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This paper examines truncation and round-off errors in the numerical solution of the 1D advection equation with
the Lax—Friedrichs scheme, and accumulation of the errors as they are propagated to high temporal layers. The
authors obtain a new theoretical approximation formula for the upper bound of the total error of the numerical
solution, as well as theoretical formulae for the optimal grid size and time step. The reliability of the obtained
formulae is demonstrated with numerical experimental examples. Next, the ratio of the optimal time steps under
two different machine precisions is found to satisfy a universal relation that depends only on the machine preci-

]ﬁfﬁi}edricm Foxt sion involved. Finally, theoretical verification suggests that this problem satisfies the computational uncertainty
BB A S T S principle when the grid ratio is fixed, demonstrating the inevitable existence of an optimal time step size under
IRk a finite machine precision.
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1. Introduction

In April 2022, the State Department promulgated the Outline of
High-Quality Meteorological Development (2022-2035), which pro-
posed the establishment of an accurate weather forecasting system fea-
turing five "ones": early warning of strong local weather one hour in
advance; forecasting of hourly weather one day in advance; forecasting
of disastrous weather one week in advance; forecasting of major weather
processes one month in advance; and forecasting of global climate
anomalies one year in advance. This proposal signifies China’s need for
numerical forecasting systems with high spatiotemporal resolution. The
determination of temporal and spatial resolutions is an extremely im-
portant and critical component of studies on numerical weather and
climate forecasting technologies. Although the use of a high-resolution
model can improve the forecasting performance (van Roosmalen et al.,
2010; Zhang et al., 2010; Kendon et al., 2012), applying such a model
operationally is usually costly due to the high computational require-
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ments, electrical power demand, data storage, etc. More importantly,
studies have shown that not all simulations of high-resolution versions
of all models are superior to those of low-resolution versions (Deng et al.,
2012; Bacmeister et al., 2014; Falasca and Curci, 2018; Maurya et al.,
2018; Shi et al., 2021). Yu et al. (2018) compared the effects of different
resolutions of the mesoscale version of the global/regional assimilation
and prediction system (GRAPES-MESO) model on summer precipitation
forecasting in China. It was found that the refined spatial resolution
simulation failed to significantly improve the precipitation location fore-
cast, despite a better improvement in the precipitation maximum fore-
cast. Liu et al. (2015) studied the effect of the spatiotemporal resolution
of this model on the prediction skill and found that it is not in direct
proportion to the spatial resolution. The question arises, therefore, as to
whether there might be a way to determine the model resolution rea-
sonably, efficiently, and inexpensively. One of the most fundamental
and important steps in solving this problem is to select the optimal spa-
tiotemporal resolution, i.e., grid size (spatial resolution) and time step
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(temporal resolution), in the numerical calculation of the partial differ-
ential equations (PDEs) to obtain the optimal numerical solution.

In previous theoretical studies on the optimal grid size and time step
for the numerical solution of PDEs, truncation error was often the princi-
pal consideration, while round-off error received less attention (Faragd
and Horvath, 1999; Guo, 2021). However, an originally small round-
off error may greatly affect the accuracy of the numerical solution after
a long numerical calculation time. For numerical solutions of nonlin-
ear ordinary differential equations (ODEs), Li et al. (2000) proposed the
computational uncertainty principle (CUP) based on an argument that
the presence of round-off errors may bring about uncertainties in nu-
merical computation, and then the existence of the optimal time step
(Li et al., 2001) and effective time step interval (Cao et al., 2017) was
theoretically demonstrated. Such uncertainty in numerical computation
has also been brought to light in numerical solutions of PDEs. Wang et al.
(2007) and Wang and Zhang (2008) studied the effect of computational
uncertainty on the climate simulations of atmospheric circulation mod-
els and found that round-off errors were an important source of ran-
dom error in the models. For GRAPES-MESO, Liu et al. (2015) verified
the applicability of the theory of an optimal time step in the CUP for
complex PDEs through numerical experiments. In a study on the heat
diffusion equation for deep soil in a land surface model, Harvey and
Verseghy (2016) reached a conclusion consistent with the CUP; that is,
because of the effect of round-off errors, the model accuracy deterio-
rated when using smaller time steps. Li and Wang (2008) stated that the
CUP is necessarily satisfied in numerical solutions of nonlinear systems,
and studying round-off errors and the optimal grid size and time step in
the numerical solutions of PDEs is an important issue.

As mentioned above, the CUP has been demonstrated by numerical
experiments in the numerical solutions of PDEs, but relevant theoretical
studies are still rare. This issue is studied in the present paper with the
Lax-Friedrichs scheme of 1D advection equations. A theoretical analysis
of round-off errors and their propagation laws during the numerical so-
lution is conducted, and the CUP is subjected to preliminary theoretical
verification in the PDEs. Then, theoretical formulae for the optimal grid
size and time step are presented, providing theoretical support for fur-
ther identification of the optimal resolutions in more complex numerical
schemes and atmospheric numerical models.

2. Problem description

The initial boundary value problem of the 1D advection equation is
investigated:

u, +au, = f(x,1), a>0,0<x <1, t>0,
u(0,1) = w,(t), t > 0, 1
u(x,0)= @), 0 <x <1,

where a is parameter of the advection equation, w; and ¢ are bound-
ary and initial values, respectively. The solution area is defined as
{(x,1)| x €[0,1], t €[0, p]}, where [ and p are the upper bounds of x and
t, respectively. We divided the solution area into a J X N rectangular
grid. The grid size is 2 and the time step is 7, while A= Z denotes
the time-space grid ratio. Each grid node is expressed as (x;,1,), where
x;=jh, j=0, 1, -, J and 7, =nr, n=0, 1, ---, N, and the exact so-
lution to Eq. (1) at node (x io1y) is prescribed as u(x o) The equation is
discretized using the Lax—Friedrichs scheme, while the upwind scheme
is used at the right-end boundary. We denote u;, as the approximate
solution of Eq. (1) after discretization, and f; , as the value of f(x;,1,).
The computational scheme is as follows:

U =3 (adu oy +5 (= ahyyy o+ fj g, J=1,2, 0, T = 1,
n=1,2, -, N,

uy,=0—aluy,+aduy_y, y+7tf;,,n=12, -, N, 2)
Uy, = o1, :col(t,,), n=1, 2, -, N,

Ujo=@; =qa(xj), j=0,1, -, J.
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The left-end boundary condition is assumed to be accurate. The
truncation error generated from the discretization in Eq. (2) is ex-
pressed as T, =u;, —u(x;,t,), the vector is assumed to be T, =
Ty s Ty o T, J’,,)T, and the truncation error at the nth temporal layer
is measured as || T, ||,- We use the widely used maximum principle anal-
ysis (William, 1977) to estimate ||T y ||, denoted as ||T(h, 7)||, i.e., the
truncation error at the top temporal layer. The numerical calculation of
Eq. (2) by a computer will also produce round-off errors; the new round-
off error generated at the nth temporal layer is denoted as R; ,, and it
is assumed that R, = (R, ,, Ry, -, Ry )" where ||R, |, is used to mea-
sure the newly generated round-off error at the nth temporal layer. We
calculate the sum of the newly generated round-off errors propagated
from each temporal layer to the top layer, namely Z,],V: o IR, |l as the
round-off errors at the top temporal layer prescribed as ||R(h, 7)||,- By
denoting the sum of the truncation error and round-off error of the top

temporal layer as || E(h, 7)||,, We obtain
IEh, Dl = IIT(h, T)|l + IR(R, T)|| - 3

This paper will theoretically estimate the upper bound sup|| E(4, 7)|| o,
of || E(h, 7)||, and present a method for determining the optimal grid size
H and optimal time step I'.

3. Theoretical analysis of the total error
3.1. Propagation of round-off error

It is assumed that only the initial temporal layer produces round-off
errors while no other layers produce such errors; the numerical solution
for this special case is denoted by i, ,, which should satisfy

J.n

. 1 . 1 . .
uj, = 5(1 +adi;_y g + 5(1 —aMij gy T s J =102
J-1,n=1,2, -, N,

ug,=0—aby, +atiy_y, +7f5,_,n=12, -, N, “4)
Uy, =W, 1= 1, 2, -, N,
o=@+ Ry, j=0, 1, -, J.

The error propagated from the initial temporal layer to the nth tem-
poral layer in this particular case is denoted by d;, = i; , —u; ,. From
Egs. (2) and (4), d in should satisfy

1 1 .
=30 +add; , + 30 —addy e, j=1,2, -, T =1,
n=1,2, -, N,
dyy=—addy, | +aidy_,_, n=1,2, -, N, Q)
dy,=0,n=1,2, -, N,
dig=R;,j=0 1, J.
Vector D, = (d, ., ds,,, *+, djv,,)T is defined, and the matrix method

(Mitchell and Griffiths, 1980) is used below to analyze the propagation
law of the error || D, ||, during the numerical solution. Eq. (5) leads to
D,=0D,_, =0"D, = Q"R,, where

0 21— ak) 0

1 1

;1 +ad) 0 ;(I1—ad)
0= : . ,

JA+al) 0 3(1-ak
ai 1—ai

and thus we have
ID, I < NQI" IRl - (6)

Next, the stability of Eq. (4) (and that of Eq. (2)) is analyzed. Re-
gardless of whether the initial value problem corresponding to Eq. (1) is
solved by the Lax—Friedrichs scheme or the upwind scheme, the stabil-
ity condition is a4 < 1, which is the prerequisite for stability in solving
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the initial boundary value problem Eq. (1) (Thomas, 1995). Further-
more, the condition for the satisfaction of ||Q]|, <1 is also a4 < 1. In
summary, the condition for the stability of numerical Eq. (2) is a4 < 1.

From Eq. (6), when Eq. (2) is stable, the round-off error propagated
from the initial temporal layer to the Nth top temporal layer satisfies
1D ylle < IRyl Generally, if the round-off error is only produced as
R;, at the nth (< N) temporal layer, the error propagated to the Nth

temporal layer satisfies the following when the equation is stable:

1Dy lleo < IRl - )

3.2. Round-off error analysis

We denote the machine-computed value of u;, as (u;, ). The
round-off error R;; = @} —¢; at the initial temporal layer satisfies
(Kincaid and Cheney, 2002)

IR; ol < crpjomand ¢, 0=lo;| G=0, 1, -, J), ®)

where r0 is a symbol as round-off error at initial temporal layer, u =
279 is the machine unit round-off error, and q is the number of binary
significant digits.

For the nth (> 0) temporal layer, when j =1, 2, ---, J — 1, Eq. (2) is
implemented using a computer to yield the following equation:

(uj’n)* _ {aT (uj—l,n—l) Z_h(uj+1,n—|) + %[(“/-1,n—1)* + (uj+1,n_1)*]

o)} ©

The round-off error of Eq. (9) is

() =ty =my g+ Tyt Tyt 7y, G=1,2, . J=1), (10)

where 7, ; , is the round-off error resulting from the first-order numeri-
cal differential calculation of the variable x, r, ; , represents the round-

. . . (Wi oy tu —1) .
off error computed with numerical solution —=2="*L=0 5t the imme-

diately lower temporal layer, 7 ; , denotes the round-off error of term
fjn-1>and zy ; , represents the round-off error produced by the addition
operation in Eq. (9). Their forms are

(uj—l,n—l)* - (uj+l,n—1)* _ Tuj—l,n—l —Ujrin-1
2h 2h ’

ﬂl,j.rl =ar

1 1
T2jn = 5 [(uj—l,n—l)* + (uj+l,n—l)*] - E(uj—l,n—l + uj+1,n—l)’

3 = T(fj,n—l)* — T jn-1>

(“j—l.n—l)* -

wni = |ar (j410-1)"
A = 2h

1 :
+3 [(“/—1.7.71)* + (U101 )*]
.

* (4jm10m1)" = (4 = t * *
+7(fjn-1) ] - [‘”W*’E[(W—Ln—l) +(ujs1-1) ]

+T(f/,n—l)*:|'

There are four round-off errors in (u j,,,)* —u;, in Eq. (10), but they
are not all new errors generated at the nth layer, where

1 *
5(1 + ai)[(uj,l,n,l) -

[(ujJrl,n—l)* -

perfectly fits the form of error propagation in Eq. (5) when j=
1, 2, ---, J — 1, which implies that two such errors are propagated from
the lower temporal layers. z;;, and z,;, are round-off errors newly
generated by the computation at the nth layer, so

1
TLjn ¥ Tojn = uj—l,n—l] + 5(1 —al)

Woraet|  G=102 T = 1),

>

[Rso

_)Jr3],l "")”4];1
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where (Kincaid and Cheney, 2002)

‘”3,j,n < T‘fj,n—l ‘/4’
u: —Uu.
j+1ln—-1 j—1l.n—1 1
] = (o 222 b gt e )
du( )
/’ n 1
- ( W)+ |T>,4.
Hence,
|Rj,n| < Crl,j,n” +acr2,j,nTM +cr3,j,nT/4 (] =1,2, -, J-1,
n=1,2 -, N), an

where

(3u(x e 1)
ox

Crijn = ‘u(xj’lnfl)}’ Cr2jmn = s C3jn = z‘f(xj’tnfl)"

where r1, r2, and r3 are symbols of different parts in |R; ,|.
Similarly, it can be deduced that the newly generated round-off error
at the right-end boundary point j = J is

|Rynl Sy gnp+aco ot + 35,71 (=1, 2, -, N). 12
Setting

Cyo = max |p(x)|, G, = lu(x, )],
x€[0,/]

max
xel[0,1], 1€[0,p]

A du(x,t)
Cr2 =

s = 2 Dl

relon 1e0,0]  Ox Crs 0N, 110,01 /Gl

and with Egs. (8), (11), and (12), we have

”RO”oo < CrO”? ”Rn”oo = [ Tt (aCrZ + Cr3) ]M (n=1, 2, -, N).(13)

Define C;, as ka, and k can take rl, r2, and r3. When Eq. (2) is stable,
from Egs. (7) and (13) it follows that

N —
IR, Do = 2, IRyl < (Cro + 177! +aCp + Cpa) . (14)

3.3. Truncation error

Maximum principle analysis is applied to estimate the truncation
error. The truncation error of Eq. (2) satisfies (Strikwerda, 2004)

1 1 .
5(1 +aT;_y 1+ 5(1 —alT oy +TA e =1, 2,

T, =37 -1, (15)
(U= ad)T;,_y +aiTj_y g + 1Ay, j=J,

where

P Ty _[ahPu, <

L 6 ox3 202 2rox2|,, P 202 202,

Eq. (15) leads to

T,=QT, +H,, (16)
where IT, = [A} | . Ao 2 Ay g_i g Agg 41T We let

N 1 Pulx,1), A 1, %u(x,1)

G = o0 o L Co= xe[o,rlfllﬁe[o,plfl peml

. 1 Pu(x, 1)
Cs = max
37 ceiod. 02 o

l

and then one has

max [T, [l <aCh* +Cp(a+ht ")+ Cye, (17)
n=

where t1, 12, and ¢3 are symbols of different parts in the upper bound

of max I, Il

For the definition C, = pC‘k, k can also take t1, t2, and t3. When
Eq. (2) is stable, from Eqgs. (16) and (17) the truncation error propagated
to the top temporal layer satisfies
1T D)oo = IT N lleo < NQNo IT N1 lleo + TNy lloo < 1T Nt lloo + 7Ty llso

_ (18)
SITolleo + N7 _max Il =p _max 1,1l < aCyyh? +Crp(a+hr="h+ Cpsr.
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3.4. Theoretical estimation of the upper bound of total error

Combining Egs. (3), (14), and (18), when Eq. (2) is stable, the upper
bound of the total error is estimated as

IEh, D)l < SUpllE(h, D)l = aCy h? + Cpp(a + ht™" ) h + Cz7

+(Cyp + Cyr™ +aCpy + C3 ). 19)

4. Study on the optimal grid size and time step

The optimal grid size is firstly analyzed. According to Eq. (19),
sup|| E(h, 7)||, decreases as h decreases, indicating that the selected opti-
mal grid size should be as small as possible while ensuring that Eq. (2) is
stable; that is, it should be selected at the critical point of scheme sta-
bility, leading to Theorem 1.

Theorem 1. If the time step is z, when Eq. (2) is used to solve the
initial boundary value problem Eq. (1) of the 1D advection equation,

then the optimal grid size is given by
H =ar. (20)

Next, a study on choosing the optimal time step is performed, where
the grid size takes its optimal value H. From Egs. (19) and (20), one has

SWllE(H, D)l = a>Cy7% +2a°Cy7 + Cps7

+(Coo + Cot7 ! +aCpy + Cp3) . @
Differentiating Eq. (21) with respect to  yields
osup||E(H,
IWPIEH Dl _ L 503¢, 7 4242Cpy + Cps — oyt = 0, 2)

ar

which is difficult to solve. For simplicity, we ignore the high-order term
of 7 since 7 is normally very small, and Eq. (22) becomes

28%Cp + Cy — Cyz 20 =0,
which leads to the following theorem.

Theorem 2. When Eq. (2) is used to solve the initial boundary value
problem Eq. (1) of the 1D advection equation, and if the grid size takes
its optimal value H, the optimal time step is given by

1
= ( Crl//’ >§
2a2CH+Cyy)

In practical computation, a method for determining the optimal step
is provided: first, the optimal time step I” is determined by Theorem 2,
and then the optimal grid size H = aI" can be determined by Theorem 1.

(23)

Theorem 3 is established by Theorem 2.

Theorem 3. When the numerical solution is performed under two
different machine precisions y; =277 and p, = 279 with ¢, and ¢, (¢, <
¢,) binary significant digits, respectively, then the ratio L of the optimal
time steps I', and I, under the two machine precisions, i.e., L, satisfies

_n_

(-91)
= =272 .
I

L 24

Theorem 3 indicates that the ratio L of the optimal time steps under
two different machine precisions satisfies a universal relation; that is,
L is independent of the differential equation, the initial boundary val-
ues and the free terms of Eq. (1), and it is exclusively associated with
the difference between the numbers of binary significant digits of the
two machine precisions involved. This universal relation is similar to
that discovered by Li et al. (2000, 2001) in the numerical solution of
nonlinear ODEs. With this universal relation, the optimal time step at
any machine precision can be immediately determined if the optimal
time step at another machine precision is available; therefore, it is very
convenient for practical calculation.
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5. Theoretical verification of the CUP

When Eq. (2) is stable and the grid ratio is fixed to 1), we use
Eq. (19) to obtain

SUp|| E(h, 7)o = aCpig?c® + [Cpla+ 45") 45" + C)z

+(Cyp + Cyt7 +aCpy + C3 ). (25)

It should be noted that the grid size h and time step z vary simulta-
neously when the grid ratio is fixed, and this situation is different from
that in Section 4, in which the grid size is fixed as its optimal value H.

The upper bound supl||E(h, 7)||, of the total error in Eq. (25) is ex-
pressed as E = T + R, where the truncation error term T = aC,j 4,7 +
[Cppla+ /1(;‘ )/161 + C3]7 represents the uncertainty caused by the numer-
ical method, the round-off error term R = (C,q + C,;7~! +aC,, + C,3)u
represents the uncertainty due to the finite accuracy of the computer,
and E is the sum of these two uncertainties.

Theorem 4. When the precision of the machine is finite and the grid
ratio is fixed to 4,, we have
1

T+ﬁ>2ﬂ3+6#>0, (26)

T-Rw~n, >0, N

where 7, = [Cp(a+ A51)45" + C3]1C,yp and 6, = (Cyg + aCpy + Cp3)p.

According to the CUP, “the global discretization error due to nu-
merical method and the accumulated round-off error due to calculation
machine are two “adjoint” variables; they cannot decrease to zero si-
multaneously, and the smaller one of the two uncertainties, the greater
will be the uncertainty of the other adjoint variable” (Li et al., 2001).
From Egs. (26) and (27), T and R are exactly the two “adjoint” vari-
ables in the CUP. The truncation error 7 is proportional to the time step
7, while the round-off error term R contains a term inversely propor-
tional to the time step z. They trade off and cannot be reduced to zero
at the same time, which demonstrates that solving the initial boundary
value problem Eq. (1) with the Lax-Friedrichs scheme satisfies the CUP.
If a floating-point computer is used for the numerical solution, round-
off error is inevitable, and the CUP always holds true. When the time
step 7 decreases, the truncation error decreases while the round-off er-
ror increases, and the total error decreases initially and then increases
under the combined action of both errors. The time step at which the
error shifts from decreasing to increasing is the optimal time step. Once
the machine accuracy is determined, there will inevitably be an optimal
time step in the numerical computation.

6. Numerical experiments

The following two initial boundary value problems of the 1D advec-
tion equation are considered:

u, + au, = mcos(x) cos(mt) — asin(x) sin(mt), 0 < x </, t >0,
(M: ju(0,t) = sin(mt), t > 0,
u(x,0)=0, 0<x <1,
which has the exact solution u(x, t) = cos(x) sin(mr), and
U+ auy = m(r + 2" ¥ +a@ +2)"e*, 0<x <1, >0,
(ID: qu0,1)=@+2)", t>0,
u(x,0)=2"e*, 0<x <1,
which has the exact solution u(x, ) = (¢ + 2)"e*.
We let (ej,N)* =u(x;,ty) = (uj,N)* be the error of the nu-
merical experiments at the top temporal layer, and set E* =

(CEEECYT N (eJ_N)*)T. Fig. 1 shows the variations of ||E*||,
(i.e., the error calculated in the numerical experiments) and
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102
10-10,
100 .
IET
g § —sup||E(h,7)I|
S W g2} O (H', min|E"|_)
107771 Y Stable critical point H
O
O
107 3
(a) (b)
o ‘ ‘
10°® 107 107 1072

Grid size h

Grid size &

Fig. 1. Variations of the numerical results || E*||,, and theoretical bound sup||E(h, 7)||,, with the grid size h, and comparison of the theoretical optimal grid size H
and numerical optimal grid size H*, with N = 100: (a) machine double precision was used to solve equation (I), witha=1,m=1,[= 0.1, and = = 10~%; (b) machine
single precision was used to solve equation (II), witha=10,m=2,1=1, and r = 107,

IEl,
——supl||E(H, 7)||
O (I, min||E| )
O (I, supllE(H, D)I| )

= (b)

10 ¢ 107}
1051 10710}
S S

LIJ,IO-G, LIJ10'11—
10_7 L 10-12 L

O (a)
10-8 L, ) ) ) ) 10—13 L

107 1076 107 107 107

Time step 7

10" 10" 10° 10® 107 10

Time step 7

Fig. 2. Variations of the numerical results ||E*||., and theoretical bound sup||E(h,7)||, with the time step r when the grid size h takes the optimal value H, and
comparison of the theoretical optimal time step I" and numerical optimal time step I"*: (a) machine single precision was used to solve equation (I), with a = 0.1,
m=3,1=1072, and p = 10~2; (b) machine double precision was used to solve equation (II), witha =1, m=5,1=107°, and p = 107°.

sup||E(h, )|, (.e., the estimated upper bound of the error obtained
by theoretical derivation) with the grid size A. When the grid size takes
its optimal value H, the variations of the numerical experimental re-
sult ||E*||, and the theoretical upper bound sup| E(H,7)||,, with the
time step r are shown in Fig. 2. It can be seen from Figs. 1 and 2 that
sup||E(h, 7)||, is reliable as the upper bound estimation of || E*|| . The
optimal grid size and the time step determined by the minimum error of
the numerical solution in the numerical experiments are denoted as H*
and I'*, respectively. As shown in Fig. 1, H accurately estimates H*. As
illustrated in Fig. 2, I' is slightly larger than I'*, but the error does not
exceed an order of magnitude; thus, I is considered reliable. Moreover,
the error increases rapidly when the time step is less than the optimal
value, which fully demonstrates the necessity of determining the opti-
mal time step.

7. Conclusions and prospects

When using the Lax-Friedrichs scheme to solve the initial boundary
problem of the 1D advection equation, the truncation and round-off er-
rors in the numerical solution were analyzed, and the propagation law
of errors from low to high temporal layers was studied. A theoretical
estimation for the upper bound of the total error was obtained, with its
reliability verified by numerical experimental results. The relationships
of the upper bound of the total error with the grid size and time step
were analyzed to determine the theoretical formulae for the optimal
grid size and time step, and the accuracy of these formulas was demon-

strated by the numerical experimental results. On this basis, a universal
relation satisfied by the ratio of the optimal time steps under any two
different machine precisions was presented, which can be conveniently
applied in practical calculation. The CUP for the numerical solution of
PDEs was preliminarily and theoretically verified when the grid ratio
is fixed. This study could be generalized to more complex numerical
schemes for PDEs and atmospheric numerical models for determining
optimal spatiotemporal resolutions.

There are two areas for future work. One is the theoretical verifica-
tion of the CUP when the grid ratio is not necessarily fixed. Another is
that the coefficient C, involves the derivatives of u(x, ), which is un-
known when the function u(x, ) is undetermined. This problem may be
solved by the following method. When the initial boundary value prob-
lem is solved by using a certain grid size and time step, a temporary
numerical solution of u(x, r) is obtained. With the values of u(x, r) on the
grid nodes, numerical differentiation can be implemented to estimate
those derivatives of u(x, r) involved in the coefficients C‘k. Then, we can
calculate the optimal grid size and time step to obtain the optimal nu-
merical solution. By using this method, we will improve the practica-
bility of the estimation for the optimal grid size and time step in future
research work.
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