technique

To obtain a greater precision and smaller confidence interval in Monte
Carlo simulation, the most efficient method is that variance reduction tech-
nique. It can be divided into control variable method and control vector
method.

7.2.1 Control variable method

The basic idea of control variable method is to replace the evaluation of an
unknown random variable with the evaluation of the difference between
unknown random variable and another random variable, whose expecta-
tion is known.

Let Yi,..., Y, be the samples of a random variable Y. The mean of
samples is Y = % i1 Y, which is an unbiased estimate of E[Y] and
% Y iet Y — E[Y] (n— 00).

Assume that X is another random variable, whose samples are X, ..., X,.
Suppose that the pairs (X, Y}) are independent and follow the same distri-
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bution, and that E[X] is known. For each b, we compute
Ye(h) = Yy — b(Xi, — E[X]). (7.2.1)

Then the mean-value of samples

. o . 1 n
Y(b)=Y — b(X — E[X]) = - > (Vi — b(X, — E[X])) (7.2.2)
k=1

is an estimate by a control variable. The observation error X — E[X] is a
control variable of estimate E[Y]. The control variable estimate (7.2.2) is
an unbias estimate of E[Y] because

E[Y(b)]1=E[Y] - bE[X — E[X]]= E[Y] = E[Y].
By (7.2.1), we deduce that the variance of each Y(b) is

Var(Yy (b)) = Var[ Y}, — b(X — E[X])]
= Var(Y,) — 2bCov( Yy, Xp) + b*Var(Xy).

From Cov(Y}, Xi) = Var(X)Var(Y) pxy, it follows that
Var[ Y, (b)] = 032, —2boxoypxy + bza)z( =:02(b) k=1, ...,n),

where 02 = Var(X), and 02 = Var(Y). Again by Var(Y(h)) = 22, and

— 2
Var(Y) = "’—1", when b?ox < 2boypxy,

Var(Y (b)) < Var(Y).

Now we find the minimal value of o2(b).
Using the method of least squares, from % (0%(b)) = 2bo} —20x0y pxy =
0, it follows that
o OYPxY Cov[X, Y]
ox Var(X)

That is, o2(b*) attains the minimal value, and

(7.2.3)

Oy pPXY 02,02

2 2 YOXy 2 2_ 22

o-(b"Y=0y, -2 OXOYpxy + —— —0x =0y — OyPxy-
ox ox

From this, it follows that

Var(Y (b)) 5o*(b") L2
Var(Y) %cr% =T Py




222 Big Data Mining for Climate Change

That 1s,
Var(Y (b*)) < (1 — pxy)Var(Y).

Note that 0 < pxy <1. When X and Y have high correlation coefficients,
we use Y(b*) to estimate the mean E[Y] and reduce greatly the variance
(i.e. uncertainty) of estimate.

Since oy and pxy may be unknown in (7.2.3), the estimate of b* is as
follows:

ki(Xk—X)(Yk—?)
by ="= . 7.2.4
Y (X — X2 .
k=1

By the strong large number law, b, — b* (n — 00) in the sense of probability.
Let b=b, in (7.2.1):

Yi(b,) = Yo — by(Xe — EIXD)  (i=1,...,n). (7.2.5)

Then we may use the mean 7(1;,1) of Y, (l;,l), e Yﬂ(@n) to estimate E[Y].
Note that
Y(h) — E[Y]

ab)
/it

(by the central limit theorem). Let z, be the fractile on the normal distri-

~ N(0,1)

bution. The confidence interval of E[Y] with the confidence level 1 — «
18

— o (b)
Y (b) + zy NG .

In practice, o%(b) is unknown, but it may be estimated by
1 < —
2 _ _ 2
S =— ;(Yk(m Y(h)*.
Note that
DK=Y=V =) X-X)V-Y) (X - X,
k=1 k=1 k=1

Z(Xk—y) =nX —nX=0.
k=1
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By (7.2.4), we get

> (Xe—X) Y
k=1

N

by =

(X — X2
k=1

From this and from (7.2.2), it follows that

A 1 n @” n 1 n .
Y(b)=—3 Vo= —3 (Xe— EIXD=—3 Ve~ b,(X = EIX)
k=1

k=1 k=1
n .
n Z (Xk - X) Yvﬂ n
1 k=1 -
=-Y Y- | 5 | X-EXD=)_ wwYi
"= 3 (X — X)2 k=1
k=1

where

1 n (X = X (X — ELX])

(X, — X2
k=1

Wiy =
n

From this, we see that the estimate of control variable is a mean with the
weight wy, for the samples Y7, ..., Y,. The weight wy, is determined com-
pletely by the observation values X, ..., X, of the control variable.

7.2.2 Control vector method

Let a random variable Y have the samples Y7, ..., Y, and a control vector
X = (XD, ..., XT with a known expectation E[X], and let X have the
sample vectors X, = (XE”, - X,id))T (k=1,...,n). Let the pairs (X, V)T
(k=1,...,n) be independent identically distributed, and let the covariance

matrix of (X, Y)7 be
> >
( o ) (k=1,...,n),

T
Yxy Oy

where Yx is a d x d matrix, Ixy is a d-dimensional vector, o2 is the vari-
ance of Y, and

(Zx)jk = Cov(XP, X®) (G k=1,...,d),
(Exy)j = COV(XU), Y) (_] = 1, cavy d)
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Let X = 131 Xk be the vector of sample mean of X. For fixed b =
(b, ..., b)) T € RY, the estimate Yi.(b) is

Yb) =Y, —b (X, — E[Xi])  (k=1,...,n).
The variance of Yi(b) is
Var(Yy(b)) = Var(Yy) — 2Cov(b” Xy, Y;) + Var(b'Xy),
where

Cov(b"Xy, Yi)=Cov(bi X" + -+ b X", V)
= b Cov(X", Vi) + -+ bsCov(X”, Vi)
=b"Cov(Xy, Yi) =b"Ixy,

and
Var(b"Xy) = Var(h; X" + - - + by X\")
d d
=Cov(O_ X)), O X))
=1 =1
d -
=Y bibCov(X, X”)=b"zxb.
1j=1
Furthermore,
Var(Yy(b)) =02 — 2b” Txy + b’ Txb. (7.2.6)

) T ;
Since W =Cov(X?, Y), and
¢

T P
M — i Z by Z biCOV(XIEI), X]il))
9b; W \'z =

9 . ,
t25 (ijbiCov(Xg), X,g”))
i

0 . .
+ a—bi(bfcov(x?), xM)
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=2 Z biCOV(Xg), Xk(f)) + 2bjCOV(X(f), X]ii))
i#]
d
=2 Z biCov(XP, X1,
i=1
it follows that

d
—2Cov(X?, Y)+2) " bhCov(X?, X7).
I=1

8Var(Yk(b))
o,

So MVar(Yi(b)

o= 0 is equivalent to

d
Cov(X9, Y):Zb,cov(X“), XDy (i=1,...,n).
=1

That is, ¥xy = Zxb. Then Y (b) attains the minimal value when
b* =33 xy. (7.2.7)
Substituting b* into (7.2.6), we get

Var(Y,(b*)) = Tyy — 2b*Exy + b*T =xy + b*Txb*

—Eyy—b Exy—O'Y EXYE ny
The last equality holds due to the symmetry of £x. Let

£L,Tx Exy

2
Oy

R?= (7.2.8)

Then this formula can be written in the form Var(Y,(b*)) = (1 — R*)o3.
In practice, the coefficients R? are unknown. Replacing ¥x and Txy in
(7.2.7) by the estimates of samples Sx and Sxy, we get

% —1
bn = SX SXY,
where Sx is a d x d matrix, and Sxy is a d-dimensional vector as follows:

1 - ) 0
(Sx)i=— D (X =X =X,
k=1

1 " 1 1
(Sxv)i=——5 > (X =X (Ve =) = —Z(Xk XY
k=1



226  Big Data Mining for Climate Change

The R? in (7.2.8) is a generalization of the square of the correlation coeffi-
cient of univariate random variables X and Y.

7.3 Stratified sampling

Stratification is the process of dividing members of the population into
homogeneous subgroups (or strata) before sampling. It intends to guarantee
that the sample represents specific subgroups (or strata).

Let X be a random variable, and let A4, ..., An be disjoint sets of R
satisfying P(X € |, Ar) = 1. Then

N N
E[X]=) P(X e A)E[X|X € Al =) _ peEIX|X € Ay,
k=1 k=1

where p, = P(X € Ap), and E[X|X € A,] 1s the expectation of X under
the condition of A;. We choose the sampling Xj, ..., X, such that each X
has n, = npp samples in Ak, where ny is positive integer. Denote X, € Ay
(j=1,...,m). The mean - ZJ 1 Xpj 1s an unbiased estimate of E[X|X € Ay].
This imphes that E[X] has an unbiased estimate:

N 1 1 ny,
X=2 n e 4 ZX =-2 > Xy

k=1 k=1 j=1

To extend this formula, we use the second variable Y to define strati-
fied variable X on R?. Let A4, ..., Ax be disjoint sets on R? and P(X €
U, Ar) = 1. Then

N N
E[X]=)_ P(Y € AYEIX|Y € Al =Y peEIX|Y € Al
k=1 k=1

where p, = P(Y € Ap).
Stratiﬁed sampling of uniform distribution. Let [0, 1] = [0, ”]U
U U(”” , 11. If the number of samples is equal to the number of
stratlﬁed variables, we take a sample on each stratification. Let Uy, ..., U, be
samples of U ~ unif]0, 1]. Denote 1, = k% + Li—l‘ (k=1,...,n). Each I, is a
uniform distribution on (%, '—’j]. Assume that a random variable X = f(1).
Then X = %Zzzlf( 1) is the estimate of E[X].
Stratified sampling of nonuniform distribution. Let F be a cu-

mulated distribution function, and denote F~!'(u) by its inverse. Given
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the probabilities py, ..., py with sum 1, define ag = 0o, a; = F~(py), ap =
F' (1 +p2), ooy an=F ' (p1 +--- + pn) = F~1(1). Denote A = (ap, a1],
As = (ay, az], ..., An = (an—1, an]. If X follows F distribution, then

P(X € Ay) = F(ar) — F(ar-1) = pr-

To make stratified sampling, we need to generate the samples of X under
the condition X € Ay. If U ~ unif]0, 1], then V, = a1 + U(ar — ap_1) is
uniformly distributed in A, (k=1, ..., N). So

1 1
E[X|X e Apl = ap—1 + E(ak — A1) = i(ak—l + ap),

N N
1
E[X]~ 5 Zpk(ﬂk—l + ap) ~ Zpkak
=1 k=1

since

N N N
E(X) = f xp()dv= / o)Ay~ ) / pedx=) apr.
R k=1 Ak k=1 k=1

where p(x) is the probability density function.

7.4 Sample paths for Brownian motion

Monte Carlo method generates not only samples from random variables
with known density functions, but also sample paths from random pro-
cesses. In this section, we use Brownian motion as an example to show
how to generate sample paths by the Monte Carlo method.

Let W () be a random process on the interval [0, 1] satisfying the fol-
lowing:

(@) W(0)=0;

(b) for any partition of [0, T]: 0 <ty <t <--- <t, < T, the increments

W) = Wi(t), W) —-W(), ... W) —W(t_1)

are independent;

(c) for arbitrary 0 <s <t < T, W(t) — W(s) ~ N(0,t —s);

(d) the map r— WW(f) is a continuous function with probability 1 on
the interval [0, 1].
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Then W (¢) is called a standard Brownian motion. This definition shows that
for a Brownian motion, W (t) ~ N(O, t). That is, for each fixed t € [0, T1,
W (t) follows a normal distribution with mean 0 and variance t.

For 0=ty <t <--- <t,, we simulate the Brownian path {I¥(#), ...,
W (t,)}. Since the standard Brownian motion has independent increments
of normal distribution, by W (0) =0 and W (t) — W(s) ~ N(0O, t —3s), it leads
to

W(tiz1) = W () + /tig1 — ti Ziy (i=0,...,n=1),

where 7, ..., Z, are independent standard normal random variables. That
is, Z, ~N(0,1) (k=1,...,n).

A Brownian motion X with mean w and variance o> (that is, X ~
BM (1, 02)) is defined as X(f) = ut+ o W(t). So X(0) =0, and

X(tiy1) = X () + u(tipr — ) + 0 /tip1 — iZig (i=0,..,n-1).

For a Brownian motion with time-variable coefficients, the above recurrent
formula becomes

1
2

lit+1 fi+1
X(ti+1):X(t,')+/ ,u(s)ds—i—(/ Jz(u)du> Zi1 (i=0,..,n=1).
t i
The corresponding approximation formula is

X(ti1) = X&) + u(t)(tipr — 1) + o (t)y/tiy1 — tiZiga (i=0,..,n—=1).

Note that the random vector (W (t;), ..., W(t,))T from the standard Brow-
nian motion W (¢) is the linear transform of the increment vector:

(W), W) - W), .. W(tn)—W(th))T,

which is independent and follows the normal distribution; the random vec-
tor W = (W (1), ..., W(t,)) follows a multivariate normal distribution. Its
mean vector is 0. For 0 < #; <t < T, since

Cov(W(t1), W(ty)) = Cov(W(t1), W(t1))
+ Cov(W (ty) — W(0), W(t) — W(t1))
=t+0=t,

the covariance matrix X of (W (), ..., W(t,)) is X = (Zj)axd, where

5 =Cov(W(t), W) =min(t, ) G,j=1,...,n). (7.4.1)
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7.4.1 Cholesky and Karhounen-Loéve expansions

(1) Cholesky decomposition
Let B be a lower triangular matrix:

N 0 0

Vi b=t - 0

\/E \/t2_t1 fn — th—1

Denote C = BBT = (Cij)nxn- So

T
Cij=Wt, V2 =11, s /ti—1i-1,0,...,0) (V1,12 — 11, o0 /Ti = 121, 0, ..., 0)
=t + (2 — 1)+ -+ (fminGij) — tmin(i,j)—1) = bminGi,j) = min(;, &)

=Zj (1<i<j=<n),

and so BBT = ¥. This gives the Cholesky decomposition of a random walk
W= (W(t),..., W(ty)):

W = BZ, Z ~ N(, I,),

where I, is the unit matrix of order n.
Let X ~ BM(u, 02). Since X () = ut, + o W(t), and

Cov(X(t), X(t)) = Cov(uty +o W (ty), uti+oW(t))
=a’Cov(W(ty), W(t)) (ki1=1,...n),

the Cholesky decomposition formula of X ~ BM (i, 02) is
X =ut+ oBZ,
where Z ~ N(0, ), X = (X(t1), ..., X(t,)) T, and t = (1, ..., t,) T.
(i1) Karhounen—Loéve expansion

For a Brownian motion W(f), by (7.4.1), the covariance matrix of
(W (t), W(ta), ..., W(t,)) 1s

% = (min(t;, £))ij=1,....n-

Let Ay > Ao > -+ > X, > 0 be its eigenvalues, and let Vy, V5, ..., V,, be the
corresponding eigenvectors with the unit length. Let V; = (1, ..., @) T
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(i=1,...,n). Then the following formula holds:

W(t) o1 o2 oy

S /vl IR PR/ (Rl PSSR ES

W.(tn) oy (2% Ol;m
where {Z;} (i=1, ..., n) are independent standard normal variables. Denote

W= (W (ty), ..., W(t,))T. Note that XV = AV, where V is an eigenvector
of X, and A is the corresponding eigenvalue. That is,

> min(t;, ) V(j) = AV()),
r

where V= (I/(1), ..., V(n)T.
The corresponding continuous form is

1
/ min(s, )y (s)ds = Ay (0).
0

The solutions of the equation and the corresponding eigenvalues are y;(f) =
/2 sin w and A; = (ﬁ)2 (i=0,1,...), respectively. The Karhounen—
Loéve expansion of Brownian motion is

W =Y Vapinz — (0<t=<1),

i=0

where Z; (i=0,1,...) are independent standard normal variables. This in-
finite series is a precise expression of continuous Brownian path.

7.4.2 Brownian bridge

Consider a standard Brownian motion W(f). Let 0 <t < tp < 3. We
will generate the samples of IV (f2) using W (t) = y1, and W(t3) = y3. By
(7.4.1),

W(t)
Wi(t) | ~ N, T,
W (t3)
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where
[ S S A ]
T, = t1 b b
1 b f3

Exchanging the elements W (#) and W(t,) in the vector (W (1), W (t),
W)7T, we get

W (t2)
W(t1) ~ N(07 TZ)’
W (t3)
where
th 1 b
=| un t t
h 1 B3

Let XM = W(t,), and let X@ = (W (t), W(t3))T. Then

XM

where

7 0
n= ", wr =0,  py= ;
o 0
1 X2 o h
Y= , X1 =b, XZp=(t,b), XZn= .
( So o ) n==ut 12 = (1, ©2) 22 ( _— )

From 0 < #; <t < t3, it follows that the determinant |Za| = tit; — 7 > 0
and the inverse matrix of X, is

1 (e
¥, = g .
2 3 — 1 —1 1

For the given W(#;) = y; and W () = y», the random variable W (t;) ~
N(u, 0?), where the mean p is

-1
w=0—(t. 1) toh o\ (1 — )y +(lz—t1))/2.
1 B3 ) ) 3 — 1
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That is, u is the linear interpolation between (¢, y1) and (¢3, y3). The vari-
ance o 1s

~1
ho ot f (b —t)(ts — 1)

o=t —(t, ) = -
h 1B L) f3 — 1

In general, for H < th < -+ < t, W(t1) = y1, ..., W(t) = yr have been
determined. We hope to obtain the samples of W (¢) (f; <t < fi11).
By Markov property of Brownian motion,

WnIW ) =y (G=1,....k) = WOIW () = yi, W(ti1) = yiz1)-
Therefore

(WOIW () = y1, ... W(t) = yr)
_N ((ti+1 —Dyi+(E—t)yipr (i — O — li)) _

tiy1 — 1t ’ fix1 — ti

The conditional mean of W (s) lies in segment between the points (f;, y;)
and (11, yi+1), whereas the true value of W (¢) follows the normal distri-
bution. Meanwhile, the variance is determined by ¢ —t; and #;41 — t. Taking
a sample from this conditional distribution, we may let

tiv1 — DV; t—t)Vi tiv1 — O — ¢
W(t)=( +1— Dyi+( )Y+1+ [ (tiz1 — D( )Z,
tiy1 — L fix1 — 4

where Z ~ N(0,1) depends on W (t), ..., W(t). Repeatedly using these
results, we may construct the sample Brownian bridge {IWW (), ..., W(t,)}
from W(t) and W(t,).

7.5 Quasi-Monte Carlo method

Quasi-Monte Carlo method is used to estimate

EY) = Sodt,
[0,11¢
where Y = f(X), and X ~ unif[0, 1]?. The key point is to construct a
low-discrepancy sequence (also called a quasirandom sequence) t;, € [0, 1]¢

(k=1,...,n) and

1 n
fwuwzgymm

(0,114
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7.5.1 Discrepancy

Given a collection G, whose elements are measurable subset on [0, 117, the
discrepancy of the point set {ty, ..., t,} relative to G is
#{t,‘ S S}

D(ty, ..., t,; G) = sup
SeG

—Vol(S)|,

where #{t; € S} expresses the number of t; contained in S, and Vol(S) ex-
presses the measure of S. In this definition, count each point according to
its multiplicity.

Let x5 be the characteristic function on S. That is,

_ 1, tesS,
X5=1 0, te[0,119\ S.

Then

D(ty, ..., t,; G) =sup
SeG

1 n
= xs(te) — / Xs(t)dt
= S

That is, the discrepancy is equal to the supremum over errors of the ap-

proximation formula

1 n
/g XsOdE~ =3 7 xs(te).

- k=1

If G is the collection of all rectangles in [0, 114 of the form ]_[7:1[01,,1/1]
(0 <u < v < 1), the corresponding discrepancy is denoted by D(t, ..., t,).
Ifuy=0(I=1,2,..,d), then the corresponding discrepancy is called a star
discrepancy and denoted by D*(t, ..., t,). Their relation is

D*(t, ..., t,) < D(ty, ..., t,) <2'D*(t, ..., t,).

7.5.2 Koksma-Hlawka inequality

The unit cube [0, 1]? can be partitioned into a set I of rectangles. Denote
by A(f;I) the alternating sum of the values of f at the vertices of any
rectangle I € ', where each pair of neighbor vertices have different signs.
Define

VO =sup > |A(f; D). (7.5.1)

Iel
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This is a measure of the variation of f. Niederreiter shows that

1 1
V<d>(f)=/ /
0 0

For 1 <ij<ib<---<ip<d(k=1,..,d), we consider the restriction of
foas f(uy, ouy) =f(ur, o ug) with wy=1 (¢ {if,...,i}) and 0 <u; <1
(j € li1, ..., ie}). Note that f(u;,, ..., u;,) is defined on [0, 17*. By (7.5.1),

duq - -duy

f
ouy --- g

V(k)(f; i1y eeey i) = SUPZ |A(f 1y eees i I)| .

Iel’

The Hardy—Krause variation of f is defined as

d
Vih=>" > VO¢ii ...

k=1 1<ij<--<ip<d
The famous Koksma—Hlawka inequality gives the upper bound of approx-
imation error:

n

1
floyde— =3 (e

k=1

< V() D*(ty, ..., t,).

[0,14

This upper bound is the product of two terms. The first term is a measure
of the variation of the function f; the second term is the star discrepancy,
which depends only on the point set {ti, ..., t,}.

The Koksma—Hlawka inequality is precise since for any given ty, ..., t,
and & > 0, there exists a function f such that

n

1
fode——3 f(te)

k=1

>V ()D*(t4, ..., t,) —¢€.
(0,134

The Koksma—Hlawka inequality is very important because it shows that
constructing the sequence with low discrepancy is an optimal approach. To
construct such point sets, the notion of a (f, m, d)-net and a (¢, d)-sequence
are introduced.

Let b> 2 be an integer. A subset of [0, 11% of the form

d
1_[ [ ble’ akzl )

k=1
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is called a b-ary box. The volume of a b-ary box is (b"'*+~+l)~!_ For integers
0<X<m,a(h,m,d)-netin base b is a set of b" points in [0, 1)? such that
exactly b* points fall into each b-ary box of the volume b*~". If, for each
m > A, each segment {t,: b" <k <+ 1)b"} (1=0,1,..) is a (A, m, d)-net
in base b, then the sequence {t,} (k=0,1,...) in [0, Deisa (r, d)-sequence
in base b.

If {t} (k=0,1,...) is a (A, d) sequence in base b, then

d
D*(ty, ... t,) = o(#k’g—").

n

7.5.3 Van der Corput sequence

The van der Corput sequence is a special class of the one-dimensional low-
discrepancy sequences. Moreover, the construction of low-discrepancy se-
quences for high dimension is always based on the van der Corput se-
quences.

For an integer base b > 2, each positive integer k has a unique expression
as a linear combination of nonnegative powers of b:

= Z a(k)b'.
1=0
The function
- ar(k)
k) =3 i
1=0

maps k to a point of [0, 1). Then the sequence {y,(n)} (n=0, 1, ...) is called
a base-b van der Corput sequence.

For any integer base b, the set {y,(k)} (k=0,1,...) is uniformly and
densely distributed in [0, 1). The larger the base is, the more points
are necessary to attain uniform distribution. Niederreiter shows that all
van der Corput sequences are low-discrepancy sequences, and

1
D (0), Yy (1), ooos Yy (m)) = O (%) .

7.5.4 Halton sequence

Let {b)} (I=1,...,d) be relatively prime integers, and set t, = (¥, (k), ...,
Y, (k) (k=0,1,...), where {yy(k)} is base-b van der Corput sequence.
Then {t,} (k=0,1,...) is called Halton sequence.
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The first n Halton points are indeed low-discrepancy sequences because
they satisty

log? n log1n
D*(tg, ... ty_1) < Cy(by ... by) ‘j +O< £ )

n

If the number n of points is fixed in advance, then the n points
{(%, Vi, (R), ...y Yy, ()} (k=0,1,...,n—1) form a Hammersley point set,
which achieves better uniformity.

The Hammersley point set satisfies

log? log?2n
D*(to, ..., t,—1) < Cy—1(b1, ..., bi—1) g +O< £ )

n

7.5.5 Faure sequence

Choose the smallest prime number b > d. As those in van der Corput se-
quence, for any positive integer k, we have k= Y i, a/(k)b'. The Faure
sequence Fj, = (F(,]), Féd)) is defined as

F(') Z yY (k)

where y (k) = Y72 C/~ (i — D)!"*1g)(kymod b, and

m!
>
C. = nl(m—n)!’ m= O’

mn — .
0 otherwise.

7.6 Markov chain Monte Carlo

The Markov chain Monte Carlo method allows us to obtain a sequence of
random samples from a probability distribution, from which direct sampling
is difficult. Because it is introduced by Metropolis et al., it is commonly
called a Metropolis algorithm.

Let X, be a random variable representing an arbitrary Markov chain and
be in state x; at time n. We randomly generate a new state x; representing a
realization of another random variable Y,. Under the assumption that the
generation of the new state satisfies the symmetry condition

P(Y, = xj|Xn =x)=P(Y,= xi|Xn = xj)a
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given the energy difference AE resulting from the transition of the system
from state X, = x; to state Y, = x;, the process of the algorithm is as follows:

If AE <0, the transition leads to a state with lower energy and the
transition is accepted. The new state is accepted as the starting point for the
next step of the algorithm, and let X, 1 =Y.

If AE > 0, select a random number & of uniform distribution in [0, 1].
If £ < exp(—AE/T), where T is the operating temperature, the transition
is accepted, and let X1 = Y,,. Otherwise, the transition is rejected, and let
X1 = X,

Transition probabilities in the Metropolis algorithm is chosen as follows:

Let 7 be the proposed transition probabilities of an arbitrary Markov chain.
They satisty three conditions:

Nonnegativity: ;>0 for all 4, j;

Normalization: Z =1 foralli
J
Symmetry: Tj = Tji for all 4,j.

Let 7; be the steady-state probability that the Markov chain is in state x;.

1 E;
mj=—exp| - |

where E; is the energy of the system in state x;; T is a control parameter (so-

Choose m; as

called operating pseudotemperature); Z is the normalization constant and
Z=% exp(—%), and exp(—E;/T) is the Boltzmann factor. So the probability

distribution ratio 1s
; AE
B exp (——) , (7.6.1)
T

where AE = E; — E; is independent of the partition function.

The desired transition probabilities p;; are formulated by the symmetric
proposed transition probabilities 7; and the probability distribution ratio
7;/7; as follows:

() for Z <1,
pi=1 (7) for 2 - (7.6.2)
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Since the transition probabilities are normalized to unity, the probability of
no transition is defined by

pi =Ti+ Ztg (1 — %) =1- Z o Ty,

JF#L <7

where a;; = min{1, %} is the moving probability. Clearly, the transition prob-
abilities are all nonnegative and normalized to unity.

The associated Markov chain satisfies the principle of detailed balance.
That is, mip; = m;p;i. In fact, if AE <0, then m;/m; > 1 (by (7.6.1)). From
this and from (7.6.2), we get

Tipij = Wity = TiTji-

On the other hand, from 7;/7; < 1 and

i w(3) forZ<t, (7.6.3)
: Tji for Z>1,

we get

T
b = T\ i ) = e
7

Hence mp;j = mjpji. That is, the principle of detailed balance holds. If
AE >0, then 7j/m; < 1 (by (7.6.1)). From this and from (7.6.2), we get

T
mipy = i | T ) = 7T = 7T
i
On the other hand, from 7;/7; > 1 and from (7.6.3), we get
Tjpji = 7 Tji-

Hence m;p;; = mjpji. That is, the principle of detailed balance also holds.

This choice of transition probabilities is such that Metropolis algorithm
generates a Markov chain, the transition probabilities which do indeed con-
verge to a unique and stable Gibbs distribution [3].

Hastings generalized the Metropolis algorithm for use in statistical sim-
ulation under the assumption that 7j; # 7;;. Correspondingly, the moving
probability is defined as aj; = min{1, %} The associated Markov chain still
satisfies the principle of detailed balance. Such a generalization is referred
to as the Metropolis—Hastings algorithm.
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7.7 Gibbs sampling

Gibbs sampling is an iterative adaptive scheme. It is used in Boltzmann
machine to sample from distributions over hidden neurons. The process for
Gibbs sampling is as follows:

Let X = (Xy, X, ..., X}) be a K-dimensional random vector. Start from
an arbitrary configuration:

[x1(0), x2(0), ..., xx (0)].
The drawings on the first iteration of Gibbs sampling are as follows:

x1(1) is drawn from the distribution of Xj,
given x2(0), x3(0), ..., xx(0).
x5(1) 1s drawn from the distribution of X5,

given x1(1), x3(0), ..., xx(0).

x,(1) is drawn from the distribution of X,
given x1(1), ..., xe—1(1), 241 (0), ..., xx (0).

xk (1) is drawn from the distribution of Xk,
given x1(1)x2(1), ..., xxk—1(1).

The drawings on the second iteration of Gibbs sampling in the same man-
ner are as follows:

x1(2) is drawn from the distribution of Xj,
given x2(1), x3(1), ..., xx (1).

x5(2) 1s drawn from the distribution of X5,
given x1(2), x3(1), ..., xx(1).

x,(2) is drawn from the distribution of X,
given x1(2), ..., Xe—1(2), X1 (1), ..., xx(1).

Xk (2) is drawn from the distribution of Xk,
given x1(2), x2(2), ..., xx—1(2).
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After n iterations, that is, the drawings on the nth iteration of Gibbs sam-
pling in the same manner, the drawings are as follows:

x1(n) 1s drawn from the distribution of X,
given xo(n — 1), x3(mn — 1), ..., xx(n — 1).
x5(n) 1s drawn from the distribution of X5,

given x1(n), x3(n — 1), ..., xx(n — 1).

Xp(n) is drawn from the distribution of X},
given x1 (1), ..., Xp—1 (1), Xp1(n — 1), ..., xx(n — 1).

xk(n) is drawn from the distribution of Xk,

given x1(n), x2(n), ..., xx—1(n),

and we arrive at the K variates X (n), Xo(n), ..., Xx(n).

Geman and Geman [9] showed that under mild conditions, the random
variable X, (n) converges in distribution to the true probability distributions
of X, (k=1,2,...,K) as n— oo. That is, for k=1,2, ..., K,

lingo P( Xi(n) < x|x(0) ) = Px, (%),

where Px, (x) is a marginal cumulative distribution function of X.
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CHAPTER 8

Sparse representation of big
climate data

Big climate data, originated from Earth’s observation system and large-scale
climate modeling, have the 5Vs characteristics: volume, velocity, variety,
veracity, and value, in which volume refers to the magnitude of data, that
is, the size of data; velocity refers to the speed of data generation and
delivery, which can be processed in batch, real-time, nearly real-time, or
stream-lines; variety refers to data types, including structured, unstructured,
semistructured, and mixed formats; veracity refers to how much the data
is trusted given the reliability of its source, and value corresponds to the
monetary worth derived from exploiting big data. Among the 5Vs, both
veracity and value represent the rigorousness of big data analytics, and con-
sequently, they are particularly important. In this chapter, we will discuss
sparse representation and recovery of big climate data, which play a key role

in storage, process, and distribution of big climate data.

8.1 Global positioning

With rapidly increasing numbers of ground observation stations, the large-
scale network of'in situ big data is being strengthened significantly. The size
of various in situ observation datasets is increasing sharply to the terabyte,
petabyte, and even exabyte scales. To find the position of the huge number
of observation sites from pairwise distances, the core point is to find out the
set of coordinates o, = (xp, yr) (k= 1, ..., n) of all observation sites satistfying

the given distance constraints.

8.1.1 Multidimensional scaling

Multidimensional scaling has been used as a technique for finding out
the positioning of observation sites only by the distances between ob-
servation sites. Consider that xi, X, ...x,, are p points in R"(u > n), and
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x| +X2+ - +x, =0. Let xp = (%1, 02, ..., x0) (k=1,..., 1), and let

X111 X120 X1

X21 X220 X2
X =

Xpul  Xp2 ot Xun

The distance between the kth point x;, and /th point x; is

1
2

n
Z(xkj_xlj)z (k1=1, ..., ).
It follows that
- 1 il - - -
Pa= D % D X =2 wgxy=xix) +xx) —2xx|. (8.1.1)
j=1 =1 =1
Below we will reconstruct the location of the points xj, ..., X, only by

their distances py (k,[=1, ..., u). Define a u x u matrix

T11 T2 o Ty
T21 T2 0 Ty
A= ,
Tul Tp2 o Tup
where 7 = —%pﬁ,. Let 7. be the mean of the kth row; let t.; be the mean

of the Ith column, and let 7.. be the mean of all 7y (k,/=1,..., ). By
(8.1.1) and x4 + - -- +x,, = 0, it follows that

w u w
1

1 1
T"’*':_Ztk[:_ﬂzpilz_ﬂz(xkxk + x;x 2X/»Xl)

=1 =1 =1

1 T - T
= _ﬁ (Mxkxk + Zx,x, s

=1

n
Z Z P =— o (Z kak + UxXX; )
no® "o -

w w
> =g 33 i g (e 3w ).
I= k=1 =1

k=1 I=1
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Let yy=1t — T — Ty + 7. and T' = (V) uxpu- Then yy = xkxlT (k, [ =
1,.., 1), and I' = XXT and so

viITv=vIXXTv=w"X)v"X)T = vTX)> >0,

where v is any column vector. Hence I' is a u X p symmetric positive
semidefinite matrix. Since @ > n, the matrix X has rank n; I has also rank ».
So the eigenvalues of T satisfy Ay > Ay > -+ > A, > 0; Ay =--- =24, =0,
and the corresponding eigenvectors 6; (j=1, ..., u), where 0; = (0y;, ..., 0,,))
form an orthogonal matrix ® = (64, ..., 8,,). This gives a spectral decomposition

r=0A0",

where A =diag(A,...,A,). Note that A, > 0(k=1, ..., ), and Ay =--- =
1
Ay =0. Let AT = diag(v/A1, ooy /AR, Ad = diag(v/A1, ..., v/Ay), and O, =

1 1
@1,...,0,). So A = A%A%, and OA? = (©,A7]0), where ®,A7 isauxn
matrix; O is a u X (U — n) zero matrix, and so

1 1
[=(OA)©OAH) = (©,A1)(©,A])".
Comparing this with I' = XX7, we get X = @, diag(v/A1, ..., v/A,).

8.1.2 Local rigid embedding

The main disadvantage of multidimensional scaling lies in that all pairwise
distance must be used, so multidimensional scaling cannot be used in big
data environment. Singer [16] introduced the method of local rigid embed-
ding, which is only based on distances among neighbor observation sites.
The core idea is stated as follows:

For every point ; (i=1, ..., N), the pairwise distances of its k; neigh-

bors: o, o , ..., o, is fully known. Using multidimensional scaling
method, local coordinates for a;,, a;,, <o O, are obtained. Let k; weights
w;; satisfy

ki ki

Zwi,,fjot,:/ =, Zw,’,{}. =1. (812)

j=1 j=1

The first equation shows that point e; is the center of the mass of its
k; neighbor; the second equation shows that the weight sum is 1. The
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weights are invariant to translation, rotation, and reflection transforma-
tions of the local points a;, a;,, ..., &, . Let a; = (x;, y;), and let o = (xi;, yi)
(j=1,..., k). Then the above equations are

ki ki ki
Zwi’,'jx,;fzx,', Zw,‘,{fy,‘jzyi, Zw,"ijz 1 (l=1,,N) (813)
j=1 j=1 j=1

Its matrix form is [';w; = C, where C = (0,0, )T, w; = (w;;,, w1, wi;5) 7,
and T'; is a 3 x k; matrix:

Xipg =X Xip =X o0 Xj, — X

ki
Li=| va—vi Yo—vi == Vi, —Vi
1 (P |

The least-squares solution is w; = FI.T(F,'FI-T)_lc. Construct the weight ma-
trix Q = (Q,j‘)]\rxj\r, where

Q,‘),‘jZW,',,‘j (i=1,...,N;j=1,...,I€l'),

Q=0 Gj=1,.,N;j#1, .., k).

By (8.1.2), (Q,u) = (Bi,.... 80T, where u = (1,...D7T, B =
Zil wi=1(=1,..,N). So Qu=u. That is, u is an eigenvector corre-
sponding to the eigenvalue A = 1. Denote x = (x1, ..., xx) | . By (8.1.3), we
get

Qx= (1, ..., yN)T =X

since y; = 2;11 Qijix; = ZJ]L w;;x; = x;. Similarly, let y = (y1, ..., yo T
Then Qy =y. Hence the eigenvector of Q corresponding to A =1 gives
the coordinates (x;, y;) (i=1,...,N).

8.2 Embedding rules

Climate system 1s a chaotic dynamical system described by x,.; = ®(x,
y y y Y Xuy

(n € Z), where x;, = (x,(el), - xim), and ® = (Pq, ..., Py). Consider the
9,
axd
|detfe| < 1, a set of initial conditions is contracted under the dynamical

Jacobian matrix of ®: Jp = ( )k ; If the determinant of Jp satisfies

evolution. If the set is attracted to some invariant subset, then this invariant
subset is called an atfractor of the dynamic system.
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8.2.1 Attractors and fractal dimension

Attractors of dynamic systems often have a fractal dimension. There are
several ways to define fractal dimension. Here we only introduce the box-
counting dimension and the information dimension. For given € > 0, cover
a bounded set M by boxes with diameter €. Denote the minimal number
of boxes by N(¢). The box-counting dimension Dy of a bounded set M is
defined as

log N
D = lim 2EN©

€ > 0).
e—0 ]()gZ ( )

Let P; be the relative frequency that the point occurs in the ith box of
the covering, and let H(e) = — Zj\:(f) P;log P;. The information dimension is
defined as

H
Dy = tim €.
e—0 log <

8.2.2 Delay embedding

For a chaotic dynamical system x,41 = ®(x,) (n=1,...,N) with the
attractor A, instead of measuring the actual states x,, we observe a
scale time series depending on the state S, = S(x,). For this purpose,
we construct an m-dimensional vector by the scaling time series S, =
(Su—m=1)s Su—(m=2ys «--s Su—1, Sy), where m is the embedding dimension.
How to choose m such that the attractor A can be embedded into the
space R" through a one-to-one continuously differentiable map?

Delay embedding rule. Let d4 be the box-counting dimension of
the attractor A. If m > 2d4, then except for some special cases, the map
S = (Sun=1y> Su—n=2)s ---» Su=1, S;) (from x,, € A into R") is an embedding
map.

We describe this embedding procedure as follows.

Let x,, be a point in the attractor A. The dynamical system & maps x,
into X,.1. Since A is the attractor, x,.1 € A. The scaling time series S is
such that

Si‘l = S(Xn)s SnJrl = S(XH+1)'
The corresponding m-dimensional decay embedding vectors (m > 2d,4):

Sn = (Sn—(m—1)7 Sn—(m—Z)a ey Sn—1 s Sn)a Sn eAC Rm’

Sn+1 = (Sn-&-l—(rw—h? Sﬂ+1—(m—2), cees Sﬂa SVH—])? Sn-H e ACR".



248  Big Data Mining for Climate Change

The new dynamical system S,+1 = G(S,) is uniquely determined by x,,41 =
®(x,). That is,

x,€A 2, X1 €A
\ |

S, eR Sir1 €R
i \

~ G ~
S, eAeR" — §,;1€AeR"

8.2.3 Multichannel singular spectrum analysis

For a dynamical system x,.1 = ®(x,) with an observed scalar time se-
ries s, = S(x,), we consider p trajectories in the attractor, denoted by
{xP}i=1...,. Then

.....

(/) )
n+1 - d)(x( ))

([)—S(x(l)) (I=1,...p.

In the Ith trajectory, take N —m+ 1 decay embedding the following vectors:

(l) () () 0} T
= (TN 1 ST N420 o ST Nfm) >

h _ D (U) 0]
2y = (S7_Nt2r SToN437 = SToN4mt1)

0 0 0 O\ T
SN—m+1 = =(s ST—m412 ST—mt20 =02 S )

where N « T. Denote the m x (N — m + 1) matrix by Y:

U OING (0
YU =121 1%,)
(0 (0 ()

ST_N+1 STON$2 7 STomtt
() () 0]
ST-N+2  ST-N+3 " ST-mi2
0] 0} 0]
ST N+m ST N+m+1 T ST
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Construct a grand trajectory (pm) x (N — m + 1) matrix:

()] (1) 1 Q)]
ST-N+1 ST-N+2 77 ST—N+n BN |
W : : : :
Y (D O G SR E)
T—N+m T—N+m+1 T—N+n+m—1 T
- el @ o el @
e T—N+1 T—N+2 T—N+n T—m+1
G = - = )
Ke) @ @ @
T—N+m T—N+m+1 T—N+n+m—1 T
) (p) L (p) oW
y® ST-N+1 ST-N+42 ST—N+n ST—m+1
® 2 oW . ®)
ST—]\“'—Hn 5T—x\’+m+1 S T—N+n+m—1 St

Compute the estimate of the large covariance matrix Cg of G as fol-
lows:

Using the multiplication of block matrices, we get

Cy - Cyp
GG'=Cu)pp=| = . + |. ®21
Cp1 C Cpp

1

Co=—
ST N—-m+1

where each block matrix C,,, is an m X m matrix:

Cu = Yy (Y(V))T

() (w) ()
ST_N+1 ST-N+2 T STom
(1) () (1)
ST7N+m 5T7]\r+,11+1 T ST
Q) Q) ) T
T—N+1 T-N+2 T—m+1
< : :
(v) ) )
ST-N+m ST-N+m+1 " ST

= (aij)mxm’
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where

N—m+1
O = } : Su) S(v)
i 7
y— N m+1 T—N+i+n>T—N+j+n"
n=

From this and (8.2.1), Cq is a pm x pm positive semidefinite matrix. Hence
the eigenvalues of Cg satisfy the condition A1 > A> > ---4,, >0, and the
corresponding eigenvectors 01,0>,...,0,, form a normally orthonormal
basis for R”". Then 6 = {0;}.—1,..,m describes space—time patterns of the

vector decay embedding process s; = (s\", s, ... ,s”). Denote by x the
nth column vector of the grand matrix G:
x™ = (1) (1) 2 @)
(Sl — N+ 0 ST N4ntm—1> ST=N+n> = ST—Ntntm+17 =+
® ® T
ST N+ns ST—N+n+m—l)

The space—time principal components {8} of {x"} are

m

(R) — (g (m) — (O] ()]
By =", 00 = ZZST Ntnsj1% s

Jj=1 I=1

where (-, -) is the inner product of the R?". The variance of ,B,Sk) and the
covariance of B% and B (k # I) are computed as follows:

Varp® = Cov(B", B¥) = Cov(@] (x (x")T)8y)
=0 Cov(x™, x")0, =0/ (Cc})
=00 0)) = Ay,

cov(B®, BP) =0 Cov(x", x")0, =0/ (Cch)
=10 0)=0 (k#I).

That means that the variance of B* is A, and the covariance of B*
and B (k+#1) is zero. The multichannel singular spectrum analysis of

the lagged copy x™ of the original x(f) with respect to {9151,1')

x() = Y gig, So

} k=1,....pm 18

pm
s(T[) Netntj = Z,Bﬁ@é”’j) d=1,.,pj=1,.omn=1,...,.N—m+1),
=1

(1)
where 0 = (ek )j:I,..,m =1,... N—m+1-
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8.2.4 Recurrence networks

Let m be the embedding dimension, and let sff") = (sfq’?m H,sfji)m 420 s
(k)

s”_l,sff)) (k=1,..., N). Define a recurrence network associated with these
delay embedding vectors. Each s® is considered as a vertex: A simple ap-
proach is to introduce an edge between two vertices based on the distance,
given a threshold € > 0. This threshold is much smaller than the attractor

diameter. For k # [, if dist(s®, s?) < ¢, then the vertices sg")

() -
s, and s\ are con

nected by an edge; if dist(s®), s?) > €, then there is no edge between s®
and s, In this way, a recurrence network is generated. Another approach
is to introduce an edge based on the correlation coefficients. The topo-
logical characteristics of recurrence networks can capture the fundamental
properties of dynamical systems. For example, the local connectivity gives
the relationship between local edge density and local correlation dimen-

sion.

8.3 Sparse recovery

8.3.1 Sparse interpolation

If a continuous function f(f) satisfying (—1D)*f®) >0 (t> 0, k=
0,1,2,...), then f(f) is called a completely monotone function. For ex-
ample, f(f) = (a+ 7" (a> 0, b > 0) is completely monotone. Schoenberg
interpolation method shows that if f is completely monotone on [0, c0), then
for any nodes xi, ..., x, € R, the linear combination i af (Ix — xel?)

can interpolate arbitrary data on these nodes, where | - || is the distance
in RY. That is, for arbitrary data y,...,y,, there exist the coefficients
cio), céo), ooy ¢ such that

Yo d ==y =T,

k=1

The Micchelli interpolation method shows that if f is a positive-valued
continuous function on [0, oo) and % is completely monotone on [0, 00),
then the combination ) ,_; ¢f (I|x — x;||?) can interpolate arbitrary values
on nodes Xi, ..., X,. The function +/f, v/1+t, and log(1 + ) (¢t > 0) satisfy
the conditions of the Micchelli interpolation method.

The above sparse interpolation methods do not consider the effects of
the Earth’s curvature.
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The ultraspherical polynomial P® (x) (A > 0) of degree n is defined as
(1 =2ax+a>)* = Za"P,(q’\) (x).
n=0

Denote by S¢ the d-dimensional unit sphere in R*'. Let xq, ..., x, be the
points on the unit sphere S?. If f(f) can be expanded into an ultraspherical
polynomial series

fo=YaP" @ (—1=i=1),

k=0

-1
2

1
where @, >0, a, >0 (k=0,...,n—1), and Y 7, akP,(C )(1) < 00, then
the linear combination Y _;_, af ((X, X)) can interpolate arbitrary values on
X1, ..., X, on the unit sphere S¢. where (x, x;) is the inner product.

8.3.2 Sparse approximation

Let f(t) be an integer periodic d-variate function. Then f(t) can be ex-
panded into Fourier series:

f(t) — Z Cn(f) eZm'(n-t)’

neZd

where (n-t) = ZZ=1 ety (M= (ny, ..., ng), t=(t1, ..., tg)), and Z% is integral
points in the space RY, where ¢,(f) are the Fourier coefficients

a(f) = / fo e,

[0,114

where dt = dt; ---dt;. Consider the hyperbolic cross truncations of its
Fourier series:

SUF o= Y GHET™ (=, ).

[nynz--ng| <N
[ny],ln2l,....lng|<N

U - @
If ——— 1S continuous, the square error €y; 15

317015
1 4d—4 N
(4\%2:0( % 3 d )
Nd

where Nj is the total number of Fourier coefficients in Sxf’() (0.
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8.3.3 Greedy algorithms
An arbitrary subset of functions of L?>(R?) is called a dictionary, denoted
by D.

Pure greedy algorithm. Let f € L>(RY), and let ¢ = g(f) be such
that (f, ¢(f)) =;1g(f,g), where (f,9) = [pf (©g(D)dt. Define Vi(f) =

(f,e(MNg(f) and Ry (f) =f — V1(f). For each n> 2,

Vn(f) = I/n—l(f) + Vl (Rn—l (f))a
RWG) =f_ I/n(j_)

The pure greedy algorithm gives the estimate |f — V,(H)ll2®e =
O(n’%).

Relaxed greedy algorithm. Define 1V*(f) =0, Ri(f) =f, V{(f) =
Vi(f), R{(f) = Ri(f), where V1(f) and R;(f) are as stated above. For h €

L*(RY), let g = g(h) be such that (h, g) = sup(h, 7). Inductively, define
teD

1 1
Vef)=(1- Z)V’L + Zg(R:q(f)),
Ry (H)y=f =V, ().

The relaxed greedy algorithm gives an estimate |f — V() 2@ty =
O(n~ 3 ).

Orthogonal greedy algorithm. Define Iy =0 and R =f. Forn>1,
let T, be a linear combination of g(R{)(f), ..., g(R_)(f). That is,

T, = span{g(RE) (f). ... g (R} _1) ()}

Define V?(f) = Pr,(f) and R.(f) =f — V(f), where Pr,(f) is the best
approximation of f in T, and g(h) is as stated above.
The orthogonal greedy algorithm gives the estimate ||[f — V) ()|l 2ge) =

On?).

8.4 Sparse representation of climate modeling big data

A single climate model experiment can possibly yield several hundreds of
gigabytes, much beyond what a typical laptop can hold. At present, climate
scientists use lossless compression methods that can get climate modeling
data down to about half its original size. The corresponding data format
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for climate modeling data is NetCDE Since all climate modeling big data
are numerical solutions of physical equations (in terms of differential equa-
tions) governing climate system, so climate modeling big datasets are always
very smooth. These big datasets can be compressed significantly with very
very limited information lossy. Considering the relatively large uncertainty
in parameterization schemes of climate models, these limited information
lossy can be neglected, and has no impact for further big data mining.

Given a dataset f (¢, h, lon, lat) from climate modeling big dataset, t with
range f; <t < fp represents the time, h with the range 0 < h < H repre-
sents the height/depth, lon with the range —90 < lon < 90 represents the
longitude, and lat with the range 0 < lat < 360 represents the latitude. The
variables ¢, hi, lon are defined on cube [f1, 2] x [0, H] x [—90, 90]. The data
f(t, h,lon, lat) is extended directly to be periodic only for the variable lat.
However, if we view f as a four-variate function, due to discontinuities on
the boundary, f cannot be extended into a continuous periodic function.
Therefore when f is expanded into a Fourier series, its Fourier coefficients
decay very slow. Hence we cannot efficiently represent f by few Fourier
coefficients. Zhang [21] provided a novel approach for sparse representa-
tion of climate modeling data f. Our algorithm can be divided into two
steps:

(1) Decomposition of f(t, h, lon, lat)

We give the decomposition formula as f = P+ Q+ R+ T as follows:

(a) The component P is

(180(t, — t1)H) P(t, h, lon, lat)

= f(t,0, =90, lat)(t, — ) (H — h)(90 — lon)
+ f(t1, H, =90, lat)(t, — t)h(90 — lon)
+f(t1, H, 90, lat)(t, — H)h(lon + 90)
+f(#1,0,90, lat)(t, — t)(H — h)(lon + 90)
+ f(t2,0, =90, lat) (t — ty) (H — h) (90 — lon)
+ f(t2, H, =90, lat)(t — t;)h(90 — lon)
+ f(t2, H, 90, lat) (t — ty) h(lon + 90)
+f(£2,0,90, lat)(t — t;)(H — h)(lon + 90).

Let fi =f — P. Then f; vanishes on some 1-dimensional edges of [#1, f2] x
[0, H] x [—90, 90] x [0, 360].
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(b) The component Q is

h lon 490
Q(t, h, lon, lat) = f1(t, 0, =90, lat) (1 — ﬁ)(l ~ 180

h lon+90
1 - =
+ £1(¢, 0, 90, lat)( H) 180

lon+ 90
180

)

+f1(t, H, =90, lat)%(l —

h lon+ 90
i H, 90, lat) 1 =
t—t lon 4+ 90

t1, h, =90, lat)(1 — 1—
Hh 0 tz—l1)( 180 )

t—t; lon+90

lg—tl) 180

+ fi(tr, h, 90, lar)(1 —

t— 1 lon + 90
t7h7_90’lt 1—
A R T
t—t1 lon+90

bh—t 180

I—H h
1

t2—l])( H)

t—t )ﬁ
th—t'H

151 h
1=

11( H)

+ fi(t2, h, 90, lat)

+ f1(t1, 0, lon, lat)y(1 —

+fi(t1, 0, lon, lat)(1 —

t_
+ fi(t2, 0, lon, lat)t

5 —
t—t1 h

l‘2—t1H.

+ fi(t2, H, lon, lat)

Let f, =f — P— Q. Then f; vanishes on 2-dimensional boundary of [#, t,] x
[0, H] x [—90, 90] x [0, 360].
(c) The component R is

R, by lom, lat) = fo(t, b, =90, kany(1 — T2 L 66 0. tom, tay(1 — 21
180 H
- lon+9
Bty b lom, aty(1 — =03 4 e,y 90, lary 220
h— 1 180

t—H
Hh—t

+ fo(t, H, lon, lat)% + fo(t1, h, lon, lat)

Let T=f—P— Q—R. Then T(t, h, lon, lat) = 0 on the boundary of the
cube [f1, ] x [0, H] x [—90, 90] x [0, 360].
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(1)) Reconstruct f (¢, h, lon, lat) by few Fourier coefficients

(a) The sparse approximation of T

In the decomposition formula f =P + Q4+ R+ T, the last term T
vanishes on the boundary of the cube. T'(¢, h, lon, laf) can be expanded into

the Fourier series

T(t, h, lon, lat)

1 i 2ming t 2mingh  2minglon  2minglat
= Cny,no,n3,nq € D=t ¢ H ¢ 180 ¢ 360
2(180)2H(t2 — 1) 21

ny,1m2,13,14=—00

Since T can be extended into a smooth periodic function, the hyperbolic
cross truncation Ty of the Fourier series is used as the sparse approximation
tool of T

TN (t, h, lon, lat)

1 Z 2xinit  2xingh  2mwinylon  2minglat
= Cil],i7o,ﬂ‘5jl4et27[1 e H ¢ 180 ¢ 360
2(180)2H(t — 1) 21

[n1-n2-n3-ng| <N
[nl,....Ing|<N

(b) The sparse approximation of P
In the decomposition of P, each term contains a periodic function of
the variable lat in the form of f(a, b, ¢, lat), where a= 1t or t,; b=0 or H;

¢=—90 or 90. Expand it into Fourier series:
> !
2min lat
f(a, b, ¢, lat) = Z o(,(l())(g, b, ) e~ 360
n=—00

Since the function f(a, b, ¢, laf) can be extended into a smooth periodic
function, it can be approximated efficiently by the partial sum
N

(0) 2min lat

2 (a b, oye o0,

o
n=—N

So we can construct a combination Py (¢, h, lon, lat) of Nth-order univariate
exponential polynomial of the variable lat and simple three-variate algebraic
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polynomial of variables ¢, h, and lon:

Pn(t, h, lon, lat)

m(t h, lon, lat) +P(2)(t h, lon, lat) +P(3)(t h, lon, lat) +P(4)(t h, lon, lat)
180(t, — t1)H

where

N

Pz(\ls)(t, h, lon, lat) = (t, — t;)(H — h)(90 — lon) Z o« (1,0, -90) e
n=—N

+ (tz - t)h(go lOn) Z 06(0)(1‘1, H 90) e’igl(l)tolat

—-N

N
PR (t, h. lon, lat) = (t — tyh(lon +90) Y e (t1, H, 90) o5
n=—N

+ (t2 - t)(H h)(lof/l + 90) Z 05(0)(t1, O 90) Cﬂ{glm ,
n=—N

N
PQ(t, b, lon, lat) = (t — t1)(H — 1) (90 — lon) Y " (£, 0, —90) 56"
n=—N

N
+ (= 1)hO0 —lon) 3" o (1>, H, =90) ¢ 5",

n=—N

and

P (t, h, lon, laty = (t — t;)h(lon + 90) Z O (12, H, 90) ¢ 5"
n=—N

N
+ (t — 1) (H — h)(lon + 90) Z a (1,0, 90) ¢ 5" |
n=—N

(c) The sparse approximation of Q

In the decomposition of Q, each of the first four terms contains a bivari-
ate function in the form of fi (¢, a, b, laf), where a and b are constants. It is a
periodic for the variable lat and is not periodic function for the variable t.
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Let

ﬁ (t2a a, ba lﬂt) _ﬁ (t] , d, b7 lat)t

F(t,a,b,laty =fi(t,a,b, lat) — p—
> —

(8.4.1)

Then F(ty, a, b, lat) = F(t1, a, b, lat) and F(t, a, b, lat) can be extended into a
smooth bivariate periodic function. Expand F(t, a, b, lat) into the bivariate
Fourier series

o0 oo .
2ming t 2minglat
F(ta a7 b’ lat) = § E ﬂi’ll,ﬂ;‘(h ’ t2’ aa b) e 271 4 360 ’

n=—00 n4=—00

where a=0 or H; b= —90 or 90. Note that fi(f2, a, b, lat) — f (t1, a, b, lat) is
a univariate periodic function of the variable lat. Expand it into the Fourier
series
ad 2ming lat
fl(tz’ a, b, lat) —f(t1, a, b, lat) = Z vu(ty, ta, a, b)e 0 .

n=—0oo

From this and from (8.4.1), it follows that

2ming lat

oo
t
filt,a,b,laty=—— 3" y,(t1, tr,a, b e
h— 1t e

o0 o0 i
m 2mingt 2ming lat
—|— t17 t27 aa b e 271 4 260 :
ni,na

n=—00 ng=—00

In the decomposition of Q, each of 5th to 8th terms contains a function in
the form of fi(c, h, d, lat), where ¢ =t or t, and d = —90 or 90. Similarly,
let

D(c, h,d, lat) = f(c, h, d, lat) — %(ﬁ (¢, H, d, lat) — fi1(c, 0, d, lat)).

Then we have

o0
2ming lat

f(c, h,d, lat) = %n;m 7,(c, H, d) e= 50

2) 2ringh  2ming lat
+ Z Z 13171 n4(CaH,d)€ H ¢ 360

n{=—00 n4=—00
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In Q, each term of the last four terms contains a function in the form of
fi(e, g, lon, lat), where e=t; or t;, and ¢=0 or H. So

o0
ZO” 2minglat

file g lon, lat) = 180 w,, (e, g) e 30

ng=—00

oo
2ming lon  2ming lat
3) 3 4
+ E 13”3,”4(6,2)6 0 ¢ 360

n3=—00

Finally, we can expand Q(t, h, lon, laf) into a Fourier series with simple
polynomial factor. In this expansion, if univariate the Fourier series are
replaced by their partial sum, and the bivariate Fourier series are replaced by
their hyperbolic cross truncations, then we obtain the sparse approximation
of Q(t, h, lon, lat).

(d) The sparse approximation of R

In the decomposition of R, both the first term and the fourth term
contain a three-variate function in the form of f>(f, h, «, lat), where & = —90
or 90. The function is a periodic function for the variable lat and is not
periodic function for the variables t and h. Let

B t—t h
ux(t, b, a, lat) = fo(t1, 0, v, lar) (1 - P— t1> <1 — E)

t—t1\ h
H 1— —
+ (4, H, «, lat)( tg —t1) I

+ f(t2, 0, e, lar) il (1 _ ﬁ)

th — 1t H
t—t h
+ H(t, H, a, lat —.
L, H,a a)tz—tlH

Denote fo1(t, h, a, lat) = fo(t, h, &, lat) — ua(t, h, o, lat). Let

t—h

va(t, hy o, lat) = fo1 (11, h, o, lar) (1 - ; — t; ) + f21(t2, h, o, lat)
2— "

h— 1

h h
+ £1(t, 0, a, lat) <1 - ﬁ) + it H, a, lat)ﬁ.

Let Ra(t, h,a, laty = folt, h, @, lat) — ua(t, b, a, lat) — va(t, h, @, lat). Then
Ro(t, h, @, lat) can be extended into a smooth periodic function of three
variables f, h, and lat. Then the following hyperbolic cross truncation of
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Fourier series of R, can approximate R, well:

2ringt  2mingh  2ming lat
E Un(t, b, o, lat) 271 e 1 ¢~ 300

|n1-na-ng| <N
[n1|<=N,[n2| <N, [ng| <N

&

R,

Using similar method in (c) gives the sparse approximation of 21 (1, h, a, lat),
itz hya, lat), f1(t, 0, &, lat), and f1(f, H, «, lat). So we get the sparse ap-
proximation of v (t, h, e, lat). After that, using similar method in (b) gives
the sparse approximation of ux(t, h, «, lat), we get the sparse approximation
of fo(t, h, a, lat).

Similarly, we can give the sparse approximation of f>(t, B, lon, lat), where
B =0 or H, and f2(y, h, lon, lat), where y = t; or t,. So we get the sparse
approximation of R.

Finally, we get the sparse approximation of f(f, h, lon, laf) by a combina-
tion of the hyperbolic cross truncation of Fourier series of smooth periodic
functions and simple algebraic polynomials.

8.5 Compressive sampling of remote sensing big data

In traditional data storage and distribution, full version of data is used to
compute the complete set of transform coefficients in a given sparse basis
(for example, wavelet, curvelet, framelet), encode the largest coefficients,
and discard all the others. This process of data acquisition followed by sig-
nificant compression is extremely wasteful, so it cannot satisfy the need
of big data environment. Since recently, compressive sampling provides a
brand-new approach to only capture the useful information content of big
data. Its main advantage lies in compressing and sampling big data at the
same time during the process of big data acquisition. In this section, we
will introduce compressive sampling into the field of remote sensing big
data.

Let M be a sampling/measurement matrix (for example, Gaussian ran-
dom matrix, Bernoulli random matrix, and random local Hadamard ma-
trix). The compressive samples y € C" (m << n) of remote sensing data
w e C" via the sampling matrix M is defined as y = Mw. By m << n, there
possibly exists infinitely many solutions of the system y = Mw. So remote
sensing data w cannot be directly recovered from y. Given a sparse basis
(for example, wavelet, curvelet, framelet), the remote sensing data w can
be transformed linearly into a sparse data: x: w = ®x. Then y = M®x. If
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the sparse data x can be recovered well from the samples y, then the remote
sensing data w can be obtained easily by w = ®x.
Let A=M®. Then y = M®x can be written as y = Ax. In detail,

Y1 =a11x1 + aipxe + - - - 4 ayXy,

Y2 = a21X1 + azxXo + -+ - 4 a2y,

Ym = am1X1 + a2 4 -+ -+ Ay,

where x = (x1, ..., %) 1, y = (y1, o0, yu) T, and A = (@jt) mxn- The core algo-
rithm in compressive sampling is to reconstruct the sparse data x from the
samples y. The main difficulty lies in the locations of the nonzero compo-
nents of x not being known beforehand.

8.5.1 s-Sparse approximation

Sparsity and compressibility are the fundamentals of compressive sampling.
In practice, one encounters data that are not exactly sparse, but compressible
since they are well approximated by sparse ones.

Let CN be the set of N-dimensional complex sequences. The support of
a vector x € CN is the index set of its nonzero elements. That is, supp(x) =
{llj=1,2,...,N; x; #0}. The vector x € CN is s-sparse if at most s of its
elements are nonzero.

The best l,-approximation of a vector x € CV by the s-sparse subset of
CN is

o,(x), =inf{lx —yl,, ye CN is s-sparse} (p>0),

7 1 > 4
where ||al, = (Z]k\:1 lelP)? (¢ = (a1, ..., @N)). If a s-sparse vector y satisfies
[x—¥ll, = 04(x),, then ¥ is called the best s-sparse l,~approximation vector of X.

We consider the nonincreasing rearrangement of the vector x as the
vector x* € RY for which

KN > = x>0, (8.5.1)

and there exists a permutation 7: {1, 2, ..., N} — {1, 2, ..., N} such that xj* =
lxzh] G =1, ..., N). From this, we know that if and only if y = (y1, ..., Yn)
satisfies

~ x?‘[(j) (]‘217"'75)7
Yi= )
0  (=s+1,..N).
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The vector y is the best s-sparse [,-approximation vector of x.
For g > p> 0, by (8.5.1), it follows that

N N
a(®I= D 15 == D 1%e(y = T
j=1 j=1
s N
= Z [%z() — Vel + Z X () — Vrp |
j:] Jj=s+1
= Z EEEES Z(x )= Z (X ()IP
Jj=s+1 J=s+1 J=st+1
N
SEDTP Y < TP
J=s+1

By monotonicity of the sequence {x7}j=1,.. N, we get

r

P —r

1 v
(TP = () T Z(x ) =<z”"”§) =

sP

Finally, we obtain an estimate of the best s-sparse /,-approximation vector
as follows:

1
0s(X)g < T IXllp-
sP 1

8.5.2 Minimal samples

The aim of compressive sampling is to reconstruct an s-sparse vector x € CN
from a system of linear equations y = Ax, where y € C" is known samples,
and A € C"™N is the coefticient matrix with m << N. This system of linear
equations has infinitely many solutions, but the sparsity assumption on x
can guarantee us finding out the original vector x.

The minimal number of samples is 2s if we require that the sampling
scheme allows for the reconstruction of all s-sparse vector x € CV simulta-
neously.

Given A € C"™N | the following conditions are equivalent:

(a) Every s-sparse vector x € CV is the unique s-sparse solution of
Ax =y. That 15, if Ax = Az and both x and z are s-sparse vectors, then
X=2z.

(b) Every set of 25 columns of A is linearly independent.
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(c) Let Sc{1,2,..., N} and the cardinality of S be less than or equal
to 2s. Then the submatrix Ag is injective as a map from C* to C", where
Ag is the column submatrix of A that consists of the columns indexed by S.

Now we prove only that if (a) holds, then (b) holds.

Assume that (a) holds. Take 25 columns of the matrix A: v, v,,, ..., Vjy,..
If a linear combination of these columns vanishes, that is, Zf; €, Vi, = 0,
we divide the sequence {c,, }i=1, .2 into two sequences:

{Cm ’ Cil},v cey Ci’l2571 }5 {Ci’l27 6)149 AARR] CVLZS}'

Let = (a1, ...,an)T € CN, and let B = (B1, ..., Bn) | € CN, where

ay, =—¢, (k=1,..,25—1), otherwise o =0,
Bu=—Cy,  (R=2,...,25), otherwise g;=0.
Then
2s—1 2s N
A(d - ﬂ) = Z Cippoy Vinpp_y + Z Ciop Vg, = Z Cnp Vi, = 0.
k=1 k=1 k=1

That is, Ae = AB. By the definition of the vectors « and §, both o and g
are s-sparse. Since (a) holds, & = B. This implies that ¢,, =0 (k=1, ..., 25).
So 2s columns {v,,, ..., v,, } are independent. That is, (b) holds.

From (a) and (b), we deduce the following conclusions:

Given an m x N matrix A, if it is possible to reconstruct every s-sparse
vector x € CV from the samples y € C". Then any 2s columns of A must
be linearly independent. From this, we know that the rank of A is greater
than or equal to 2s. That means rank(A) > 2s. Since the number of rows of
A 1s m, m > rank(A). This implies that to reconstruct any s-sparse vector,
the number of samples must satisty the condition m > 2s.

Below we show that when the number of samples is m = 25, we can
reconstruct any s-sparse vector.

Let A, be the Vandermonde matrix

1 1 1
aq (%] cee ON
AV = ’
25—1 2s—1 2s—1
a1 a2 e (xl -
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where 0 <oy <oar <-- <an, and 2s < N. Let S={ky, ..., kas} (k1 <--- <
ko), and let the square matrix Ag be the column submatrix of A, con-
sisting of the columns indexed by S. Since Ag is invertible, in particular
injective, by the equivalent condition (c), we know that for each s-sparse
vector x € CN is the unique s-sparse vector satisfying Ax =y. So x can be
reconstructed as the unique solution.

From this, we see that the matrix 4, € C**N (25 < N) is such that any
s-sparse vector x € CN can be reconstructed from y = 4,x. In general, we
take any totally positive matrix U (that is, the determinant of any square
submatrix of U is always positive), and we take any 2s rows (2s < N) of U
to form a matrix A, € C**¥ such that each s-sparse vector x € CY can be
reconstructed from y = A,x.

Consider the discrete Fourier matrix

1 1 1 e 1
_2mi _2mi2 _ 2mi(N=1)
1 e N e N .- e N
Ar=| ‘ . ‘ ‘ (N > 25).
_ 2mi2s—=1) _ 2mi2s—=1)2 _ 2mi2s=1)(N=1)
1 e N e N e N

Each set of 25 columns of Af is linear independent. So Af satisfies the
condition (c) and allows constructing each s-sparse vector x € CN from
y = Arx € C*. Let x € CN be an s-sparse vector supported on an index
set SC{0,1,..., N — 1} of size s. Assume that x is observed via its first 2s
discrete Fourier coefticients:

N-1

xX() = Zx(/e)e‘% (G=0,1,..,2s—1).

k=0

Consider the trigonometric polynomial of degree s

1 _ 2wk 2xit 1 : 2nilt
p(t):NgQ—e g ezw)zN ;ﬁu\vez‘\’—kl , (8.5.2)

which satisfies p(f) = 0(f € S). We will find the unknown set S by p(f) or its
Fourier transform p(k).
By the discrete Fourier transform formula and its inverse formula:

2mikt

N-1
Py =Y "ptye N,
=0
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1 N-1 -
piy =5 D e ™,

k=0

and comparing it with (8.5.2) gives p(0) =1, and p(k) = O(k > s). Since
x()=0 (tef{0,1,.... N = 1}/S), and p(r) =0 (t € S), we get p()x(£) =0
(0 <t < N —1). The discrete convolution theorem says p*x = px = 0. That

1s,

N—1
@D = pRXG—kmodN)=0  (0<j<N-1. (853
k=0

It remains to find s discrete Fourier transform p(1), ..., p(s). We write the s
equations (8.5.3) in the range s <j <2s— 1 in the following form:

Xs—DpH+ - +XO)pG) = =X(s),
ROPMD + - FXDPG) = R+ 1), 854
X2s=2p()+ -+ +XGc-Dpls) = —XQ2s—1).

Since %(0), ..., ¥(2s— 1) are known, by p(0) = 1, p(k) =0 (k> s) and (8.5.4),
we get the desired trigonometric polynomial p(f). Note that the degree of
p(#) is less than or equal to s. Since the set of zeros of p coincides with the
set S, the location of nonzero elements in x can be obtained. Finally, the
values of x(j) (j € S) can be obtained by solving 2s linear equations by the
known x(0), ..., x(2s — 1).

In general, reconstructing an s-sparse vector x € C from the samples
y € C" is NP-hard. This is because Cy; systems of linear equations Asu =y,
where S runs through all the possible subsets of {1, ..., N} with size s, and
Ag is the column submatrix of A consisting of the columns indexed by S,
need to be solved.

8.5.3 Orthogonal matching pursuit

Orthogonal matching pursuit (OMP) in compressive sampling is a greedy
method that builds up the support set of the reconstructed sparse vector
iteratively by adding one index to a target support S” at each iteration, and
updating a target vector X" as the vector support on the target support S"
that best fits the samples’ y.

Given a matrix A with h-normalized columns and a sample vector vy,
start from the initial condition S@ =@, x© = 0.
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Step 1. Take j; € {1, 2, ..., N} such that |(ATy)j| attains the maximum
value at j =j.

Take S = SO {1} = (1}

Take T = xV, where supp(x) c S = {j;} such that ||y —
At|l2(supp(r) € SV) attains the minimum value at T =x. We get xV
with the support S = {j;}.

Step 2. Take j» € {1,2, ..., N} such that [(AT(y — Ax(l)))j| attains the
maximum value at j = j,.

Take S@ = SO {2} = {j1. o).

Take T = x®, where supp(x?) € S? = {ji, j»} such that ||y —
At|j2(supp(r) € S?) attains the minimum value at T = x?. We get x?®
with the support S@ = {ji, jo}.

When Step [ — 1 is completed, we get x~" with the support S =
{1 oenjizt}

Step I. Take j; € {1,2,..., N} such that |(AT(y — Ax(/_”))j| attains the
maximum value at j = jj.

Take SO = SED UG = ity oo i)

Take 7 = x, where supp(x(l)) c Sb = {71, .-»j1} such that
ly — At|l2 (supp(z) € SP) attains the minimum value at 7 =x®.

Continuing this procedure until |y — Ax"|> < €, we get the
7i-sparse vector x* = x".

The following proposition explains why an index j maximizing
(AT (y — Ax"));j| is a good candidate for a large decrease of the L-norm
of the residual.

Proposition 8.5.1. Let A be an m x N matrix with ly-normalized columns.
Given u supported on S; S ={ji,....J1}, and k ¢ S if W = min,gn{|ly —
Az||a, and if the minimum value is attained at z = w, and supp(z) € S|{k}},
then

ly — Awli3 < Ily — Aull3 — |(4*(y — Aw)l?,
where (v)y is the kth component.

In fact, since the vector u+re;, (r > 0) is supported on S| J{k}, er(l) =0
(I# k), and er(k) = 1. So

W2 = lly — Aw]® < min |y — A(a + rey) [,
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We compute

ly — Au+ rep)||> = [|(y — Au — rdey)||3
=y — Aull3 + [l Aey||> — 2r(AT (y — Au)),
=lly — Aull3 + * = 2r|(A" (y — Au))yl.

The latter expression is minimized when r = |[(A” (y — Au)),|. This implies
that

min [ly — A(u + re) |3 = |y — Aull5 — [(A7(y — Aw)yl.
We get the desired result.

Proposition 8.5.2. A vector x € RY supported on S of size s is reconstructed
from'y = Ax after at most s iterations of OMP if and only if As is injective and

max |(A7r).| > max |(A 1))
keS ¢S

for all nonzero r € {Az, supp(z) C S}.

Let A = (|a1 |’ ceey |a[\r|) S R111><]\", and let ||a,'||2 = 1 (l = 1, ceey N) The co-
herence = pu(A) of A is defined as u = max;<i;|(a;, a;)|. The [j-coherence
function p1(s) of the matrix A is defined as for s < N — 1:

= i Q; 1,2, ... =51
p1(9) = max max ;na,,am, SC{1,2,..,N), card(S)=s, i¢ S
J

If o1 (s)+pm1(s—1) < 1, then every s-sparse x € RY is exactly recovered from
the measurement vector y = Ax after s iterations of orthogonal matching
pursuit.

In fact, let r =3}, ¢ra. We choose j € S such that || = maxes|ri.
Again taking [ ¢ S, we have

Z ri(aj, ay)

ieS

<Y Il apl < Il ).

i€S

I(r,a)| =

On the other hand,

Z ri(a;, a;)

i€S

> |rillaj, )l — Y Inll@i,a)| = 51— Il (s—1).
i€ (i)

|(x,a))| =
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When u(s) + u(s—1) < 1, it follows that
max I(r,ap)| = [(x,a)| = |nl(1 = pi(s = 1) = |rlua(s) = [(x, ap].

Note that this formula holds for any [ ¢ S. Thus nklax |(x,ap)| > nllax [(x,a))].
ke S ¢S

If the matrix Ag is injective, by Proposition 8.5.2, we deduce the desired
result.

8.5.4 Compressive sampling matching pursuit

Let Py(t) be the index set of s largest absolute entries of T € RY, and let
H,(t) keep the s-largest absolute value components, and other components
are zero. H; is called a hard thresholding operator of order s.

For the measurement matrix A, the measurement vector y, and the
sparsity level s, the compressive sampling matching pursuit algorithm begins
with x© = 0.

Step 1. Take w' = Py (ATy).

Take 7 = u'¥, where suppu™ c w® such that ||y — Az|»
(suppt C wV) attains the minimum value at T =u®.
Take xV = H,(u®).

Step 2. Take w® = suppxV | Po (AT (y — AxD)).

Take 7 = u®, where suppu® c w® such that ||y — Az
(suppt C w®) attains the minimum value at T =u®.
Take x® = H,(u®).

When Step [ — 1 is completed, we get w'=" and x(=1.

Step . Take w® = suppx=1 | Po(A" (y — Ax!~D)).

Take 7 = u®, where suppu” c w® such that |y — At|>
(suppt C w?) attains the minimum value at T = u®’. Take x? = H,(u?).
Continuing this procedure to Step 7, we get the s-sparse vector x* = x".

8.5.5 Iterative hard thresholding

It 1s an iterative algorithm that can solve Ax =y, under the condition that
the solution is s-sparse. Alternatively, we will solve A7 Ax = ATy, which
can be written as x = (I — AT A)x+ A'y. This implies the iterative method:

x"D = (I - ATA)x™ + ATy.



Sparse representation of big climate data 269

Since we target s-sparse vectors, we only keep the s largest absolute value
components of

(I—ATA)X(”)+ATy=X(")+AT(y—Ax(”))

at each iteration. The iterative hard thresholding (IHT) algorithm is based
on this idea, as follows:
Start from x® = 0. Using the iteration formula

x(n+1) ZHS(x(n) +AT(y_Ax(n)))

again and again until Step 7, we get the s-sparse x* = x".

To search the vector with the same support as x"*! that best fits the
samples, it leads to the following hard thresholding pursuit algorithm:
Start from x¥ = 0. Using the iteration formula

S = p(x"™ + AT (y — Ax")),

x"D = arg miIlY{Hy — Atll2, suppt C Sty
TeRN

again and again until Step 7, we get the s-sparse vector x* = x".

8.6 Optimality

An optimization problem is

. Ax =y,
min ®(x) subject to
xeRN Pi(x) < G (I=1,..,k

where @ : RN — R is called objective function; ®;: RN — R (I=1,...,k)
are called constraint functions, and A is an m x N matrix. A point x € RN
satisfying the constraints is called feasible. If the minimum is attained at a
feasible point X, the point X is called an optimal point. The set of feasible
points is described as follows:

Q={xeRY: Ax=y, &x)<C(=1,.. k).
The optimization problem is equivalent to minimize ®(x) over 2, that is,

I;lelslzl dy(x).
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Using the characteristic function of €, the optimization problem becomes
an unconstrained optimization problem:

min (0(%) + xa(x)),

0, xeQ,
0o, X¢Q.
it is called a convex optimization problem. The Lagrange function is defined as

where xqo(x) = If &y and ®; (I=1, ..., k) are convex, then

k

L(x, w, ) = ®(x) + (W, Ax —y) + Y _ m(®y(x) — C),
=1

where x e RN, w e R", u € R* with each u; > 0.
The dual function is defined as

Hw,p) = inf\v Lx,w,p), weR" peRF (each ;> 0).
xeRN

The dual function is always concave, and H(w, p) < ®y(x*) for all w, u,
where x* is the optimal point, ®((x*) is the optimal value. In fact, if x is a
feasible point, then Ax —y =0, and &;(x) — C;<0. By u; >0 (I=1, ..., k),
we have (w, Ax —y) + ZL wi(®(x) — C) <0.

Consider the optimization problem

max H(w,p) subjectto w; >0 (I=1,..., k). (8.6.1)

weR", peRk

This optimization problem is called the dual problem. In (8.6.1), a maximizer
w, ¥ is called optimal Lagrange multipliers. If x* is optimal for the primal
problem, then the triple (x*, w*, u*) is called primal—dual optimal. For most
convex optimization problems, strong duality holds: H(w*, u*) = ®(x").

8.6.1 Optimization algorithm for compressive sampling

The problem of compressive sampling is equivalent to the following opti-
mization problem:

min [x]; subjectto Ax=y. (8.6.2)
xeRN

Its Lagrange function is L(x, w) = ||x||; + (W, Ax—Yy), where (w, Ax—y) =
(w, AX) — (W, y). Noting that (w, Ax) = (ATw, x), we have

L(x,w) = x| + (ATw, %) — (W, y).
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The dual function is
H(w) = inf{|x]l; + (A"w,x) — (W, y)}.

Denote ATw = (B1,....,8n)" and x = (x1,...,xx5)". In the case
lATW|lo > 1, let [|ATW|s = |Bl. Then Br > 1 or B < —1. Take x such
that x;, = —r (r>0) and x; =0 (j # k). Then |x|1 = X2 lxi] = [xe| = 1.
This implies that for any A € R,

[\Y
(A"w,2%) =1 ) By = Mix = —2Ber = = 1Bl

=1

Let B, > 1. Taking A > 0 and A — 400,
IAxlly + (A" w, 4x) = %11 (|A] = 2Be) = Ix[l12(1 = Bi) — —oc.
Let B, < —1. Taking A < 0 and A — —oo0,
1A%t + (AT w, Ax) = —A|1xlli (1 + B) > —oo.

From this, we know that H(w) = —o0 if || A*W||s > 1.
In the case [|[ATW|s < 1, we have || <1 (I=1,...,N):

[(ATw), x| =

< lezl = Ix/1.

1

So [|x|l1 + (ATw, x) > 0. This implies that ||x||; + (47w, x) attains the min-
imal value 0 at x = 0. So H(w) = —(w,y) if [|[ATW]| o < 1. Therefore the
dual problem is

max —(w,y) subjectto [[ATwls < 1.
WE m
Let (x*,w") be a primal-dual optimal point. Note that L(x,w) =
D (x) + (W, Ax —y), where ®y(x) = ||x||;. When x is a feasible point (that
is, Ax —y=0), max L(x,w) = ®((x). When x is not a feasible point (that
we m
is, Ax —y #0), m%x L(x,w)=o00.So
we m

®(x") = min max L(x, w).
xeRN weR™
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By the definition of the dual function, H(w*") = max mir{ L(x,w). Since

weR" xeRN
H(w") = @ (x7),

max min L(x, w) = min max L(x, w).
weR" xeRN xeRN weR"

The primal—dual optimal point (x*, w*) is a saddle point of the Lagrange
function. That is, for all x € RN and w e R,

L(xu, w) < L(xu, wﬁ) < L(x, wn).

8.6.2 Chambolle and Pock’s primal-dual algorithm

Now we consider a convex optimization problem of the form

mﬂ%{@(z‘lx) +Jx)}, (8.6.3)

where A is an m x N matrix, and both ® : R” — R and J : RN — R are
convex functions. Let J(x) = [|x]|1, and let

0, x=y,

©=X{y}={ 00, x4y,

It leads to the /j-minimization problem (8.6.2). The substitution u = Ax
is such that the optimization problem becomes an equivalent problem as
tollows:

min  {®(u) +J(x)} subjectto Ax—u=0.

xRN, uek"
The dual function is
H(w) = inf{®(w) +]() + (W, Ax — w)}
=inf(®(u) — (W, 1) +J(x) + (W, Ax)}
= iéf{cb(a) = (W) +inf{J(x) — (4w, %)}
= —sup, {(w, u) — (W)} —sup, {(—A4"w, x) - J(x)}
=—®*(w) —J*(—-A"w),

where ®* and J* are the convex conjugate functions of ® and J, respectively.
Thus the dual problem of (8.6.3) is

max {—®*(w) — J*(—ATw)}.

weRm
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Since
min (®(A4x) + ] ()} = max [~ ®* (w) — J*(—A W)},
xeRN weRr
a primal—dual optimum (x*, w¥) is a solution to the saddle-point problem:

min max {(Ax, w) + J(x) — ®*(w)}. (8.6.4)

xeRN weR"
In fact, noting that the Lagrange function is L(x,u,w) = ®(u) + J(x) +
(w, Ax — u), it follows that

max min L(x, u, w) = minmax L(x, u, w)
W  X,u Xx,u w

= minmax{®(u) +J(x) + (ATw, x) — (w,u)}
= min max{—(min((w, u) — ®(u))) + (47w, x) +J(x)}

= min max{(Ax, w) + J(x) — ®*(w)}.

To solve the above saddle-point problem (8.6.4), we use the proximal
operator

. 1
Pj(a, u) = Pyj(u) = arg min {a ] (x) + =[x — ull}.
xeRN 2

The primal—dual algorithm is as follows: Given an m x N matrix A, two
convex function ® and J, and parameters 8,o,0 (0<B<1,a>0, 0 >0)
such that ota||A||§ < 1, starting from x© e RN, w¥ € R", the iteration
formulas are

W't = Py (0; W' + 0 AX")
Xn+1 = 1).]((¥, x" —ozATW”Jrl)
in+1 I=X”+1 +ﬂ(xn+1 —X”).

Below we will give a criterion to stop the above iterations. Let
E(x, w) = ®(Ax) + J(x) + &*(w) + J*(—ATw).

For the primal—dual optimum (x*, w*), we have E(x*, w*) = 0. Let F(x) =
®(Ax) + J(x). The optimal value of the primal problem F(x*) satisfies
F(x*) < ®(Ax) + J(x) for all x. The optimal value of the dual problem
H(w*) satisfies that H(w®) > —®*(w) — J*(—ATw) for all w. Therefore
E(x",w") <€ for some € > 0 can be taken as a criterion to stop the itera-
tions.
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CHAPTER 9

Big-data-driven carbon emissions
reduction

Economic and technological aspects are central to combat global warming.
Related activities are often underestimated. Improved energy use efficiency
and widespread implementation of low fossil-carbon energy systems are
clearly the most direct and effective approaches to reduce carbon emis-
sions. This means that the whole societal metabolism needs to be radically
transformed towards low/no fossil-carbon economies. However, design and
implementation of low/no fossil-carbon production will require funda-
mental changes in the design, production, and use of products and these
needed changes are evolving, but much more need to be done. In this chap-
ter, we introduce some case studies in big-data-driven carbon emissions
reduction, including precision agriculture, oil exploitation, smart buildings,
smart grids, and smart cities.

9.1 Precision agriculture

Agriculture is estimated to account for 10-15% of total anthropogenic
carbon emissions. Precision agriculture is a farming management that is
performed at the right time, right place, and appropriate intensity. It of-
ten utilizes various big data sources to optimize agricultural production
processes, and then increase agricultural production by using less water,
pesticides, fertilizer, energy, herbicides, and then reducing related carbon
emissions [13].

Agricultural remote sensing is a big data source that can be used to
monitor soil properties and crop stress. Agricultural remote sensing big data
technology has been, since recently, gradually merging into precision agri-
cultural schemes so that these big data can be analyzed rapidly in time for
decision support in fertilization, irrigation, and pest management for crop
production. Agricultural remote sensing is one of the backbone technolo-
gies for precision agriculture since it will produce spatially-varied data for
subsequent precision agricultural operations. Agricultural remote sensing
big data, which are acquired from different sensors and at different intervals
and scales, have all the characteristics of big data. The acquisition, process-
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ing, storage, analysis, and visualization of these big data are critical to the
success of precision agriculture.

Remote sensing is generating earth-observation data and analysis re-
sults daily from the platforms of satellites, manned/unmanned aircrafts, and
ground-based structures. A number of active satellites orbiting earth nowa-
days are for agricultural remote sensing. These satellites are equipped with
one or more sensors that can collect various observation data from the
Earth’s surface, including land, water, and atmosphere. Typical agricultural
remote sensing systems include visible-NIR (near infrared) (0.4-1.5 mm)
sensors for plant vegetation studies, SWIR (short wavelength infrared)
(1.5-3 mm) sensors for plant moisture studies, TI (thermal infrared)
(315 mm) sensors for crop field surface or crop canopy temperature
studies, microwave sensors for soil moisture studies, and LIDAR (Light De-
tection and Ranging) and SAR (Synthetic Aperture Radar) sensors for
measuring vegetation structure over agricultural lands. For the higher reso-
lutions, unmanned aerial vehicle (UAV)-based agricultural remote sensing
is a special kind of airborne remote sensing with possible monitoring of
crop field at ultra-low altitude, and UAV-based remote sensors are con-
tributing significantly to agricultural remote sensing big data. How to
rapidly and effectively process and apply the data acquired from UAV agri-
cultural remote-sensing platforms is being studied widely at present.

Agricultural remote-sensing big data will be developed and used at the
global, regional, and field scales. Local remote-sensing data management
is as important as large-scale remote-sensing data management. Large-scale
data could discover the general trends, whereas the local data provides spe-
cific features of the farm and fields with the weather information. As a
part of remote-sensing data supply chain management, agricultural remote-
sensing big data architectures need to be built with the state-of-the-art
technology of data management, analytics, and visualization. Real-time big
data analytical architecture for precision agriculture are being developed.
With the development of neural networks in deep learning, agricultural
remote-sensing will use deep learning algorithms in remote-sensing data
processing and analysis to develop unique research and development for
precision agriculture.

9.2 Oil exploitation

The recent technological improvements have resulted in daily generation
of massive datasets in oil exploration, drilling, and production industries.
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Managing these massive datasets is a major concern among oil companies.
Huge volume is the first characteristic of big data. This characteristic can
be found in various sectors of oil industry. During oil exploration, seis-
mic data acquisition generates a large amount of data used to develop two-
and three-dimensional images of the subsurface layers. Various drilling tools
during drilling operations, such as logging while drilling (LWD) and mea-
surement while drilling (MWD), are transmitting various data to the surface
in real time. The vast quantity of data is challenging to be handled.

The big data tools used widely in the oil industry include Apache
Hadoop, MongoDB, and Cassandra.

Apache Hadoop is a tool created by Doug Cutting and Mike Caferella
in 2005. It consists of two main components: a storage component, called
Hadoop distributed file system (HDFS) and a processing component, called
MapReduce. The tasks are handled in two major phases: the phase of stor-
ing data is done under HDFS layer by Namenode (a master server) and
DataNodes (clusters of slaves). The phase of tracking and executing jobs
will take place in MapReduce layer, where JobTracker and TaskTracker
are, respectively, the master node and slave node. The data processing and
analysis in MapReduce layer is conducted in Map phase and reduce phase
as follows: In map phase, the data is divided into key and value. The input
data are taken by MapReduce in key-value pairs. JobTracker assigns tasks to
TaskTracker. Further processing of data is conducted by TaskTracker. The
output data during map phase is sorted and stored in a local file system
during an intermediate phase. Finally, the sorted data is passed to reduce
phase where it combines with the input data.

MongoDB is a NoSQL database technology based on JSON. The
NoSQL database technology can handle unstructured data, and the JSON
is a standard data processing format based on a JavaScript and is built on an
ordered list of values. So the MongoDB can provide a dynamic and flexible
structure to be customized to fit the requirements of various users.

Cassandra is another NoSQL database technology. Cassandra is especially
efficient, where it is possible to spend more time to learn a complex system,
which will provide a lot of power and flexibility.

Because of recent improvements in big data technologies and the ne-
cessity for efficient exploration, drilling, and production operations, the oil
industry has become a massive data-intensive industry. Big data can help
to quickly find oil, reduce production costs, enhance drilling safety, and
improve yields, which can reduce energy consumption and related car-
bon emissions in exploration, drilling, and production operations, and then
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promote the oil industry overall efficiency. Bello et al. [3] utilized big data
from discrete distributed temperature sensors and discrete distributed strain
sensors to develop a reservoir management scheme; Olneva et al. [39] clus-
tered one-, two-, and three-dimensional geological maps for oil reservoirs
with big seismic data; Joshi et al. [24] analyzed big microseismic datasets
to model the fracture propagation maps during hydraulic fracturing. Yin
et al. [60] found the invisible nonproduction time using the collected real-
time logging data; Johnston and Guichard [23] used big data to reduce the
risks associated with drilling operations; Rollins et al. [47] used big data
to develop a production allocation technique; Tarrahi et al. [52] used big
data to improve the oil and gas occupational safety by managing risk and
enhancing safety; Cadel et al. [5] developed big-data-driven prediction soft-
ware to forecast hazard events and operational upsets during oil production
operations.

Depleted oil reservoirs are a leading target for CO, storage and offer
one of the most readily-available and suitable storage solutions. When CO,
is turned into a supercritical fluid at about 73.8 bar pressure and 31.1°C,
it is soluble in oil. The resulting solution has lower viscosity and density
than the parent oil, thus enabling production of some of the oil in place
from depleted reservoirs [64]. At the same time, most of the injected CO»
is stored due to the following: (a) dissolution into oil not flowing to the
producing wells; (b) dissolution into the formation waters; (c) chemical
reaction with minerals in the formation matrix; (d) accumulation in the
pore space vacated by the produced oil; (e) leakage and dissolution into
the subjacent aquifer; (f) loss into nearby geological structure. Haghighat
et al. [15] developed a real-time, long-term, CO, leakage detection system
for COy storage in depleted oil reservoirs. The key idea is to drive the oil
reservoir simulation model for CO; storage by the real-time observed big
data streams to simulate multiple scenarios of CO; leakage and predict the
possibility of CO, leakage.

9.3 Smart buildings

The building sector is one of the important sectors nowadays, and is evolv-
ing to be the greatest energy consumer around the world, accounting for
40% of the global energy use and one third of the global carbon emis-
sions. As a result, building energy efficiency and resulting carbon emissions
has become one of the top concerns of a sustainable society that has at-
tracted increasing research and development efforts in recent years. With
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the rapid development of sensor technology, wireless transmission tech-
nology, network communication technology, cloud computing, and smart
mobile devices, large amounts of data has been accumulated in almost every
aspect of the building sector.

Building sensors and their being coupled to smarter control systems
forms the basis of smart buildings, where smart controls address the differ-
ent sources of energy consumptions in buildings, such as heating, cooling,
ventilation, electric lighting and solar shadings, lightning, electric appli-
ance. Big data architectures can help to seamlessly link a huge amount of
smart buildings which is called web of buildings [34].

The active building energy management in smart buildings is operated
at a level of intelligence and automation in the context of big data. It can di-
rectly eliminate energy wastes through controlling smart building appliances
and actuators. Degha et al. [11] proposed an intelligent context-awareness
building energy management system (ICA-BEMS), which consists of six
modules: data aggregation module, smart context-awareness management,
energy efficiency reasoning engine, user interface, database, and smart
building ontology. ICA-BEMS is able to identify the particular device or
behavior causing the energy waste and to eliminate this waste context by
providing adequate energy saving decisions. It is demonstrated that ICA-
BEMS can cut building energy consumption and resulting carbon emissions

by 40%.

9.4 Smart grids

Electricity is an important form of secondary energy. Smart meters in smart
grid technology are advanced digital meters that replace the old analog
meters used in homes to record electrical usage. By sending detailed infor-
mation about commercial and residential electricity use back to the utility,
electricity production can be more efficiently managed, thus reducing the
total production and related carbon emissions. Moreover, smart grid tech-
nologies can reduce carbon emissions further if incorporated with green
renewable energy sources.

Smart meters can record fine-grained information about electricity con-
sumption in near real-time, thus forming the smart meter big data. Smart
meter big data includes voltage, current, power consumption, and other
important parameters. With the development of smart grid technology and
information technology, the current smart meter big data has four charac-
teristics, involving the high dimensionality of data, large volume of data,
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high speed data acquisition and transmission, and high speed data analysis
and processing.

Smart meter big data implies valuable information that can be used in
electric load forecasting, anomaly detection of electric power systems, de-
mand side management, and so on. Electric load forecasting provides the sup-
port generation planning and development planning of an electric power
system. It can be divided into long-term load forecasting, medium-term
load forecasting, short-term load forecasting, and ultra-short-term load
forecasting, corresponding to annual, monthly, single-day, and hourly load
forecasting. Anomalies are commonly refereed to as faults in an electric
power system. Anomaly detection of electric power systems is done by power
companies. Demand side management can guide and encourage electricity
consumers to take the initiative to change their electricity consumption
patterns.

The high-dimensional and massive smart meter big data not only creates
great pressure on data transmission lines, but also incur enormous storage
costs on data centers. In the literature there are many compression tech-
niques. The compression methods can be divided into lossy and lossless
methods based on the criterion of whether the compressed data can be
restored to the original data. Generally, lossless compression methods are
used to compress data for transmission and storage, and lossy compression
methods are used to improve the efficiency of data analysis and mining.

Lossy compression methods include wavelet transform, symbolic aggre-
gation approximation, principal component analysis, singular value decom-
position, linear regression-based dimension reduction, and sparse coding.
Wavelet transform 1s an effective tool for time-frequency analysis and pro-
cessing of signals. Generally, wavelet transform can be divided into discrete
wavelet transform, which is usually used for signal coding, and continuous
wavelet transform, which is often employed to analyze signal. Symbolic ag-
gregation approximation is a powerful method for data dimension reduction
and compression, especially for dealing with time series data with small
lower-bound Euclidean distance. Principal component analysis is a multivari-
ate statistical method used to investigate the correlations among multiple
variables, and to study how to reveal the internal structures of a number
of variables through a few principal components. Singular value decomposi-
tion 1s an important matrix decomposition method based on linear algebra,
and is an extension of normalized matrix unitary diagonalization in matrix
analysis. Linear regression is a traditional statistical method; its development
is mature, and its application in smart meter big data compression is ex-
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tensive. Linear regression-based dimension reduction uses dummy variables to
estimate the effect of explanatory variables of different quantitative levels on
the explained variables. Sparse coding is an artificial neural network method
and is characteristic of spatial locality, directivity, and band-pass of the fre-
quency domain, and is widely employed in image processing and semantic
recognition as a data compression and feature extraction technology.

Lossless compression is a compression method that can preserve all the
information of the original data. Common lossless compression methods
include Huffman coding and Lempel—Ziv algorithm. Huftiman coding (that
is, optimum cording) is a cording method, involving variable word length,
which constructs a codeword with different prefix and the shortest average
header length based on the probability of occurrence of certain characters.
Lempel-Ziv algorithm is a compression method based on the table search
algorithm. Its basic principle is to create a compiled table based on the
characters extracted from the original text file data. In the compiled table,
an index of each character is used to replace the corresponding character in
the original text file data.

9.5 Smart cities

A smart city is an emerging concept aiming at mitigating the challenges of
continuous urbanization development and climate change impacts in cities.
The smart city projects undertaken by governments and decision-makers
are targeting urban energy sustainability and resilient low-carbon transition.

A smart city consists of smart components, which constitute various city
domains. The smart components include smart building, smart hospitals,
smart theaters, smart shops, and so on. The word “smart” has different
connotations in each city domain. The city smartness is analyzed by the
interrelationship between the underlying city domains.

The role of big data in developing smart cities is undeniable. With
the extensive use of information and communication technology (ICT)
in various city domains, including human-to-human, human-to-machine,
machine-to-machine interactions, yield massive volume of data, known as
big data. Tsai et al. [55] showed that there are the vertical and horizontal
scaling approaches in the analytics platform for these big data. Vertical scal-
ing approach empowers the processing platform with additional computing
power (memory, CPUs, et cetera) to accommodate the incremental vol-
umes of data through the execution of a single operating system. Horizontal
scaling approach is a divide-and-conquer approach through the execution
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of multiple instances of different operating systems. Osman [41] gave three
essential characteristics for smart cities: the vital role of ICT as key enabling
technology in developing smart cities, the integral view of a smart city as
a whole body of systems, and applying sustainability to different aspects of
life. In the design of big data analytics frameworks for smart city purpose,
Osman [41] classified fundamental requirements associated with smart city’s
nature of data sources into the functional requirements (that is, object in-
teroperability, real-time analysis, historical data analysis, mobility, iterative
processing, data integration, and model aggregation) and the nonfunctional
requirements (that is, scalability, security, privacy, context awareness, adap-
tion, extensibility, sustainability, availability, and configurability).

Osman [41] proposed a novel big data analytics framework for smart
cities called a smart city data analytics panel (SCDAP) approach based on
six principles: layered design principle, standardized data acquisition princi-
ple, real-time and historical data analytics principle, iterative and sequential
data processing principle, model management principle, and model ag-
gregation principle. SCDAP is a three-layer architecture consisting of a
platform layer, a security layer, and a data processing layer. The platform
layer is a horizontally scalable platform, including hardware clusters, operat-
ing systems, and communication protocols. In the security layer, the security
measures include restricted sign on access to the framework, multi lev-
els user authentication, and a complete audit log. The data processing layer
consists of ten components, including data acquisition, data preprocessing,
online analytics, real-time analytics, batch data repository, batch data ana-
lytics, model management, model aggregation, smart application, and user
interface.

As one of the most ambitious smart city projects aiming at staving off
the most drastic eftects of climate change, the London environment strategy
(LES) is a roadmap to zero carbon by 2050. By assuming that carbon emis-
sions over time follow the known Ornstein—Uhlenbeck process (a stochastic
differential equation describing a mean-reverting process), Contrerasa and
Platania [9] proposed a zero mean reverting model for London’s green-
house gas emissions to check the consistency of LES with the 2050 zero
carbon objectives. Based on Monte Carlo simulations, Contrerasa and Pla-
tania [9] found that most of carbon emissions reduction comes from the
smart mobility and smart environment policies and objectives proposed in
LES.
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CHAPTER 10

Big-data-driven low-carbon
management

Big data mining can support the optimization of supply chain manage-
ment, natural resource management, transportation management, service
parts management, smart energy management, and so on. Such optimiza-
tion can result in significantly reducing energy consumption and related
carbon emissions. Therefore big-data-driven low-carbon management can
help societies to make the urgently needed societal changes to transition to

equitable, sustainable, livable, low carbon societies.

10.1 Large-scale data envelopment analysis

Data envelopment analysis (DEA) is a nonparametric method measuring
relative carbon emissions reduction efficiency within a group of homo-
geneous decision-making units (DMUs) with multiple inputs and multiple
outputs. Here the DMUSs may be companies, schools, hospitals, shops, bank
branches, and others.

The CCR (Charnes—Cooper—Rhodes) DEA model and the BCC
(Banker—Charnes—Cooper) DEA model are two standard DEA models.
The CCR DEA model is a model of constant returns to scale. The BCC
DEA model is a model of variable returns of scale. These two models are
stated as follows:

Let a set of DMU; (j=1,...,n) be in the evaluation system. Define
(X1j, ..., Xpj) as the input vector of DMU; with the input weight vector
(1, ..., vw), and define (yy;, ..., y4) as the output vector of DMU; with the
output weight vector (uy, ..., uy). Assume that each DMU; consumes x;
amount of input i to produce y,; amount of output r, and that the input and
output of DMU, (k= 1, ..., n) being evaluated are, respectively, (x1g, ..., Xiuk)
and (Y1, ..., Yqe), Where xj > 0 and yy > 0. Let p, = tu, and v; = tv;, where
t= (o viva) "
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(1) The input-oriented CCR DEA model has the form

3 >
UrYrke P .
r=1 biect t 7,11 <1 (]= 1, ey ),
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ViX; = .
l; ik >0 @r=1,...q9, v=0((=1,..,m);

the output-oriented CCR DEA model has the following form:

m m
A > vixgg
Zletk = ’ )
.=l bi | Gg=1,...,n),
min ————  subject to 21 ey
r;%ym u>00=1,...,q9, vi=0(30=1,..,m);

(1) the input-oriented BCC DEA model has the form

q
max Z Uy + o subject to

r=1
m

q
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r=1 i=1
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and the output-oriented BCC DEA model has the following form:

m
max Z vixie + Vo subject to
i=1
q m
Zlﬂryﬁ_;vix[j"'v()fo G=1,...,n),
= =

=
q
Z MrYrk = 19
r=1
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where g and v, are two free variables.

For a set of n DMUs, a standard DEA model is solved n times; one
tor each DMU. As the number n of DMUJs increases, a huge amount of
linear programs should be solved, and so the running-time sharply rises.
Key parameters in DMUSs that have significant impacts on computation
time include the cardinality parameter (that is, the number of DMUs), the
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dimension parameter (that is, the number of inputs and outputs), and the
density parameter (the proportion of efficient DMU) [18].

For large-scale DEA, Barr and Durchholz [6] proposed a hierarchical
decomposition procedure that can decrease the running-time of evaluating
large-scale DMUs. They suggested partitioning DMU s into smaller groups
and to gradually drop the corresponding decision variables of a known inef-
ficient DMU from the subsequent problem. Note that various DEA models
separate a set of # DMUs into an efficient set E* and an inefficient set I*.
The members of the efficient set E* are mathematically extreme points,
extreme rays, or lie on a convex surface, which form a piecewise-linear
empirical production surface or efficient frontier. In Barr and Durchholz’s
DEA decomposition, a partitioning of a set of n DMUs into a series of k
mutually exclusive and collectively exhaustive subsets D; C D is considered,
where

D:UDh [jazw (K={1,...,k}).
ieK ieK
Define E(D;) and I(D;) as the index sets of DMUs in D; that are efficient
and inefficient, respectively, relative to D;. That is,

Di=EMD) | J1(Dy.

The foundation of the decomposition procedure relies on the following
theorem: If D; C D, then

(D) CI* and FEUHH)
ieK

Barr and Durchholz first defined a procedure, called procedure Solve-
Blocks (b1,1), for creating and solving the subproblems. It partitions the
set of DMUs whose efficiency is unknown into a series of blocks of size b,
and then the procedure SolveBlocks (b,,1) is used in the hierarchical de-
composition algorithm, that is, procedure HDEA (b, B8, y). Let |U| be the
cardinality of U.
Procedure SolveBlocks (b,1,1):
Step 1. Partition U into k= [|U|/b] mutually exclusive, approxi-
mately equal-sized, blocks of DMU.
Step 2. For each block B; (e K:={1, ..., k}),
(a) apply a DEA envelopment model to compute E(B));
(b) set I=I|JI(B).
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Procedure HDEA (b, 8, y):
Level 1. (@) I=0, U=D, | < 1. (b) SolveBlocks (b1,1).
Level 2. Perform the following process again and again until U # @:
(@) [« 1+1. (b) u < |U].
(c) SolveBlocks (b1,1). (d U« D-1
(e) If |U|/u > vy, then b < |U]|, else b < Bb.
Level 3. Resolve the DEA model (with basis entry restricted to E*)

for members of I* to compute correct solution value.

10.2 Natural resource management

Currently, natural resource management has already become the most im-
portant constraint on economic growth and social development since rapid
growth and fast development are mainly based on huge consumption of
natural resources. To balance the utilization of natural resources and sus-
tainable development of economy, many resource regulations have to be
strengthened to guarantee the efforts in natural resource saving, and deter-
mine optimal natural resource allocation.

The emerged big data brings new perspectives and opportunities in the
DEA (data envelopment analysis) field. Mandell [32] proposed the first two
related bicriteria mathematical methods; Lozano and Villa [31] proposed
DEA-based models for centralized resource allocation; Bi et al. [8] proposed
a DEA-based approach for resource allocation and target setting; Wu et al.
[44] proposed a DEA-based approach by considering both economic and
environmental factors for resource allocation; Du et al. [17] proposed a
DEA-based iterative approach to allocating fixed costs and resources; Fang
[22] proposed a new approach for resource allocation based on factors, such
as efficiency analysis.

Recently, Zhu et al. [50] studied provincial natural resource allocation
and utilization in China using two DEA models: the first DEA model is
based on natural resource input orientation to measure the natural resource
utilization efficiency, and the second DEA model brings the maximum

revenues after the natural resources are allocated. The first model is given
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where xj, ey, and y,; denote natural resource inputs, nonnatural resource
inputs, and outputs of DMU], respectively; A; are intensity variables, s;,
s, , and 57" are slack variables for natural resource inputs, non-natural re-
source inputs, and outputs, respectively; the subscript 0 denotes the DMU,
whose efficiency is being measured, and 0 < py < 1. The second model is

given by
n N
max R = Z Z P,y; subject to

j=1 r=1
DM <& ViVi, Y M, <ey VivE,
7€D() 7€D()

n
D MY =P i D) Ry=Bivi, Y M =1V,
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0<&;<px; ViV, M >0Y¥geD(), %=0VjVi, 7,;>0VjVr,

where P, are the prices of outputs; X; and J, denote, respectively, the
amount of natural resource to be allocated to provincial region j and the
amount of output to be produced by provincial region j after the allocation;
x;jj and ¢; denote, respectively, the amounts of natural resources and non-
natural resources consumed, measured by current observation of provincial
region j; ké are the multiplier variables corresponding to the previously ob-
served production of provincial region j, and R denotes the maximum total
revenues generated after the total natural resources B; are allocated to the
provincial regions. Zhu et al. [50] indicated that the most effective alloca-
tion of the natural resources requires about half of the provincial regions
to reduce their natural resource consumption, whereas the remaining ones
can maintain their original consumption.
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10.3 Roadway network management

The transportation sector is a large contributor to global carbon emis-
sions. Roadway network plays a crucial role in the transportation system,
and has significant impacts on the environment. Pavement characteristics,
environmental condition, and vehicle properties can affect vehicle fuel con-
sumption and related carbon dioxide emissions. Hence maintaining the
roadway network in good condition can guarantee a low-carbon trans-
portation system.

In transportation management, pavement-vehicle-interaction (PVI)
models are a powerful tool for mitigating excess-energy consumption and
carbon dioxide emission by way of its integrating various big data (for
example, spatially and temporally varying road conditions, pavement prop-
erties, traffic loads, and climatic conditions). The PVI models can serve
as a means to guide carbon management policies aiming at reduction of
carbon dioxide emission in roadway networks, and can assess quantitatively
the lifecycle footprint of pavements by taking into account the impact of
different pavement characteristics and designs, and existing climatic and
traffic conditions in the roadway network, on energy dissipation and the
ensuing excess fuel consumption. The core idea of PVI models is that to
maintain a constant speed, the dissipated energy due to rolling resistance
must be compensated by extra engine power, which results in excess vehi-
cle fuel consumption and carbon emissions. Here rolling resistance includes
pavement roughness, texture, and deflection.

Louhghalam et al. [30] investigated the spatial and temporal variation of
carbon dioxide emission in the network of Virginia interstate highways due
to the change in road condition and design, and variation in climatic con-
dition and traffic loads. Big data in their network-scale analysis came from
the Virginia department of transportation. They integrated roughness- and
deflection-induced PVI models with various big databases to identify pave-
ment sections with the greatest potential for carbon emissions reduction at
the network scale. These newly developed models established a link be-
tween mechanical properties of pavements and vehicle fuel consumption,
and account for energy dissipation in pavement material and vehicle sus-
pension system.

The newly developed deflection-induced PVI models provide a means
to assess quantitatively the impact of pavement characteristics and climate
conditions on vehicle fuel consumption. The key point is the energy dis-
sipated within the pavement material because its viscoelasticity must be
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compensated by an external energy source, leading to excess fuel con-
sumption. According to the first and second laws of thermodynamics, the
dissipated energy per distance traveled ¢ is directly related to the slope un-
derneath the wheel in a2 moving coordinate system X = x — It with x, f,
and 17 being space, time, and speed. That is,

S = _Pﬁ’
where P is the axle load, and ”2—?(/ is the average slope at tire-pavement
trajectory.

The newly developed roughness-induced PVI models quantify the im-
pact of road roughness on excess fuel consumption and carbon emissions
using the HDM-4 (highway development management-4) model, which is
a vehicle operating cost model. The HDM-4 provides an estimate for the
increase in vehicle instantaneous fuel consumption (IFC):

SIFCr = B(IR| — IR ]o) <1 + J/f£> :
3.6
where |R| is the international roughness index, |R | is the reference rough-
ness index after maintenance, and the coefficients B, and y, are given
previously.

Based on roughness- and deflection-induced PVI models, Louhgha-
lam et al. [30] found that most of excess carbon emissions were from
roughness-induced car fuel consumption and deflection-induced truck fuel
consumption. Furthermore, by upscaling of fuel consumption from pave-
ment section to the roadway network scale, they established a network-level
carbon management with the aim of maximum reduction of carbon emis-
sions with minimum lane-mile of road maintenance. By doing so, main-
taining 1.59%—4.24% of the total lane-miles in Virginia would result in
10%—-20% reduction of total excess carbon emissions.

10.4 Supply chain management

Supply chain management (SCM) is the management of the flow of goods
and services. Supply chain (SC) includes the movement and storage of raw
materials, work-in-process inventory, and the transportation of goods from
point of origin to point of consumption. Optimization of supply chain may
result in significant energy saving and related carbon emissions reduction.
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Businesses—from manufactures, wholesalers, and retailers to ware-
houses, healthcare providers and government agencies—use supply chain
management principles to plan, assemble, store, ship, and track products
from the beginning to the end of the supply chain. The detail is as fol-
lows: In the procurement area, SCM focuses on supplier selection, sourcing
cost improvement, and sourcing risk management. In the manufacturing
area, SCM focuses on production planning and control, production R&D,
maintenance and diagnosis, and quality management. In the logistics and
transportation area, SCM focuses on logistics planning, in-transit inventory;,
and management. In the warehousing area, SCM focuses on storage assign-
ment, order picking, and inventory control. In the demand management
area, SCM focuses on sensing current demand, shaping future demand, and
demand forecasting.

With the use of advanced analytics techniques to extract valuable
knowledge from big data facilitating date-driven decision-making, SCM
is extensively applying a large variety of technologies, such as sensors,
barcodes, and internet of things to integrate and coordinate every link-
age of the chain. Main big data techniques used in SCM include support
vector machine in classification models; heuristic approaches along with
spatial/temporal-based visual analysis, which are the key approaches in the
development of optimization models, and K-means clustering algorithm
applied in clustering, classification, forecasting, and simulation models. Em-
pirical evidence demonstrates obvious advantages of big data analytics in
SCM in reducing operational costs, improving supply chain agility, and
increasing customer satisfaction.

The graphical classification framework of SCM consists of four layers
[38] as follows:

The first layer refers to five SC functions, including procurement,
manufacturing, logistics/transportation, warehousing, and demand man-
agement.

The second layer gives three levels of data analytics, namely descriptive
analytics, predictive analytics, and prescriptive analytics, where the descrip-
tive analytics describes what happened in the past; the predictive analytics
predicts future events, and the prescriptive analytics refers to decision-
making mechanism and tools. For descriptive analytics, association is the most
widespread as it has been applied throughout every stage of the SC process
from procurement, manufacturing, warehousing, and logistics/transporta-
tion to demand management. Visualization is the least used model in
descriptive analytics. For predictive analytics, classification is the most used
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model, which can classify a huge set of data objects into predefined cate-
gories, thereby generating predictions with high levels of accuracy. Other
popular models for predictive analytics are semantic model and forecasting
model. For prescriptive analytics, the popular models are optimization model
and simulation model, which are adopted to support decision-making.

The third layer consists of nine big data analytic models: association,
clustering, classification, semantic analysis, regression, forecasting, opti-
mization, simulation, and visualization. The final layer gives some tech-
niques on big data mining, machine learning, et cetera.

10.5 Smart energy management

With the increasing penetration of emerging information and communi-
cation technologies (ICTs), the energy systems are being digitized, and the
power grids have evolved three generations from small-scale isolated grids,
large-scale interconnected grids to smart grids. Huge amounts of data con-
tinually harnessed by thousands of smart grid meters need to be sufficiently
managed to increase the efficiency, reliability, and sustainability of the smart
grid.

The unprecedented smart grid big data require an effective platform
that takes the smart grid a step forward in the big data era. Munshi et al.
[37] presented a hierarchical architecture of the core components for smart
grids big data under the Hadoop platform. The hierarchical architecture
consists of components for such processes as data acquisition, data storing
and processing, data querying, and data analytics.

(1) In data acquisition, a basic flume topology is used to ingest large
amounts of streaming data into the HDFS. The flume is a distributed system
developed by Apache, which efficiently collects, aggregates, and transfers
large amounts of log data from disparate sources to a centralized storage.
The flume data acquisition tool is made by data event, source, channel, and
sink, where the event is a stream of data that is transported by the flume.
The source is the entity through which data enters into the flume, the
channel is the conduit between the source and the sink, and the sink is the
entity that delivers the data to the destination.

(i1) In data storing and processing, Hadoop and Yarn are used. Hadoop
consists of HDFS and MapReduce. HDFS is a distributed storage file sys-
tem, each cluster of which consists of a single NameNode that manages
the file system metadata and numerous DatalNodes that store the actual
data. MapReduce is the processing component of Hadoop, and consists of
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a single master called JobTracker and one slave called TaskTracker per clus-
ter node. Yarn is a general-purpose resource manager for Hadoop. Yarn
splits up the major responsibilities of the JobTracker and TaskTracker of
the MapReduce into separate entities. Yarn basically consists of a global
ResourceManager and per-node slave NodeManager for managing appli-
cations in a distributed manner.

(111) In data querying, Hive and Impala can facilitate querying and man-
age big data residing in distributed storage. Hive express big data analysis
tasks in MapReduce operations. Impala queries can provide near real-time
results.

(iv) In data analytics, Mahout, SAMOA, and Tableau are used. Ma-
hout contains various algorithms for scalable performant machine learning
applications. SAMOA (scalable advanced massive online analysis) is a dis-
tributed streaming machine learning framework. Tableau is an interactive
data visualization tool, which enables users to analyze, visualize, and share
information and dashboards.

Energy big data include not only the massive smart meter reading data,
but also the huge amount of related data from other sources, such as weather
and climate data. Energydata.info, Energy DataBus, KNIME, and Energy-
wise are the latest energy big data analytics platforms. Energydata.info is an
open data platform providing access to datasets and data analytics. Energy
DataBus developed by the US Energy Department’s National R enewable
Energy Laboratory is used to track and analyze energy consumption data.
KNIME is a Swiss start-up providing an open source big data analytics
platform with extensive support for energy data as a major use case. En-
ergywise is an energy analytics tool developed by Agentis Energy to make
commercial buildings more energy efficient.

Recently, Marinakis et al. [33] proposed a big data platform to un-
lock the promise of big data to face today’s energy challenges and support
sustainable energy transformation towards a low carbon society. A huge
amount of data captured and used in the platform are buildings’ energy
profiles, weather conditions, occupants’ feedback, renewable energy pro-
duction, and energy prices. The structural components of the proposed big
data platform include the data interoperability and semantification layer, the
data storage cluster, the data access policy control, the analytics services, and
the integrated dashboard. In difterent components, the data interoperability
and semantification layer is the single-entry point for feeding all the multiple-
sourced data into the platform; the data storage cluster uses industry-proven
distributed storage solutions to provide data storage. The data access policy
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control is responsible to isolate data from different providers and grant access
to other tools; the analytics services help beneficiaries by using data seman-
tics propose meaningful analytics; the infegrated dashboard is the presentation
interface for all of the provided services, in which tools for searching and
exploring different datasets, services, and other related information are of-
fered.

Marinakis et al’s [33] platform is a high level architecture of a big data
platform that can support the creation, development, maintenance, and
exploitation of smart energy through the utilization of cross-domain data.
It has been proven significant in the reduction of energy consumption and
carbon emissions.
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CHAPTER 11

Big-data-driven Arctic maritime
transportation

Due to global warming, the quantity of Arctic sea ice has been drastically
reduced in recent decades. Consequently, navigating the Arctic is becom-
ing increasingly commercially feasible during summer seasons. It will bring
huge transportation benefits due to reduction in navigational time, fossil
energy consumption, and related carbon emissions. Arctic sea ice prone re-
gions are a significant challenge for charting Arctic routes, so it is necessary
to forecast the extent, thickness, volume, and drift patterns of sea ice along
the Arctic navigational routes by near real-time data-mining of various big
data (for example, meteorology/climate, ocean, remote sensing, environ-
ment, economy, computer-based modeling). Moreover, since Arctic sea ice
always moves the currents and winds and different meteorological condi-
tions can cause the melting and freezing of sea ice, the trans-Arctic sea
routes need to be adjusted dynamically from the standard routes to mini-
mize costs and risks. Based on big data mining, we establish a near real-time
dynamic optimal trans-Arctic route (DOTAR) system to guarantee safe, se-
cure, and efficient trans-Arctic navigation. Such dynamic routes will help
navigators to maintain safe distances from icebergs and large-size ice floes
and to save time, fuel, operational costs and risks.

11.1 Trans-Arctic routes

Due to the Arctic amplification of global warming, the September Arctic
sea ice coverage during 1978-2017 was —13% per decade. All ten of the
lowest minimum ice extents in Arctic sea since 1979 occurred in the last
11 years (2007-2017). The Arctic Ocean is predicted to be free of sum-
mer ice within the next 2025 years [68,16,26]. More regions in the Arctic
will become less dangerous for navigation. Increased access has already re-
sulted in a significant expansion of Arctic shipping activity [12], especially
during September when the ice coverage is at a minimum, allowing the
highest levels of shipping activity [13]. The navigational distance between
East Asia and Europe via the Arctic Northeast Passage is 30-40% shorter
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Figure 11.1.1 The Arctic Northeast Passage (red, mid gray in print version), the Arctic
Northwest Passage (blue, light gray in print version) and the North Pole route (purple,
dark gray in print version).

than the present route via the Suez Canal, 40-50% shorter than the Panama
Canal route and 50-60% shorter than the route around the Cape of Good
Hope [36]. The combination of melting Arctic ice and related economic
drivers are triggering and facilitating the Arctic shipping by way of longer
navigation season, improved accessibility for shipping, and extended ship-
ping routes. Global ocean shipping companies are becoming increasingly
interested in the Arctic routes [5]. Since 2005 the number of vessels nav-
igating the Arctic has increased significantly during summer seasons (late
June—early November) [33,34].

The disappearance of sea ice is opening three main trans-Arctic routes
connecting the North Pacific and North Atlantic Oceans: The Arctic
Northeast Passage, the Arctic Northwest Passage, and the North Pole route
(Fig. 11.1.1):

The Arctic Northeast Passage is a sea route connecting the Far East
and Europe, by traveling along Russia’s and Norway’s Arctic coasts from
the Chukchi, East Siberian, Laptev, Kara, to Barents Seas. Its navigational
distance is 2000—4000 miles shorter than the route via the Suez Canal. In
August 1995, a successful experimental transit voyage was conducted from
Yokohama (Japan) to Kirkenes (Norway) onboard the Russian ice strength-
ened cargo vessel Kandalaksha [6]. In 1990 Russia officially opened the
Arctic Northeast Passage for commercial use without discrimination for all
vessels of any nation [40]. The number of vessels sailing along the Arctic
Northeast Passage grew gradually from almost zero during 1995-2008 to
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71 in 2013 [34]. The average navigation time along the Arctic Northeast
Passage was reduced from 20 days in the 1990s to 11 days during 2012-2013
[2]. Currently, the Arctic Northeast Passage is open for four to five months
per year for ice-strengthened vessels to navigate [70], where Barents and
Chukechi sectors were accessible, and East Siberian, Laptev, and Kara sec-
tors were relatively inaccessible [38]. The length of the navigation season
will expand as the Arctic ice coverage continues to decrease during the
remainder of the 21st century.

The Arctic Northwest Passage is a sea route along the northern coast
of North America via waterways through the Canadian Arctic archipelago.
However, even in middle of 21st century, the oldest and thickest multiyear
sea ice will still be adjacent to, and within, the Canadian Arctic archipelago,
which leads to negative impacts on sailing along the Arctic Northwest Pas-
sage [49]. In 2010-2015, there was at most one vessel per year passing
through the Arctic Northwest Passage [34]. Although the Arctic Northwest
Passage has low navigation potential at present, it may open substantially on
a regular basis by 2020-2025 [39].

The North Pole route is through the Bering Strait, North Pole, and
Fram Strait, finally reaching the Norwegian Sea [2]. Although the North
Pole route is much shorter than the Arctic Northeast/Northwest Passage,
it is presently, more inaccessible due to thick multiyear sea ice.

Although the trans-Arctic marine transportation is on the rise, it is far
from being an explosion [36]. Various supports and marine services must
be set up for safe, secure, and efficient operations of trans-Arctic navigation.
This includes sea-ice monitoring and forecasts, search and rescue services,
experienced crews and ship owners, appropriate shipping technologies that
can be safely used in ice prone waters, improved traffic systems, seaport
facilities and navigation aids, and international governance and cooperative
mechanisms [23].

11.2 Sea-ice remote-sensing big data

Sea ice is the largest obstacle in Arctic maritime transportation. Main im-
pact factors include ice concentration, ice extent, ice thickness, and ice
motion. Due to harsh climatic conditions and poor infrastructure, in ad-
dition to sparse and inefficient ground observation sites, mining of remote
sensing big data is the most efficient method to monitor large-scale Arc-
tic sea-ice variability systematically and reliably. By utilizing a combination
of multiple active and passive microwave, visible, and infrared satellite data
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sources, remote sensing measurements have revealed a rapid reduction of
Arctic ice extent in all seasons, with the strongest changes in summer. The
widely-used satellite-borne sensors on sea-ice observations include the fol-
lowing:

a) The scanning multi-channel microwave radiometer (SMMR) flown
on NASA’s Nimbus-7 satellite transmitted the brightness temperature data
with spatial resolution 25 x 25 km? every other day during 1978-1987. The
SMMR is a ten-channel instrument, which delivers orthogonally polarized
upwelling surface brightness temperatures at five microwave frequencies
(6.6, 10.7, 18, 21, and 37 GHz). The multiple-channel feature makes it
possible for the SMMR to not only capture the changes of Arctic sea-
ice thickness, but also to distinguish between first-year and multiyear sea
ice [21].

b) The special sensor microwave imager (SSM/I) flown on sever-
al DOD/DMSP satellites transmitted the data with spatial resolution
25 x 25 km? daily from 1987 to 2002. The SSM/I is a seven-channel system
that measures surface brightness temperatures at four microwave frequencies
(19, 22, 37, and 85 GHz). The spatial resolution for 19/22/37 GHz chan-
nels and 85 GHz channel are 25 x 25 km? and 12.5 x 12.5 km?, respectively.
Like the SMMR,, it can also retrieve quantitatively reliable information on
Arctic sea ice [9].

¢) The special sensor microwave imager sounders (SSMIS) flown on
several DOD/DMSP satellites transmitted data from 2003 to the present. As
the successor of the SSM/I, the SSMIS is a 24-channel, passive microwave
radiometer, which can obtain various Arctic sea-ice parameters under most
weather conditions [4].

d) The advanced microwave scanning radiometer-Earth observing sys-
tem (AMSR-E) flown on NASA EOS Aqua satellite transmitted data from
2002 to 2011. The AMSR-E was developed by the Japan aerospace ex-
ploration agency. The spatial resolution of AMSR-E is 12.5 x 12.5 km?,
which doubles that of SMMR and SSM/I. The successor AMSR2 was put
into service in 2012 and continues to operate to the present time.

e) The advanced scatterometer (ASCAT) was first boarded on the
EUMETSAT MetOp-A satellite in 2006. The second ASCAT instrument
was installed on MetOp-B in 2012. The sea winds scatterometer was flown
on the QuikSCAT satellite during 1999-2009. As its successor, the OSCAT
continued to gather and record the scatterometer data during 2009-2014.
Scatterometer flown on these satellites can be used to provide some esti-
mates on Arctic sea-ice extents.
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f) The laser altimetry on the ice, cloud, and land elevation satel-
lite (ICESat) provided elevation data during 2003-2009, from which
the changes of Arctic sea-ice thickness can be estimated. The successor
ICESat-2 was launched in 2018.

g) The SAR interferometric radar altimeter on CryoSat-2 has been pro-
viding elevation data and derived sea-ice thickness data since 2010.

h) The moderate-resolution imaging spectro-radiometer (MODIS) on
NASA EOS Terra and Aqua satellites. Under clear sky conditions, MODIS
provides optical imagery of Arctic sea-ice conditions at a spatial resolution
of 250 m x 250 m.

1) The synthetic aperture radar (SAR) flown on different satellites can
observe Arctic sea ice with high spatial resolution, but due to narrow swath
width, it has very low temporal resolution. That is, it takes 15 to 30 days
to obtain a sea-ice map along the whole Arctic routes. Main satellites with
SAR include the following: (i) the European space agency’s two European
remote sensing (ERS) satellites, ERS-1 and -2, were flown in the same po-
lar orbit in 1991-2000 and 1995-2011, respectively. Although the spatial
resolution of the onboard SAR is 30 m, its swath width is only 100 km.
(i) The Canadian space agency’s Radarsat-1 flew between 1995-2003,
and Radarsat-2 has been operational since 2007, and their swath width
is 500 km. (iii) Japan’s advanced land observing satellite-2 were launched in
2014. The swath width of onboard L-band SAR (PALSAR-2) is 490 km,
and the spatial resolution is 100 m. (iv) The European space agency’s
sentinel-1 is the first of the Copernicus programme satellite constellation.
The first satellite, Sentinel-1A, was launched in 2014, and Sentinel-1B was
launched in 2016.

The satellite-borne multichannel passive microwave radiometers pro-
vide the most comprehensive and consistent large-scale Arctic sea-ice
observations. The combination of SMMR, SSM/I, and SSMIS provide
more than 40 years (1978 to present) of continuous coverage for the
evolution of Arctic sea-ice extent with spatial resolution 25 x 25 km?.
The SMMR transmitted the data every other day during 1978-1987, and
SSM/I and SSMIS transmitted the data daily during 1987-2002 and 2003
to present, respectively. After 2002, double spatial resolution was provided
by AMSR-E and AMSR-2, which have additional channels for atmo-
spheric sounding measurements that can be used to remove ambiguities in
the estimates of sea-ice parameters [11]. As active microwave sensors, scat-
terometers flown on satellites are also used in sea-ice monitoring by using
statistical methods to perform sea-ice/open water discrimination. Synthetic
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aperture radar (SAR) flown on different satellites since the 1990s can pro-
vide much higher spatial resolution, but due to narrow swath width, it has
low temporal resolution. The ICESat and CryoSat carrying the altime-
ter can provide, large-scale ice thickness measurements. In addition, the
MODIS optical data can also provide some information on sea ice under
clear sky conditions (that is, when there is no atmosphere interference).

11.2.1 Arctic sea-ice concentration

The sea-ice concentration (that is, the fraction of the ocean covered by ice)
is the most useful parameter derived from remote-sensing big data. It is typ-
ically estimated using satellite-based passive microwave observations. The
NASA team sea-ice concentration algorithm and the bootstrap algorithm
are the most widely used remote-sensing retrieval algorithms for estimating
sea-ice concentration. The core idea is to convert brightness temperatures
to ice concentrations and to get rid of false sea-ice detection due to coastal
contamination and weather effects.

(a) The NASA team sea-ice concentration algorithm.

Accurate remote sensing of sea ice depends on sea-ice emissivity, tem-
perature, and the state of the Arctic atmosphere. The sea-ice concentration
at each grid can be obtained through the conversion of brightness tem-
peratures to sea-ice concentration [52]. Due to the relative absence of
atmospheric interferences in microwave signals, the brightness temperatures
(or radiance) Tp obtained by SMMR can be written as

TBZTwX(1—SIC)+TFX(SIC—F)—{-’TA/[yXF,

where Ty, Tr, Tyy are the brightness temperatures of open water, first-
year sea ice and multiyear sea ice, respectively. SIC is the sea-ice concen-
tration, and F is the multiyear ice concentration. Ty, Tr, and Tyy can
be easily estimated from the area, which is open water or an area covered
completely by either first-year ice or multiyear ice. Only SIC and F need
to be determined. Except for SIC, the change of multiyear ice is more
important than first-year ice because it is harder and thicker. Most of the
vessel damage events are associated with multiyear ice. So F is also the key
factor to consider regarding risks to navigation from ice obstructions in the
Arctic.

The NASA team sea-ice concentration algorithm is based on the po-
larization parameter PR and the spectral gradient ratio parameter GR [8].
Since the difference between the vertical and horizontal brightness tem-
peratures for open water is consistently greater than that for first-year and
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multiyear sea ice for all frequencies, the polarization parameter (PR) for the
frequency f =18 GHz or 37 GHz is defined as

Tp(f, Vertical) — Tg(f, Horizontal)

P = .
R(P) Tp(f, Vertical) + Tg(f, Horizontal)

Since the brightness temperature difference between 18-GHz and 37-GHz
channels is negative for open water, whereas it is positive for first-year and
multiyear ice, the spectral gradient ratio parameter GR is defined as

Tg(37, Vertical) — Tg(18, Horizontal)

GR(f) = .
¢ Tg(37, Vertical) + Tg(18, Horizontal)

From the above three equations, SIC and F can be estimated.

After the SMMR stopped operating in 1987. The NASA team sea-ice
concentration algorithm was used to deal with brightness temperature data
from 19-GHz and 37-GHz channels of the SSM/T to estimate Arctic sea-ice
concentration. In 2000 Markus and Cavalieri enhanced the original NASA
algorithm by the incorporation of the 85-GHz channel of SSM/I. The
main advantage of Markus and Cavalieri’s algorithm was its capacity to
overcome surface snow effects and to provide weather-corrected sea-ice
concentrations through the utilization of a forward atmospheric radiative
transfer model.

(b) The bootstrap algorithm.

The bootstrap algorithm is to make full use of the vertical and horizontal
37-GHz channels of the SMMR or SSM/I sensors. For 100%-ice-cover
regions (ICR), the brightness temperatures T} at the vertical and horizontal
37-GHz channel are linearly related:

Tg(ICR, 37, horizontal) = ag + a; x Tg(ICR,, 37, vertical). (11.2.1)

For any grid point K, its brightness temperatures at the vertical and
horizontal 37-GHz channel are denoted by Tg(gridK, 37, horizontal)
and Tpg(gridK, 37, vertical), respectively, and the brightness tempera-
tures of open water are denoted by Tp(open water, 37, horizontal) and
Tg(open water, 37, vertical).

Let x-axis and y-axis represent the horizontal and vertical brightness
temperatures, respectively. Consider two points in the xy-plane:

Ty = (T(open water, 37, horizontal), Tg(open water, 37, vertical))
Tpx = (Tp(grid K, 37, horizontal), Tp(grid K, 37, vertical)).
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Let T be the intersection point of the line passing two points Tpp and
Tpk and the line represented by (11.2.1). The sea-ice concentration corre-
sponding to Ty is 0%, whereas the sea-ice concentration corresponding
to Tpy is 100% by (11.2.1). Therefore by using linear interpolation, the
sea-ice concentration SIC at grid K can be estimated by [9]

SIC(gridK) = distance between Ty and T

distance between Tgy and Tgr

11.2.2 Melt ponds

When the surface of the Arctic sea ice and overlying snow melt, melt ponds
form. Since melt ponds have similar brightness temperature as open water,
when one applies the algorithms in Subsection 11.2.1 to estimate sea-ice
concentration, these melt ponds on Arctic sea ice are often misjudged as
open water. So the estimated sea-ice concentration is possibly much lower
than the actual case, which may misguide vessels to sail into regions with
high sea-ice concentrations.

Due to the different in spectral reflectance of ice types, Tschudi et al.
[65] used the MODIS surface reflectance product to derive melt pond frac-
tions as follows:

D HF=R"(k=1,2,3) and Y F=1,

where R* is the available MODIS surface reflectance at each grid for
band k, and r* is the known empirical spectral reflectance of type i (i =
pond, white ice, snow-covered, or open water) for band k, and F; is the
corresponding fraction. By solving the above four equations, the melt pond
fraction can be easily calculated. The corresponding uncertainty of estima-
tion of melt ponds is less than 10%. Based on the obtained melt pond
fractions, the misjudged sea-ice concentration data can be easily removed.

11.2.3 Arctic sea-ice extent

Scatterometers are a kind of active microwave remote sensors, which trans-
mit microwave pulses down to the Earth’s surface and then measure the
power that is returned to the instrument. These backscattered coefficients
are related to surface roughness. So these data can be used to assess sea-ice
extent (that is, the area covered by > 15% sea ice) directly by performing
statistical discrimination of sea ice. The copolarization ratio, incidence an-
gle dependence, and the o estimation error standard deviation are three
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key parameters in Ku-band-scatterometer-based sea-ice extent algorithms.
The first two parameters are low for sea ice and high in open waters.
Therefore, the combination of these two parameters along with linear
discrimination analysis can identify sea-ice and ocean regions. The third pa-
rameter is used to further enhance the edge estimate [1,50]. Different from
Ku-band Scatterometer in QuikSCAT/OSCAT, ASCAT produce C-band
Scatterometer data, where the combination of normalized difference im-
ages between the fore, aft, mid antennas, and Bayesian classifier are used to
assess sea-ice extent. Generally, Arctic sea-ice extents measured with scat-
terometer data tend to be smaller in the winter and larger in the summer
than radiometer sea-ice extent data [43].

11.2.4 Arctic sea-ice thickness

The Arctic sea-ice thickness varies markedly in both space and time. In
2003, NASA launched the ice, cloud, and land elevation satellite (ICESat)
with a precision laser altimeter system. Based on the time delay between the
transmission of the laser pulse and the detection of the echo waveform from
the sea-ice/snow surface, the ICESat can be used to measure elevations
with the uncertainty of 2.0 cm [72].

Estimation of sea-ice thickness requires knowledge of snow accumula-
tion on the ice surface. The snow depth over Arctic sea ice can be derived
from AMSR-E or SSM/I data [11]:

Tg(37, Vertical) — Tg(19, Vertical) — C3(1 — SIC)

Hg - C C N . )
= Gt S 5 Nertical) + Tp(19, Vertical) — Cy(1 — SIC)

where H; is the snow depth, C; and C, are the empirical constants derived
from in situ snow depth measurement, T5(19, Vertical) and T5(37, Vertical)
are 19- and 37-GHz vertical polarization brightness temperatures, respec-
tively, C; and Cy are the difference and sum of 37- and 19-GHz vertical
polarization brightness temperatures for open water, and SIC is sea-ice
concentration. The precision of the snow depth retrieval algorithm is about
5 ¢cm. Due to the limited penetration depth at 37- and 19-GHz, the up-
per limit for snow depth data estimation is 50 cm [11]. Finally, the sea-ice
thickness SIT can be estimated (according to [72,31,62]) by

Pw F_PW_/OS
Pw — P1 Pw — PI1

SITZ HU
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where F is the total height of snow and sea ice above the sea level and can
be derived directly from ICESat/CryoSat-2/ICESat-2 data, H; is the snow
depth, and ps, pw, and p; are the densities of snow, sea water and ice.

ICESat provided Arctic sea-ice thickness data during 2003-2009, and
its successor ICESat-2 was launched in 2018. Compared with ICESat,
the ICESat-2 used a micropulse, multibeam approach and provided much
denser cross-track sampling. In addition, the European space agency’s
CryoSat-2, which was launched in 2010, filled the gap between ICESat
and ICESat-2.

11.2.5 Arctic sea-ice motion

The synthetic aperture radar (SAR) flown on different satellites can provide
high spatial resolution (30—100 m), which makes it possible to detect the
motion of small-size sea ice (iceberg or ice floe). To emphasize the edges
and other heterogeneities, first of all, the Gaussian filter with the window
size of 3 x 3 pixel and the Laplace operator are sequentially applied to
original SAR data [28]. Then the cross- and phase-correlation matching
techniques were used to register similar features, and track sea-ice motions
in two remote-sensing images from different times [28]. It is important to
note that the latest SAR satellites (for example, Sentinel-1) require one
day to map the whole Arctic region and that sea ice can drift relatively
quickly. Therefore it is essential at present to combine all active/passive mi-
crowave remote-sensing data and other kinds of observational data to track
sea-ice motion. In the longer-term, more satellites carrying SAR should
be launched so that at any time, every region along the Arctic routines can
be covered by at least one satellite with SAR.

11.2.6 Comprehensive integrated observation system

Due to the restricted spatial resolution, icebergs and large-size ice floes
hundreds to thousands of meters in size, which can cause serious damages
to vessels, are difficult to be detected and monitored by passive microwave
radiometers. The satellites with SAR have high spatial resolution that can
be used to track icebergs and large-size ice floes. But due to the narrow
swath width of SAR, which leads to SAR data having low temporal res-
olution, it is very difficult to make near real-time monitoring. Therefore
to guarantee the safer movement of vessels through the Arctic regions, it
is essential to develop and implement a comprehensive integrated observa-
tion (CIO) system [71]. This system should incorporate coastal radar data,
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ice detection buoy data, vessel-based radar data, airborne remote sensing
data, and higher-resolution satellite remote-sensing data. Coastal radar sys-
tems should be installed in key points near the Arctic passages to gather
data on the movement, thickness, and stability of sea ice. At the same time,
each vessel sailing along the Arctic passages should transfer its radar data
on local sea-ice conditions (for example, sea-ice cover, thickness, and drift
direction) and meteorology conditions in real time to the CIO system.

11.3 Sea-ice modeling big data

Various regional and global climate models are the approach being used
to provide quantitative predictions of the spatial distribution and seasonal
cycle of future Arctic sea-ice conditions. These predictions will play in-
creasingly significant roles in assessing the feasibility of Arctic routes in the
21st century. Most models predict that the Arctic area will become ice
free during the summer before 2050 [16], which will make all three Arctic
routes more accessible. Aksenov et al. [2] used the high-resolution version
of the regional model NEMO-ROAM to simulate the changes of Arctic
sea-ice extent and thickness under RCP8.5 scenario. Results revealed that
Arctic sea-ice will retreat moderately during 2020-2030, and will retreat
more rapidly during 2030-2090. Due to the nonlinear ice-melting pond-
albedo feedback in the real world and the simplified parameterized albedo
in climate modeling, the observed rate of reduction of sea-ice always ex-
ceeds the simulated rate [45]. Most models overestimated the length of the
ice season and underestimated its decrease in recent decades [27]. There-
fore it is highly likely that Arctic sea transportation routes will be put into
operation earlier than what is predicted by the models.

The fifth phase of the coupled model intercomparison project (CMIP5)
starting in 2008 provides a very useful climate modeling big datasets for
studying Arctic sea ice: 49 climate model groups submitted simulations
and projection data on sea ice before 2012. Compared with remote-
sensing data in 1979-2005, Shu et al. [55] revealed that in the Arctic re-
gions, the models ACCESS1.3, CCSM4, CESM1-BGC, CESM1-CAMS5,
CESM1-FASTCHEM, EC-EARTH, MIROC5, NorESM1-M, and
NorESM1-ME can give better modeling on mean state of sea-ice extent
and volume. The trend of sea-ice extent modeled by the models BNU-
ESM, CanCM4, CESM1-FASTCHEM, EC-EARTH, GFDL-CM2pl,
HadCM3, HadGEM2-AO, and MRI-ESM1 are closed to observations.
Laliberte et al. [35] found that under RCP 8.5 scenario, a September sea
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ice-free Arctic will most likely be realized between 2045 and 2070, with
a median of 2050, but the range is extended to 2090 when considering
August and October. Arctic regions along the Northeast Passage will be-
come ice free in September much earlier than regions along the Northwest
Passage. Bensassi et al. [3] assessed the feasibility of Arctic Northeast Passage
by sea-ice modeling big data from CMIP5. If the Arctic Northeast Passage
opens under the condition that there is more than a 50% chance of less than
15% ice concentration within the route, or the ice thickness along the route
is less than 15 cm thick, under the RCP 4.5 emission scenario the Arctic
Northeast Passage will only be navigable for about one month between
2010 to 2030, and up to three months between 2030 and 2100, whereas
under the aggressive RCP 8.5 emission scenario, the Arctic Northeast Pas-
sage will only be navigable up to three months in 2020-2060; four months
in 2060—2070, and five months in 2070-2090, and six months by the end
of the century.

Generally, global/regional models can provide a short-term forecast
and long-term prediction on changes of Arctic sea-ice and related me-
teorology/climate conditions, which is an indispensable support for the ex-
ploitation of trans-Arctic maritime transportation. Notice that the accuracy
of the short-term (from several hours to several days) weather/meteorol-
ogy forecast is high, and the corresponding bias can be corrected largely
by the assimilation with observation data from CIO system (see Subsec-
tion 11.2.6). So the uncertainty of short-term forecast will have little eftect
for determining or adjusting the optimal trans-Arctic navigation route in a
near real-time manner. The long-term climate prediction can be used to
support littoral Arctic countries in assessing future feasibility of Arctic pas-
sages, designing Arctic passage development strategies, building integrated
networks of infrastructure along Arctic coastline, and then forming a new
world economic corridor. It is important to note that the uncertainty of
long-term prediction is relatively large. Although changing trends and pat-
terns of main climate variables can be documented by the models, there is
significant variability among the models in the projected density and spatial
distribution of trans-Arctic routes [59]. Currently, the main limiting fac-
tors in sea-ice modeling are that the spatial resolution of current global and
regional models are relatively low, which can result in the situation that
the motions and changes of some icebergs and large-size ice floes cannot
be well modeled and predicted. This challenge is being solved gradually
with high-resolution models running in the cloud computing environment
(Section 1.4). At the same time, the long-term prediction of future Arc-
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tic climate and sea-ice evolution also depends on the accurate prediction
of carbon emissions. As a part of the 6th phase of the coupled model in-
tercomparison project (CMIP6), various Arctic sea-ice predictions for the
21st century were produced in 2018 under a new set of scenarios (RCP &
SSP), and are being used to assess future feasibility of Arctic passages and to
design Arctic passage development strategies.

11.4 Arctic transport accessibility model

Future feasibility of Arctic passages can be estimated by the combination
of sea-ice predictions in Section 11.3 and the Arctic transport accessibil-
ity model [64]. The Arctic transport accessibility model is based on the
following ice numeral (IC):

IC=>SIC;x W,
where SIC; is the sea-ice concentration for ice type i, and W is the cor-

responding weight factor, which depends on the vessel type (CAC 3—4,
Type A-E) sailing in the Arctic routes (Table 11.4.1).

Table 11.4.1 The weight factor W;.
Vessel type OW Gl GWI TFY-1 TFY-2 MEY ThickFY SY MYI

CAC3 2 [ 2] 2 2 2 2 2 1] 1
CAC4 2 | 2| 2 2 2 2 1 2| 3
Type A 2 | 2| 2 2 2 1 1 3| 4
Type B 2 | 2 |1 1 1 1 2 4 | -4
Type C 2 | 2 | 1 1 -1 2 3 4| -4
Type D 2 | 2 | 1 1 1 2 3 4 | -4
Type E 2 1| 1| 4 -1 2 3 4 | -4

Since older ice tends to be thicker than younger ice due to annual ac-
cumulation of ice layers, ice thickness is often viewed as a proxy for ice age.
Traditionally, the Arctic ice types are divided empirically into open water
(OW), gray ice (GI, 10—15 cm thickness), gray white ice (GWI, 15-30 cm
thickness), the 1st stage of thin first-year ice (TFY-1, 30-50 cm thickness),
the 2nd stage of thin first-year ice (TFY-2, 50-70 c¢m thickness), medium
first-year ice (MFY, 70-120 cm thickness), thick first-year ice (ThickFY,
120-250 cm thickness), second-year ice (SY, 250-300 cm thickness), mul-
tiyear ice (MY, 300—400 cm thickness).
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For vessel types used in Arctic routes, the Canadian Arctic class (CAC)
is the Canadian classification for rating ships designed for ice management,
with CAC1 being the strongest vessel, and CAC4 being the weakest. Since
CAC 1-2 are permitted near complete, unrestricted navigation in the Arc-
tic, they will not be assigned ice numerals. Types A—E are the Arctic ship-
ping pollution prevention regulations (ASPPR) ice-strengthened vessel-
type administered by transport Canada, with type A being the strongest
vessel and type E being the weakest [64]. Type A can operate in medium
first-year ice, whereas type E can only operate in gray ice. When the ice
numeral is less than zero in some regions, it means that these regions are not
accessible for navigation. For the positive ice numeral, the Arctic transport
accessibility model gives the relation between ice numeral and safe speed
(unit: knot) as follows:

4, ICe]0,8],
5, ICe[9,13],
6, ICe[14,15],
7, IC=16,
Safe Speed = 8 IC—17.

9, IC=18,

10, IC=19,

11, IC=20.

To predict vessel speeds and navigation times along different Arctic sea
routes during the 21st century, Arctic sea-ice concentration and thickness
simulated from global/regional models are used to categorize ice types, and
to calculate the ice numeral in each model grid point. Then based on the
relations between the ice numeral and safe speeds, the vessel speed and
navigation time along different Arctic sea routes can be estimated. Smith
and Stephenson [57] revealed that the probability of a technically feasible
type E vessel to transit along the Arctic Northeast Passage raised from 40%
in 1979-2005 to 94%/98% by 2040-2059 for RCP 4.5/8.5, respectively.
Moreover, by 2040-2059, the moderately ice-strengthened type A vessels
are accessible to most of Arctic waters, and its optimal transit route shifts
from Arctic Northeast Passage to the central Arctic ocean and Northwest
Passage [60]. With the help of CMIP5 outputs, Melia et al. [44] estimated
that European routes to Asia will become 10 days faster via the Arctic
Northeast Passage than the alternatives by midcentury, and 13 days faster
by the late century. For the North Pole route, by NEMO-ROAM model,
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Aksenov et al. [2] predicted that during the 2030s, only four types of vessels
(CAC 3—4 and types A—B) will be able to safely traverse the North Pole
route, whereas during the 2050s, all seven types of vessels (CAC 3—4 and
types A—E) will likely to be able to safety traverse this route.

11.5 Economic and risk assessments of Arctic routes

Compared with the Suez route, the navigation shortcuts via the Arctic
ocean can cut traditional transit times between East Asia and Europe by
about 10 days and reduce navigational distance by 3000—4000 miles. More-
over, the economic benefits will become greater for mega vessels that are
unable to pass through the Suez Canals, and must navigate around the
Cape of Good Hope. At the same time, compared with traditional southern
routes, maritime transportation via Arctic Northeast Passage could reduce
carbon emissions by 49%—78% [53].

Unlike via the Suez or via the Panama Canal, there are no similar canal
fees for Arctic navigation routes. The main costs for Arctic maritime trans-
portation consists of fuel costs, ice-breaking costs, operating costs, and
vessel depreciation costs. Fuel costs depend mainly on sea-ice conditions
and navigational distance/speed. The Arctic ice-breaking fee depends on
vessel size, ice class, the route, et cetera [40]. The main operating costs in-
clude manning, H&M insurance, P&I insurance, repairs and maintenance,
and administration. Compared with the savings in fuel costs via Arctic
routes, there will be increased costs in vessel depreciation and icebreaker
services [2]. In addition, harsh weather conditions and intermittent fog will
probably significantly increase fuel costs and operating costs.

To make accurate cost-benefit analyses of Arctic passages, one needs
to divide the Arctic navigation routes into sections according to different
sea-ice concentrations and thicknesses from remote-sensing observations
and/or predictions of global/regional models. For the ith section, the navi-
gational distance D; is easily calculated, and the navigational speed I can be
estimated by using the Arctic transport accessibility model in Section 11.4.
The basic cost model for Arctic maritime transportation can be described
as follows:

1

Fe ! > D kxp Cr+ O, +IB;+DC; ) +P
=75 7 XA XX i i i )
w\=\T, f

where F is the estimated freight cost per ton, IV is the total freight tons in
a vessel, K is the fuel required per produced kWh, P; is the power required
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for the ith section (which is determined mainly by sea-ice conditions), Cy is
the cost per fuel unit, O; is the operating cost, IB; is the ice-breaking cost,
DC; is depreciation cost of ships, and P is the cost in transit seaports. Since
Arctic sea-ice conditions always vary from time to time, this cost model
may be used to determine the optimal Arctic route with lowest economic
costs and sailing time range of the year.

Comparing the regular service by a non-ice-classed vessel via the Suez
Canal for the entire year with the ice-classed vessel taking the Arctic North-
east Passage during suitable Arctic navigable months and Suez Canal for the
rest of the year, Liu and Kronbak [40] indicated that the Arctic navigable
time, ice-breaking fees, and bunker fuel prices are the three important fac-
tors determining the annual profit. Based on 2080-2099 ice cover extent
predicted by global climate models, Khon et al. [27] predicted 15% less an-
nual mean costs compared to the traditional route through the Suez Canal.

For the Arctic Northwest Passage, Somanathan et al. [58] considered
two sea routes using blue water vessels for the Panama Canal and CAC3 ves-
sels for the Northwest Passage. Although there is a significant reduction in
navigational distance, for the similar ice conditions as those in 1999-2003,
the simulated freight rate is 2.3% lower for the St. Johns to Yokohama
transit using the Northwest Passage, and 15% higher for the New York to
Yokohama route, as compared to the Panama Canal route. However, the
freight costs will be possibly reduced further due to further melting of ice,
transit time faster, fuel usage for navigating in ice prone waters lower, and
vessel construction costs lesser.

The exploitation of the Arctic navigation routes can avoid navigation
through politically unstable regions (for example, Egypt, Libya, Syria, Pales-
tine, Somalia), and through the piracy affected regions (such as Gulf of
Aden and Malacca) in traditional routes, and as a result reduce the cost of
insurance for transportation. However, compared with traditional routes,
navigating the Arctic will have higher hazard levels. The main risk in-
fluencing factors along the Arctic navigation routes can be classified as
meteorological factors, marine hydrology factors, and ship performance
factors [17]. In meteorological factors, wind speed can impact the ves-
sel’s navigation speed and the associated angle controls; low air temperature
may lead to frost on decks and on associated equipment. In marine hy-
drology factors, sea-ice concentration and thickness are the most essential
aspects, whereas the sea temperature and wave height will also have some
impacts. Icebergs and ice floes often force vessels to reduce navigational
speeds significantly, and may even cause vessel accidents [36]. Ship perfor-
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mance factors mainly include ship speed and engine power. Fu et al. [17]
constructed a Bayesian belief networks to assess the risk of Arctic naviga-
tion routes. The Bayesian belief networks are designed to represent a set of
risk-influencing factors along the Arctic navigation routes and their rela-
tionships, where each node represents an influencing factor and the related
arcs are drawn between nodes if there are significant causal relationships.
With the increase in number of ships and escort operations, the risks of
collisions between icebreakers and escorted ships have also increased. In
addition to the Bayesian belief networks, the risk assessment can also be
based on event trees, which can give a logical relation among the events
leading to vessel accidents. Noteworthy is that an event tree consists of an
initiating event (vessel stuck in ice), intermediate events (for example, ice
conditions, ice breaking assistance), outcome events (accidents or safety).
With the help of experts’” knowledge about the probability of occurrence
of each intermediate event, it is easy to see which pathway is likely to cre-
ate the greatest probability of vessel accidents in the Arctic waters [17]. At
present the scarce availability of Arctic transportation data makes it difficult
to both identify and quantify risks compared to the traditional routes via the
Suez Canal [53]. The seasonal/interannual variations and uncertainties of
sea-ice conditions along the Arctic routes make this kind of risk assessment
more complex.

11.6 Big-data-driven dynamic optimal trans-Arctic route
system

The exploitation of Arctic navigation routes is based on the mining of
big data from diverse sources (for example, meteorology/climate, ocean,
remote sensing, environment, economy, computer-based modeling). The
main big data used are the following:

(1) satellite remote-sensing observations of Arctic sea-ice concentration,
thickness and motion from various satellite-borne sensors, including scan-
ning multichannel microwave radiometer, special sensor microwave imager,
special sensor microwave imager sounder, advanced microwave scanning
radiometer-Earth observing system, advanced scatterometer, sea winds scat-
terometer, laser altimetry, SAR interferometric radar altimeter, moderate-
resolution imaging spectro-radiometer, synthetic aperture radar;

(2) coastal radar data, ice detection buoy data, vessel-based radar data and
airborne remote sensing data on of Arctic sea-ice concentration, thickness
and motion;
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(3) Arctic climate/meteorology data from ground observation networks
and meteorological satellites;

(4) output data of meteorology/climate modeling, which can provide
short-term forecast and long-term predictions of the spatial distribution
and seasonal cycle of future sea-ice conditions, and

(5) data of fuel costs, ice-breaking costs, operating costs, and deprecia-
tion costs of various vessels sailing the Arctic.

These observation data from various sources have very different spa-
tial and temporal resolutions and different accuracy. To guarantee the safer
movement of vessels through the Arctic regions, first of all, it is essential to
design and implement a comprehensive integrated observation (CIO) sys-
tem, presented in Subsection 11.2.6, to produce optimal observation data
by incorporating these observation datasets, and by minimizing the uncer-
tainty. Since various sea-ice and meteorology conditions are not monitored
in real time, the optimal observation produced by the CIO system is near
real-time. The CIO system needs to process huge amounts of data and
must transform the data to optimal, near real-time, observation data on
sea-ice and meteorological conditions, and then transmit that optimal data
to navigators. Therefore a CIO system must include a fast processing and
distribution cloud platform (Section 1.4).

It is not enough to have optimal, near real-time observation data on
sea-ice and meteorological conditions, but more importantly, provide in-
formation on the changes of sea-ice concentration, motion, and thickness
must be—at least—forecasted in the near real time. Generally, the forecasts
by high-resolution models depend on the initial state at any given time. If
the initial state data are available accurately, a short-term forecast can be
made very well by high-resolution modeling. However, because the num-
ber of observations available from the CIO system is always smaller than
the number of initial values these models require, this causes weaknesses in
modeling and forecasts of Arctic sea-ice conditions. At the same time, due
to variabilities in Arctic ice conditions, the Arctic sea route must be dynam-
ically adjusted from the standard sea routes. The advanced data assimilation
techniques (Section 1.3) must be integrated to incorporate optimal obser-
vation data from the CIO system into high-resolution Arctic modeling to
produce an optimal forecast. Since most of the observation data on sea-ice
extent and thickness are not produced in real time, the resulting optimal
torecast by high-resolution models and data assimilation techniques is only
near real-time.
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Figure 11.6.1 The near real-time dynamic optimal trans-Arctic route (DOTAR) system.

Zhang et al. [71] designed a near real-time dynamic optimal trans-Arctic
route (DOTAR) system (Fig. 11.6.1), which will make full use of optimal
observation data from the CIO system, high-resolution Arctic modeling,
and related economic and risk assessments. The inputs of DOTAR are var-
ious observation data from remote-sensing satellites and ground observation
sites. Then optimal near real-time observations can be obtained by the CIO
system, which is a key part of DOTAR. After that a forecast of Arctic sea-
ice conditions can be produced by high-resolution modeling. To guarantee
that the forecast is optimal and near real-time, the forecast must be up-
dated every hour or more frequently by using latest data from the output
of the CIO system. The set of potentially feasible trans-Arctic routes can
be obtained by using near real-time sea-ice forecasts and ice-strengthened
class of vessels. Finally, based on the Arctic transport accessibility model
and economic and risk assessments, the optimal trans-Arctic route can be
determined from the set of potentially feasible routes. It is important to
note that in the DOTAR system, the optimal route is not fixed. Since the
forecast of sea-ice conditions and other climatic factors will be updated in a
“near to” real-time manner, the optimal route will be adjusted dynamically
in a near real-time manner. Since the DOTAR system will also make full
use of meteorology/climate and environmental data from all vessels mov-
ing in the Arctic regions, and will send the optimal route information to
each vessel in a near real-time manner, the DOTAR system must include a
cloud computing and distribution system (Section 1.4). The DOTAR sys-
tem will not only help vessel navigators to keep safe distances from icebergs
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and large-size ice floes and to achieve the objective of safe navigation, but it
will also help to determine the optimal navigation route that can save fuel,
thereby reducing operating costs, and environmental burden from fossil-
carbon combustion.

11.7 Future prospects

Due to increasing rates of global warming, the Arctic waters have been
experiencing fast declines in sea-ice extent, thinning of sea ice, and disap-
pearance of multiyear ice during the past four decades, which make Arctic
maritime transportation between East Asia and Europe feasible. More im-
portantly, the navigational distance between East Asia and Europe via the
Arctic routes is much shorter than the present predominant route via the
Suez Canal, which leads to a low transportation cost and a significant car-
bon emissions reduction. Arctic maritime transportation has become one
of key climate change adaption strategies. The main trans-Arctic sea routes
include the Arctic Northeast Passage, the Arctic Northwest Passage, and
the North Pole route. Currently, only the Arctic Northeast Passage is used
for commercial transportation, whereas the Arctic Northwest Passage and
the North Pole route are predicted to be open by the middle of the 21st
century or earlier. As the decline of sea-ice extent and thickness continue
under the Arctic amplification of global warming, for all three trans-Arctic
routes, the time frame in the navigation season will increase further, and
the freight costs will decrease significantly, at the same time.

The exploitation of trans-Arctic routes must be based on diagnosis, anal-
ysis, storage, and distribution of big data from diverse sources (for example,
meteorology/climate, ocean, remote sensing, environment, economy, cli-
mate modeling) across the whole Arctic regions. Regarding Arctic sea-ice
observations, we suggest the development of a comprehensive integrated
observation (CIO) system running on a fast processing and distribution
cloud platform. Such a system should integrate ground-based observa-
tion data, ice detection buoy data, vessel-based radar data, unmanned
aerial vehicle (UAV) remote-sensing data, and satellite remote-sensing
data. Regarding Arctic sea-ice predictions/forecasts, we suggest the use of
high-resolution models running the cloud computing environment to pre-
dict/forecast motions and changes of sea-ice conditions along Arctic routes.
Finally, with the support of cloud computing and distribution system, we
designed a near real-time dynamic optimal trans-Arctic route (DOTAR)
system, which is based on optimal observation data from the CIO system,
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high-resolution Arctic modeling, and data assimilation techniques. This sys-
tem will not only help vessel navigators to keep safe distances from icebergs
and large-size ice floes, avoid vessel accidents and achieve the objective of
safe navigation, but also help to determine the optimal navigation route

that can save much fuel, reduce operating costs, and reduce transportation
time [71].
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